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PREFACE. 



The following ■work is not a series of speculations. It is but 
an analysis of that system of mathematical instruction which 
has been steadily pursued at the Military Academy over a 
quarter of a century, and which has given to that institution 
its celebrity as a school of mathematical science. 

It is of the essence of that system that a principle he taught 
before it is applied to practice ; that general principles and gen- 
eral laws be tiught, for tteii contemplation is fir moie improving 
to the nund than the examination if isolated propo-iitions and 
that when suuh prmciples and inch laws are fulh compre- 
hended then applic itions bf then t lught i'- consHquLnues or 
practical lesults 

This view of education led, at an early day, to the union of 
the French and English systems of mathematics. By this 
union the exact and beautiful methods of generalization, which 
distinguish the French school, were blended with the practical 
methods of the English system. 

The fruits of this new system of instruction have been abim- 
dant. The graduates of the Military Academy have been 
sought for wherever science of the highest grade has been 
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needed Russ * haa ought them to coiiitnict her raihodds,* 
the Coist Suney needed tl eir aid, the works of mtemal im- 
prt^ement ot the far t ih s in our country, have mostly been 
conducted undei their direction and the recent war ■aiih Mexico 
iffoided am].lp opportunity fcr showing the thousand wajs in 
which science — tie hgheat <Ai ot knowkdgo — maj he made 
avi labk n piacti e 

All these results aie die ti the system of instniction. In 
that system Mathem-jtici s the basis — Science precedes Art — 
Theory goes befoie Practice — the general formula embraces all 
the pi tipulars 

It WTS deemed necessary to the full development of the plan 
ol the woik to give a geneial view of the subject of Logic. 
The matenals of B k I hj.ie been drawn, mainly, from the 
woiks of Aichbishop ■VMattly and Mr. Mill, Although the 
genera] outhne of the subject has but little resemblance to the 
■work of either authoi yet very much has been taken from both ; 
and m all cases where it could be done consistently with my own 
plan I have adopted their exact language. This remark is par- 
ticularly applicable to Chapter III., Book I., wliicli is taken, 
with few alterations, from Whately. 

For a full account of the objects and plan of the work, the 
reader is referred to the Introduction, 



* Major Whistler, Uie engineer, to whom was intnislsd the great enterprise 
ooostructing a railroad, from St. Petersburg to Moscow, and Major Brown, 
ho Buecoeded him at his deaih, were bolk graduates of Ike Military Acad- 
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INTRODUCTION 



OBJECTS AN"D PLAN OF THE WORK. 

Utility and Progress are the two leading Ufiniir 
ideas of the present age. They were manifested Prograa^ 
in the formation, of our political and social insti- nieit uijiii- 
tutions, and have been further developed in the emmeiit: 
extension of those institutions, with their subdu- 
ing and civilizing influences, over the fairest por- 
tions of a great continent. They are now be- 
coming the controlling elements in our systems meJu'^'ttiuu. 
of public instruction. 

What, then, must be the basis of that system "liit 
of education vi'hich shall embrace within its ho- utiiny muT 
rizon a Utility as comprehensive and a Progress 
as permanent as the ordinations of Providence, 
exhibited in the laws of nature, as made known 
by science ? It must obviously be laid in the 
examination and analysis of those laws ; and 
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INTKOnUCTIOK. 

r primarily, in those preparatory studies which fit 
and qualify the mind for such Divine Contem- 
plations. 

When Bacon had analyzed the philosophy of 
the ancients, he found it speculative. The great 
highways of life had been deserted. Nature, 
spread out to the intelligence of man, in all the 
minuteness and generality of Its laws — in all the 
harmony and beauty which those laws develop — 
had scarcely been consulted by the ancient phi- 
losophers. They had looked within, and not 
without. They sought to rear systems on the 
uncertain foundations of human hypothesis and 
speculation, instead of resting them on the im- 
mutable laws of Providence, as manifested in 
the materia] world. Bacon broke the bars of 
this mental prison-house: bade the mind go free, 
and investigate nature. 

, Bacon laid the foundations of his philosophy in 
organic laws, and explained the several processes 
of experience, observation, experiment, and in- 
duction, by which these !aws are made known. 
He rejected the reasonings of Aristotle because 
they were not progressive and useful ; because 
they added little to knowledge, and contributed 
nothing to ameliorate the sufferings and elevate 
the condition of humanity. 
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The time seems now to be at hand when the Pr.icita 
philosophy of Bacon is to find its full develop- '™'' 
ment. The only fear is, that in passing from a 
speculative to a practical philosophy, we may, 
for a time, lose sight of the fact, that Practice 
without Science is Empiricism ; and that all ii= i""' 
which is truly great in the practical must be the 
application and result of an antecedent ideal. 

What, then, are the sources of that tJtility, whia 
and the basis of that I'ractical, which the pres- tem of e 
ent generation desire, and after which they are 
so anxiously seeking ? What system of training 
and discipline will best develop and steady the 
intellect of the young ; give vigor and expan- 
sion to thought, and stability to action ? What wwcn 
course of study will most enlarge the sphere of sieadj 
investigation; give the greatest freedom to the 
mind without licentiousness, and the greatest 
freedom to action consistent with the laws ol' 
nature, and the obligations of the social com- 
pact ? What subject of study is, from its na- wnot 
ture, most likely to ensure this training, and ofaiun 
contribute to such results, and at the same time 
lay the foundations of all that is truly great in 
the Practical ? It has seemed to me that math- Motiiraa 
ematical science may lay claim to this pre-emi- 
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1 INTRODUCTION. 

FounJu- The first impressions which the child receives 

jmoMcai '^^ Number and Quantity are the foundations oi 

nowiedsc. j^|g mathematical knowledge. They form, as it 

were, a part of his intellectual being. The laws 

Laws of of Nature are merely truths or generalized facts, 

in regard to matter, derived by induction from 

experience, observation, and experiment. The 

laws of mathematical science are generalized 

Numbei truths derived from the consideration of Number 

g™^ and Space. All the processes of inquiry and 

investigation are conducted according to fixed 

laws, and form a science ; and every new thought 

and higher impression form additional links in 

the lengthening chain. 

[athclaa^ The knowledge which mathematical science 
edge ; imparts to the mind is deep — profound — abiding. 
It gives rise to trains of thought, which are born 
in the pure ideal, and fed and nurtured by an 
acquaintance with physical nature in all its mi- 
nuteness and in all its grandeur : which survey 
iiues. the laws of elementary organization, by the mi- 
croscope, and weigh the spheres in the balance 
of universal gravitation. 

^jj^j The processes of mathematical science serve 

epioceasea jq gjyg mental Unity and wholcncss. They im- 
part that knowledge which applies the means of 
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PLANOFTUEWOHK. ]J 

crystallization to a chaos of scattered particulars, Kighi know. 
and discovers at once the general law, if there ite^ns^ 
be one, which forms a connecting link between "*^'^'' 
them. Such results can only be attained by 
mmds highly disciplined by scientific conibnn- 
tions In all these processes no fact of science 
lb f 01 gotten 01 lost They are all engiaved on 
the great tablet of universal tmth theie to be 
lead by succeeding geneiations so long as the ii records 
lawf. of mind remain unchanged This is stii imth 
kinglj illustrated bj the tact that anj diligent 
student of a college m\y now leid the works of 
Newton oi the Mecanique Cele&te ut La Place 

The educator regards mathematical science how the 
as the great means of accomplishing his work. gErdamuih- 
The definitions present clear and separate ideas, 
which the mind readily apprehends. The axioms Tho anoms. 
are the simplest exercises of the reasoning fac- 
ulty, and afford the most satisfactory results in 
the early use and employment of that faculty. 
The trains of reasoning which follow are com- 
binations, according to logical rules, of what 
has been previously fully comprehended; and imiueneeoi 
the mind and the argument grow together, so „„,beiB8Hci 
that the thread of science and the warp of the ™ ' ^ """ 
intellect entwine themselves, and become insep- 
arable. Such a training will lay the foundations 
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16 INTRODUCTION. 

of systematic knowledge, so greatly preferable 
to conjectural judgments. 

Howihe The philosopher regards mathematical science 

pbilosophet 

regauis ^ ^"^ mere tools of his higher vocation. Look- 
iBBS emauce. j^^ ^^^.j^ ^ steady and anxious eye to Nature, 
and the great laws which regulate and govern 
aU things, he hecomes earnestly intent on their 
examination, and absorbed in the wonderful har- 
monies which he discovers. Urged forward by 
itanecesaity thesc high impulses, he sometimes neglects that 
thorough preparation, in mathematical science, 
necessary to success ; and is not unfrequently 
obliged, like AntEeus, to touch again his mother 
earth, in order to renew his strength. 

Thevipws The mere practical man regards with favor 
cai man. Only the rcsults of science, deeming the reason- 
ings through which these results are arrived at, 
quite superfluous. Such should remember that 

toimmenia thc mind requires instruments as well as the 
hands, and that it should be equally trained in 
their combinations and uses. Such is, indeed, 
now the complication of human affairs, that to 
do one thing well, it is necessary to know the 
properties and relations of many things. Every 

Evetjiiiing thing, whether existing in the abstract or in the 
material world ; whether an element of knowl- 
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edge or a rule of art, has its CDiiiiectuua lud its Tukiow 

law: to understand these connections tad Xhit su vue 

law, is to know the thiug. When the pimci]ie "■' ^ 
is clearly apprehended, the pratt ce i e ij 

With these general views, anr undei h fiim Mah -uc 
conviction that mathematical science must he 
come the great hasis of educition I hd\e Ijp 
stowed much time and labor on its mih^is is 
a suhject of knowledge. I hive ende ivoied to 
present its elements sepai-ateh iiid m then con iiov 
nections ; to point out and note the mental fac 
ulties which it calls mto exeicise to show why 
and how it develops those faculties ; and in what 
respect it gives to the whole mental mactiinery 
greater power and certainty of action than can 
be attained by other studies. To accomplish What-nM 

deemed ju 

these ends, in the way that seemed to me most cessary. 
desirable, I have divided the work into three 
parts, arranged under the heads of Book I., II., 
and III. 

Book I. treats of Logic, both as a science and J.oaio. 
an art ; that is, it explains the laws which gov- 
ern tlie reasoning faculty, in the complicated 
processes of argumentation, and lays down tlie EspiaLaiio 
rules, deduced from those laws, for conducting 
such processes. It being one of the leading 
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objects to show that mathematical science is the 
best subject for the development and application 
of the principles of logic ; and, indeed, that the 
science itself is but the application of those prin- 
ty ciples to the abstract quantities Number and 
Space, it appeared indispensable to give, in a 
manner best adapted to my purpose, an out- 
line of the nature of that reasoning by means 
of which all inferred Jcnowledge is acquired. 

Book 11. treats of Mathematical Science. 
Here I have endeavored to explain the nature of 

, the subjects with which mathematical science is 
conversant ; the ideas which arise in examining 
and contemplating those subjects; the language 
employed to express those ideas, and the laws of 
their connection. This, of course, led to a class- 

r ilication of the subjects ; to an analysis of the 
language used, and an exammation of the reason- 
ings employed in the methods oi proof. 

Book III. expl ims and illustrates the Utility of 
^ Mathematics : Fust as a means of mental disci- 
pline and training Secondly as a means of ac- 
quiring knowledge inl Thndly, as furnishing 
those rules of art, which make knowledge prac- 
acally effective. 
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PLAN OF THE 



Having thus given the general outlines of the ciasMsof 
work, we wiil refer to the classes of readers for 
whose use it is designed, and the particular ad- 
vantages and benefits which each class may re- 
ceive irorei its perusal and study. 

There are four classes of readers, who may, Four classes 
it is supposed, be profited, more or less, by the 
perusal of this work : 

1st. The general reader ; ritsi cinas. 

2d. Professional men and students ; secunj. 

3d. Students of mathematics and philosophy ; iijua. 

4th. Professional Teachers. Foaiiu. 



First. The general reader, who reads for im. ; 
provement, and desires to acquire knowledge, , 
must carefully search out the import of language. 
He must early establish and carefully cultivate 
the habit of noting the connection between ideas 
and their signs, and also the relation of ideas to 
each other. Such analysis leads to attentive 
reading, to cleai- apprehension, deep reflection, 
and soon to generalization. 

Logic considers the forms in which truth must 
be expressed, and lays down rules for reducing 
all trains of thought to such known forms. This 
habit of analyzing arms us with tests by which 
we separate argument from sophistry — truth from 
falsehood. The application of these principles. 
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. in the constraction of the mathematical science, 
,_ where the relation between the sign (or language) 
and the thing signified (or idea expressed), is un- 
mistakable, gives precision and accuracy, leads 
to right arrangement and classification, and thus 
prepares the mind for the reception of general 
knowledge. 

! Secondly. The increase of knowledge carries 
with it the necessity of classification. A limited 
number of isolated facts may be remembered, or 
a few simple principles applied, without tracing 
out their connections, or determining the places 
which they occupy in the science of general 
knowledge. But when these facts and principles 
are greatly multiplied, as they are in the learned 
professions ; when the labors of preceding gen- 
erations are to be examined, analyzed, compared ; 
when new systems are to be formed, combining 
all that is valuable in the past with the stimu- 
lating eleineots of the present, there is occasion 
for the constant exercise of om- highest facul- 
5 ties. Knowledge reduced to order ; that is, 
' knowledge so classified and arranged as to be 
easily remembered, readily referred to, and ad- 
vantageously applied, will alone suflice to sift 
the pure metal from the dust of ages, and fashion 
it for present use. Such knowledge is Science. 
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Masses of facts, like masses of matter, are ca- * 
pable of very minute subdivisions; and when we ^ 
know the law of combination, they are readily ' 
divided or reunited. To know the law, in any 
casej is to ascend to the source ; and without 
that knowledge the mind gropes in darkness. 

It has been my aim to present such a view . 
of Logic and Mathematical Science as would 
clearly indicate, to the professional student, and 
even to the general reader, the outlines of these 
subjects. Logic exhibits the general formula 
applicable to all kinds of ai'gumentation, and 
mathematics is an application of logic to the 
abstract quantities Number and Space. 

When the professional student shall have ex- 
amined the subject, even to the extent to which c 
it is here treated, he will be impressed with the 
clearness, simplicity, certainty, and generality of 
its principles ; and will find no difficulty in ma- 
king them available in classifying the facts, and 
examining the organic laws which characterize 
his particular department of knowledge. 



Thirdly. Mathematical knowledge differ^ horn i 
every other kind of knowledge in this it is is 
it were, a web of connected pimciples spun out 
from a few abstract ideas, until it his become 
one of the great means of intellectual develop- 
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ment and of practical utility. And if I am per- 
y mitted to extend the figure, I may add, that the 
,hi web of the spider, though perfectly simple, if we 
see the end and understand the way in which 
it is put together, is yet too complicated to be 
unravelled, unless we begin at the right point, 
and ohserve the law of its formation. So with 
mathematical science. It is evolved from a few 
— a very few — elementaiy and intuitive princi- 
ples : the law of its evolution is simple but ex- 
eis acting, and to begin at the right place and pro- 
°'^" ceed in the right way, is all that is necessary to 

make the subject easy, interesting, and useful, 
ns I have endeavored to point out the place of 
1. beginning, and to indicate the way to the math- 
ematical student. I am aware that he is start- 
ing on a road where the guide-boards resemble 
each other, and where, for the want of careful 
observation, they are often mistaken ; I have 
sought, therefore, to furnish him with the maps 
and guide books cJ an old traveller. 
■.ea By explammg with minuteness the subjects 
,ig^ abaut which mathematical science is conversant, 
" the ^\hole field to be gone over is at once sur- 
veyed bj calling ittention to the faculties of 
?«» the mind which the science brings into exercise, 
leo- we are bettei piepaied to note the intellectual 
' operations which the processes require ; and by 
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a knowledge of the laws of reasoning, and an ofnknowi- 
acquaintance with the tests oi tmtn, we are en- ia„Botrea. 
abled to verify all our results. These means have °^' 

been furnished in the following work, and to 
aid the student in classification and aiTaogement, 
diagrams have been prepared exhibiting separ- Whatnoa 
ately and in connection all the principal parts of 
mathematical science. The student, therefore, 
who adopts the system here indicated, will find 
his way clearly marked out, and will recognise, *^'^'"^8<* 
from their general resemblance to the descrip- >i«i»- 
tions, all the guide-posts which he meets. He 
will be at no loss to discover the connection 
between the parts of his subject. Beginning 
with first principles and elementary combina- 
tions, and guided by simple laws, he will so for- wjiore 

, he begins. 

wai-d from the exercises of Mental Arithmetic 
to the higher analysis of Mathematical Science 
on an ascent so gentle, and with a progress so otoer 

of prognsa. 

Steady, as scarcely to note the changes. And 
indeed, why should he ? For all mathematical 
processes are alike in their nature, governed by 
the same laws, exercising the same faculties, uniiy or 
and lifting the mind towards the same eminence. ^ " ''^ 

Fourthly, The leading idea, in the construe- Advaninges 
tion of the work, has been, to alFord substantial pmfeaaionai 
aid to the professional tear-her. The nature of '^'^^''■ 
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His duties; his duties — their inherent difficulties — the per- 
Disooorage- plexities which meet him at every step — the want 
difflCTiijea: oi sympathy and support in his hours of discour- 
agement — (and they are many) — are circum- 
stances which awalten a lively interest in the 
hearts of all who have shared the toils, and been 
themselves lahorers in the same vineyard. He 
takes his place in the schoolhouse by the road- 
side, and there, removed from the highways of 
Remoiencss life, speuds his days in raising the feeble mind 
"fe ""^ of childhood to strength — in planting aright the 
seeds of knowledge — in curbing the turbulence 
of passion — in eradicating evil and insph-ing 
good. The fruits of his labors are seen but 
once in a generation. The boy must gi^ow to 
Prniisot manhood and the girl become a matron before 
Hheuseea. he IS Certain that his labors have not been in 
vain. 

Yet, to the teacher is committed the high trust 
of forming the intellectual, and, to a certain ex- 
tent, the moral development of a people. He 
Theimpor- holds in his hands the keys of knowledge. If 
'^Zblra. '*' ^^^ fi''^^ moral impressions do not spring into 
life at his bidding, he is at the source of the 
stream, and gives direction to the current. Al- 
though himself imprisoned in the schoolhouse, 
his influence and his teachings affect all condi- 
tions of society, and reach over the whole hori- 
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zon of civilization. He impresses himself on tiic influence 
the young of the age in which he liveSj and 
lives again in ihe age which succeeds him. 

All good teiiching must ilow from copious soureesof 
knowledge. The shallow fountain cannot emit uy. 
a vigorous stream. In the hope of doing some- 
thing that may be useful to the proiessional 
teacher, I have attempted a careful and full '^^^^'^ 
analysis of mathematical science. I have spread wontwai 
out, in detail, those methods which have been 
carefully examined and subjected to the test of 
long experience. If they are the right meth- priinipie5 
ods, they will serve as standards of teaching ; uusaimj. 
for, the principles of imparting instruction ai'e 
the same for all branches of knowledge. 

The system which I have indicated is com- sjaiem, 
plete in itself. It lays open to the teacher the 
entire skeleton of the science — exhibits all its W"' " 

liieseills. 

parts separately and in their connection. It 
explains a course of reasoning simple in itself, what it 
and applicable not only to every process in ^"™"' 
mathematical science, but to all processes of 
argumentation in every subject of knowledge. 

The teacher who thus combines science with ggjgnae 
art, no longer regards Arithmetic as a mere """i"™^ 
treadmill of mechanical labor, but as a means — 
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and the simplest means — of teaching the art and 
science of reasoning on quantity — and this is 
the logic of mathematics. If he would accom- 
plish well his work, he must so instruct his 
pupils that they shall apprehend cleariy, think 
quickly and correctly, reason justly, and open 
their minds freely to the reception of all knowl- 
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CHAPTER I. 



§1 DrMMii 1, b i, met ih R il il 1 ich 
litenll) iicti ities i'^ymg M\n i bounliry , 
All definitions aie ol names d.nd of name? only 
but in some definitions it is cleaxlj appirent 
that nothing is intended except tc explain the 
meaning of the word while in otheis besides 
explammg the meaning of the i\ci i it is also 
implied that there exists or inaj exist % tin tg ' 
coiies] ondmg to the word 

■i 2 Dtl n t on^ wl rh di ict n jU the e\ f 
ence tf th ngs correspon Img to the woids de 
fiaed ire those usuilh l'>und in the Diclionai} 
ot one s own languige The> explain onlj the 
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... 


meaning ol' the word or temi, by giving some 


explain 
IvotUs bjr 


equivalent expression which may happen to be 




better known. Definitions which imply the ex- 




istence of things corresponding to tlie words de- 




tined, do more than this. 


D.flmMon 


For example : " A triangle is a rectilineal fig- 


IriangiB! 


ure having three sides." This definition does 


v,-h=t 


two things : i 


Implies. 


Ibt It e\)tlaiii& thi. mi. .miii^- of the word tri- 




angle , and, 




ad It implies that theie exists, or may exist, 




a rectdineal iigme having three sides. 


Ofa 


§ 3. To define i wrrd when the definition is ! 


"Z 


to imply the existence <-i a thiOj; is to select 


plisfhe ex 


from all the propeitiea oi the thmn those which 


athii^. 


are most simple, geneni mid obvious ind the ; 


Proporlics 


properties must be ^eiy well kno^(n to us before 


tautr 


we can decide which aie the fittest foi this pur- 




pose. Hence, a thing may have many pioperties 




besides those which aie named m the definition 


AdeSniHon 


of the word which stinds foi it This second 


anpporla 

tTLlh, 


kind of definition is not only the best toim of ex- 




pressing certain conceptzons but ilso contributes 




to the development and bujpoit of new truths. 


,. 


5 4. In Mathematics, and indeed, in all strict 


nrnnEs imply scieiices, iiaiiies imply the existence of the things 
1 
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which they n 
names expre^ 
no con-ect defi 
matical term, 
express certaii 
ng to the 11 ai 
a tacit assu 



1 d fi 
f h I 



t 1 
d fi 



d hi h h 11 
1 g P 1 

f h 1 

P P ' 



wiiich gives t 



§ 5. All the 
rest ultimatel 
on the intui 
spending to tl 
able existence 



may h 






d fi 



h 



d 1 fi d h 
hj h 



* There are four rules which aid us in framing defioi. 



Four 



Jst. Ths definition must be adequate: that is, neither too istrule, 
extended, nor too narrow for tho word defined. 

2d. The definition must \)e in itself plainer than the word 9a rule, 
defined, else it would not explain it 

3d. The definition should be efpresaed in a contenient gdrale. 
mijnber of appropriate u-ordi 

4ih. When the definition rniphea the existence of a thing 



esponding to Iht, 

^t be ]u u 



! dehiiE-d, the certainty of tliat 
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■HE Ml^D CONCBHKED 1] 

'- 5 6, There are three operations of the mind 
, which are immediately concerned in reasoning. 
1st. Simple apprehension ; 2d. Judgment ; 
3d. Reasoning or Discourse. 

§ 7 bi ni k pprchension is the notion (or 
ctnoepti n) of in object in the mind, analogous 
to the peiception of the senses. It is either 

■ Incomplex or Complex. Incomplex Apprehen- 
sion IS ot one object, or of several without any 
relation being perceived between them, as of a 
tiiangle a sqmie, or a circle: Complex is of 
several iMth &uch a relation, as of a triangle 
withm 1 circle or a circle within a square. 

§ 8. Judgment is the comparing together in 
the mind two of the notions (or ideas) which 
are the objects of apprehension, whether com- 
plex or jncomples, and pronouncing that they 
agree or disagree with each other, or that one 
of them belongs or does not belong to, the other : 
for example : that a right-angled triangle and an 

■ equilateral triangle belong to the class of figures 
called triangles ; or that a square is not a circle. 
Judgment, therefore, is either Affirmative or Neg- 
ative. 
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5 0. Reasoning {or discourse) is the act of 


7"' 


proceeding from certain judgments to another 


daAiied. 


founded upon them (or the result of them). 


1 


^ 10. Language alYords the signs by which 


1 


these operations of the mind are recorded, ex- 




pressed, and communicated. It is also an in- 


Ihouslii; ; 


strument of thought, and one of the principal 


also, Ml 


helps in all mental operations; and any imper- 


of IhOl^llt. 


fection in the instrument, or in the mode of 




using it, will materially afFect any result attained 




through its aid. 




§ 11. Every branch of knowledge has, to a 


Ererybranrdi 


certain extent, its own appropriate language; 




and for a mind not previously versed in the 


togo^, 


meaning and right use of the various words and 


«hich 


signs which constitute the language, to attempt 


mnstbe 


the study of methods of philosophizing, would 


lulled. 


be as absurd as to attempt reading before learn- 




ing the alphabet. 




ABSTRACTIOK. 




§ 12. The faculty of abstraction is that power 




of the mind which enables us, in contemplating 


AbBlraction, 


any object (or objects), to attend exclusively to 
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some particulm- cireiimstctace belooging to it, and 




quite withhold our attention from the rest. Thus, 


co„temvla- 


if a person in contemplating a rose should make 


IhigaiiHe; 


the sceot a distinct object of attention, and lay- 




aside all thought of the form, color, &c., lie 




would draw off, or abstract that particulai- pai't ; 


Ofamri^ 


and therefore employ the faculty of abstraction. 


wr. 


He would also employ the same faculty in con- 




sideriug whiteness, softness, virtue, existence, as 




entirely separate from particular objects. 




§ 13. The term abstraction, is also used to 


Thel.™ 


denote the operation of abstracting from one or 


Abslr^LClion, 
how U3«4. 


more things the particular pait under consider- 


ation ; and likewise to designate the state of the 




mind when occupied by abstract ideas. Hence, 




abstraction is used in three senses : 


Ab-tiootioi 


1st. To denote a faculty or power of the 


u ftculty, 


mind ; 


™rrSe 


2d. To denote a process of the mind; and, 


ofmlud. 


3d. To denote n stale of the mind. 




GENERALIZATION. 




§ 14. Generalization is the process of con- 


tEr 


templating the agreement of seversil objects in 


coiitomplit 


certain points (that is, abstracting the circum- 


i^iramenl. 


stances of agreement, disregarding the differ- 
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ences), and giving to all and eacii of these ob- 
jects a name applicable to them in respect to 
this agreement. For example ; we give the 
name of triangle, to every rectilineal figure hav- 
ing three sides ; thus we abstract this property 
from all the others (for, the triangle has three 
angles, may be equilateral, or scalene, or right- 
angled), and name the entire class from the prop- 
erty so abstracted. Generalization therefore 
necessarily implies abstraction ; though abstrac- 
tion does not imply generalization. 



MS — COMMON TEKMS. 

5 15. An act of apprehension, expressed in 
language, is called a Term. Proper names, or 
any other terms which denote each hut a single 
individual, as " CEesar," " the Hudson," " the 
Conqueror of Pompey," are called Singular 
Terms. 

On the other hand, those terms which denote 
any individual of a whole class (which are form- 
ed by the process of abstraction and generaliza- 
tion), are called Common or general Terms. For 
example ; quadrilateral is a common term, appli- 
cable to every rectilineal plane figure having 
four sides ; River, to all rivers ; and Conqueror, 
to all conquerors. The individuals for which a 
1 term stands, are called its Signijicates. '■ 
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aaaaiBcBtion ^ ^^ Coinoi JH leims nfioid the meins ol ch^ 
sification, that is of the an in^etneiit ot objects 
into classes ^\ith reieience to some common inl 
diatmgui^hmg chiiactci stic A collect on cjm 
pre he I ding a number j? oljects ^o aninged i^ 
<" nus called i Genus oi &[ecies— genus be iig the 
moie exteiane temi j id iten en biuc iig rmn> 

SpUClPS 

Examples ^''^ Pximple animal is i genus embiacing 
•" every thing which is endowed with 1 fe the po« 
er of vfluntarj mot an ind '(enaition It ha=! 
manj Bpecit.' such as man beast bud &c It 
we say of an animal that it is tatwnal it b 
longs to the species man foi this is the chine 
tei stic of that species If we si^ that it h 
wingB it belong to the species bud foi th i 
Ike nnnnei is the chiiicti.ust c ( f the afec 
bnl 

A species may likewise be divided into classes, 

or or subspecies ; thus the species man, may be 

divided into the classes, male and female, and 

these classes may be again divided until we reach 

the individuals. 

Ptiniapies ^ i7_ Kow, it will appear from the principles 
cimeiflcauou. which govern this system of classification, that 
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the characteristic of a genus is of a more esten- g™..-, in-^ 
sive signification, but involves fewer particu- ihau aii,'.i-«s 
lars than that ol a species. In like manner, the 
characteristic of a species is more extensive, but 
less full and complete, than that of a subspecies ""' '■'*■' '■'" 
or class, and the characteristics of these less full comiiiti.-. 
than that of an individual. 

For example ; if we take as a genus the Quadri- 
laterals of Geometry, of which the characteristic /"'^ \ 
is, that they have four sides, then every plane ^ - ^ 
rectilineal figure, having four sides, will fail under _ 

this class. If, then, we divide all quadrilaterals / ■> \ 
into two species, viz. those whose opposite sides, 
taken two and two, are not parallel, and those ^ — " 

whose opposite sides, taken two and two, are \ '_ __\ 

parallel, we shall have in the first class, all irreg- 

ular quadrilaterals, including the trapezoid (1 and \ , \ 
2) ; and in the other, the parallelogram, the rhom- *l. ^ 
bus, the rectangle, and the square (3, 4, 5, and 6) . 

If, then, we divide the first species into two r - i 

subspecies or classes, we shall have in the one, the ' '■ 

irregular quadrilaterals (1), and in the other, the 
trapezoids (2) ; and each of these classes, being 
made up of individuals having the same char- 
acteristics, are not susceptible of further division. 
If we divide the second species into two 
classes, arranging those which have oblique an- 
gles in the one, and those which have right 



[• 
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■mgles 111 the otliei ne 'sh ill hd\e in the fii t 
tw3 v-uieties Mz the common pirillelogi m 
and the equihlenl piiallelr>g!im oi ihombut, (3 
ai d 4) and in the secmd two viiielies ilsj 
■VIZ the lectingle \nd Ihe squire (o lad b) 
Now each of these six fissures is i q ladn 
g lateral and hence possesses the chat aUtristic 
of the genua and eich vaiietv oi both species 
enjoys all the chaiac tens tics of the species to 
which it belongs together with some nthei dii 
tmguishng ieituie ani simiUilj oi all 1I7 v? 
Jtcalions. 

§ 18. In special classifications, it is often not 
necessary to begin with the most general char- 
acteristics; and then the genus with which we 
begin, is in fact but a species of a more extended 
classification, and is called a Subaitem Genus. 

For example ; if we begin with the genus Par- 
allelogram, we shall at once have two species, 
viz. those parallelograms whose angles are oblique 
and those whose angles are right angles ; and in 
each species there will be two varieties, viz. in the 
first, the common parallelogram and the rhom- 
bus ; and in the second, the rectangle and square. 

§ 19. A genus which cannot be considered 
as a species, that is, which cannot be referred 
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to a more extended classification, is called the 
highest genus ; and a species which cannot be 
considered as a genus, because it contains only 
individuals having the same characteristic, is 
called the lowest species. 



^ 20. It should be steadily kept in mind, that 
the "common terms" employed in classification, j^commn^i 
have not, as the names of individuals have, any nJ'^'JJ'i',^ 
real existing thing in nature corresponding to '™;e»P""J* 
them ; but that each is merely a name denoting 
a certain inadequate notion which our minds inadBquoie 
have formed of an individual. But as this name 
does not include any thing wherein that indi- ^"'^ "ot 
vidual differs from others of the same class, it ihuigii, 
is applicable equally weU to all or any of them, mnividiuiu 
Thus, quadrilateral denotes no real thing, dis- ^'^^' 
tinct from each individual, but merely any recti- 
lineal figure of four sides, viewed inadequately; 
that is, after absti-acting and omitting all that 
is peculiar to each individual of the class. By 
this means, a common term becomes applicable eppiicahieio 
alike to any one of several individuals, or, taken individuaK 
in the plural, to several individuals together. 

Much needless difficulty has been raised re- fj^^^^^ 
specting the results of this process : many hav- "'^""s'- 
ing contended, and perhaps more having taken 
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iiifflcujiiin it for granted, tiiat there iriust be some reully 
inuuHof existing thing corresponding to each of those 
unus. common terms, and of which such term is the 
name, standing for and representing it. For ex- 
ample ; since there is a really existing thing cor- 
Koone responding to and signified by the proper and 
.Mm-»'''iS- singular name " jEtna," it has been supposed 
1^^ to each, ^y^^^ ^^le common term " Mountain" must have 
some one really existing thing corresponding to 
it, and of course distinct from each individual 
mountain, yet existing in each, since the term, 
being common, is applicable, separately, to every 
one of them. 

The fact is, the notion expressed by a common 
term is merely an inadequate (or incomplete) 
iu!id«uaie I'^tio'^ of 3" individual ; and from the very eir- 
"""""P^ cumstance of its inadequacy, it will apply equally 
si^imiing yf^w iQ any one of several individuals. For ex- 
ample ; if I omit the mention and the consider- 
ation of every circumstance which distinguishes 
^tna from any other mountain, I then form a 
notion, that inadequately designates jEtna. This 
>■ sii.iiuioi!." notion is expressed by the common term " moun- 
" tain," which does not imply any of the peculiar- 
'oiii ities of the mountain ^Etna, and is equally ap- 
plicable to any one of several individuals. 

In regard to classification, we should also bear 
in mind, that we may fix, arbitrarily, on the 
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characteristic which we choose to abstract and MaiBxon 
consider as the basis of our classification, disre- Bibwraniy 
garding all the rest : so that the same individual ji^ifl^Ho,,, 
may be referred to any of several ditferent spe- 
cies, and the same species to several genera, as 
suits our purpose. 



§ 21. Science, in Its popular signification, 
meajis knowledge.* In a more restricted sense, 
it means knowledge reduced to order; that is, 
knowledge so classified and an-anged as to be 
easily remembered, readily referred to, and ad- 
vantageously applied. In a more strict and ^ 
technical sense, it has another signification. 

" Every thing in nature, as well in the in- 
animate as in the animated world, happens or 
is done according to rules, though we do not 
always know them. Water falls according to 
the laws of gravitation, and the motion of walk- " 
ing is performed by animals according to rules. 
The fish in the water, the bird in the air, move 
according to rules. There is nowhere any want 
of rule. When we think we find that want, we 
can only say that, in this case, the rules are un- i 
known to us."f 

Assuming that all the phenomena of nature 

* Section 33. f Kant. 
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ire are consequences of general and immutable laws, 
licai we may define Science to be the analysis of 
" ' those laws, — comprehending not only the con- 
's'^ iiected processes of experiment and reasoning 
ure. which make them known to man, but also those 
processes of reasoning which make known their 
individual and concurrent operation in the de- 
velopment of individual phenomena. 



5 22. Art is the application of knowledge to 
practice. Science is conversant about knowl- 
edge: Art is the use or application of knowl- 
edge, and is conversant about works. Science 
has knowledge for its object : Art has knowledge 
for its guide. A principle of science, when ap- 
plied, becomes a rule of art. The developments 
of science increase knowledge ; the applications 
of art add to works. Art, necessarily, presup- 
* poses knowledge ; art, in any but its infant state, 
presupposes scientific knowledge ; and if every 
art does not bear the name of the science on 
which it rests, it is only because several sciences 
are often necessary to form the groundwork of 
a single art. Such is the complication of hu- 
^ man affairs, that to enable one thing to be done, 
■ it is often requisite to know the nature and prop- 
erties of many things. 



>y Google 



CHAP, n.] KNOW 



CHAPTRR II. 



^ 23. Knowledge is a clear and certain con- t 
ception of that which is true, and implies three , 
things : " 

1st. Firm belief; 2d. Of what is true; and, 
3d. On sufficient grounds. 

If any one, for example, is in doubt respecting * 
one of Legendre's Demonstrations, he cannot 
be said to know the proposition proved by it. If, 
again, he is fully convinced of any thing that is 
not true, he is mistaken in supposing himself to 
know it; and lastly, if two persons are each fully 
confident, one that the moon is inhabited, and 
the other that it is not (though one of these 
opinions must be true), neither of them could 
properly be said to know the truth, since he 
cannot have sufficient ^roqf of it. 
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"nowiedrais ^ ^'^^ ^'^^ knowledge is of two kmds : of facts 
It fnots iiiid ajjii ti-ytha. A fact is any tiling that has been 
or IS. That the sun rose yesterday, is a fact : 
that he gives light to-day, is a fact. That wa- 
ter is fluid and stone solid, are facts. We de- 
rive our knowledge of facts through the medium 
of the senses. 
Truih an Truth IS an exact accordance with what has 
wiihwbiit BEEN, IS, or SHALL BE. There are two methods 
orshaiibe. '^^ ascertaining truth : 

■wometiioda jgj_ ^y comparing known facts with each 
iugit. other; and, 

2dly, By comparing known truths with each 
other. 

Hence, truths are- inferences either from facts 
or other truths, made by a mental process called 
Reasoning. 

^ 25. Seeing, then, that facts and truths are the 
Facia and elements of all our knowledge, and that knowl- 

triitha, the '^ 

ciemeuts edge Itself is hut their clear apprehension, their 

tnuwiodge. firm belief, and a distinct conception of their 

relations to each other, our main inquiry is, How 

are we to attain unto these facts and truths, 

which are the foundations of knowledge ? 

1st. Our knowledge of facts is derived through 
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the medium of our senses, by observation, exper- 
iment,* and experience. We see the tree, and Howwe 
perceive that it is shaken by the wind, and note kJiowiaig^ .>f 
the fact that it is in motion. We decompose 
water and find its elements ; and hence, learn 
from expefiment the /ac(, that it is not a simple 
substance. We experience the vicissitudes of 
heat and cold ; and thus learn from experience 
that the temperature is not uniform. 

The ascertainment of facts, in any of the ways 
above indicated, does not point out any connec- This does not 
tion between them. It merely exhibits them to mnnMUun 
the mind as separate or isolated; that is, each uJ*^" 
as standing for a determinate thing, whether 
simple or compound. The term facts, in the 
sense in which we shall use it, will designate 
facts of this class only. If the facts so ascer- 
tained have such connections with each other, whenthej 
that additional facts can be inferred from them, ncction thai 
that inference is pointed out by the reasoning ''^ji^^^ 
process, which is carried on, in all cases, by com- ^"'"f 
pari son. 

Sdly. A result obtained by comparing facts, we Tmth, foond 
have designated by the term Truth. Truths, '"'™^7'^ 
therefore, are inferences from facts ; and every 

* Under this term we include all the methods of inves- 
tigation and processes of arriving at facta, except the pro- 
cess of reasoning. 
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truth has reference to all the singular facts from 
which it is inferred. Truths, therefore, are re- 
sults deduced from facts, or from classes of facts. 
Such results, when obtained, appertain to all facts 
of the same class. Facts make a genus : truths, 
a species ; with the characteristic, that they be- 
come known to us by inference or reasoning. 

§ 28. How, then, are truths to be inferred 
„ from facts by the reasoning process? There 
" are two cases. 

1st. When the instances are so few and simple 
that the mind can contemplate all the facts on 
which the induction rests, and to which it refers, 
and can make the induction without the aid of 
other facts ; and, 

2dly. When the facts, being numerous, com- 
plicated, and remote, are brought to mind only 
by processes of investigation. 



5 27. Truths which become known by con- 
sidering all the facts on which they depend, and 
which are inferred the moment the facts are 
apprehended, are the subjects of Intuition, and 
are called Intuitioe or Self-evident Truths. The 
term Intuition is strictly applicable only to that 
mode of contemplation in which we look at 
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facli oi cl isses of f-icls and ij \ reheu I ihe 
leKtions of tho'ie ficts at the h\me time and 
b-v the same act b\ which we appiehend the 
facta thenisehe=i Hence intmtne ii seU evi- How 
dent tiuths aie thuse which tire corceiied in com! 
the mind immediateh thit it which aie per- 
fectly conceived by a single poce=!=! ot induc- 
tion the moment the lacts on nhich thej depend 
are appiehended Mithout the inter\ention of 
other ideas They aie necessaiy coniiequences of 
conceptions lespectmg wh ch they iie isseited. as 
The axioma tf Geometry afioid the simplest ind n" 
most unmistikable chss of such tiuths ' 

A whtie IS equ-J to the sum of -jII its ] aiti," a 
11 an intuitive oi seli evident truth inteiied from g,,, 
facts previously learned Foi example having *' 
learned frira expeiience ind thiough the denies ' 
wh\t 'i^^hole la tnd fiom expeiinent the i^ct 
thit it miy te dnided mto j-iita the m iid per- 
ceiies the rehtion between the whole and the 
sum of the put mz that the^ iie equil tnd 
then b\ the tea cnmg piocess inieis (hat the now 
same will be true ri eveij othei thins; and 
hence pionouncea the genenl truth th'kt 'a 
whole is equal to the sum of all its piits Here 
all the facts tiom which the miuction is diawii, ■*" 



IS made without the aid of ofhei licts hence, 
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it IS ju intuitu c or self-evident truth. All the 
other axioms of Geometry are deduced from 
premises and by processes of inference, entirely 
similar We would not call these experimental 
truths, for they are not alone the results of ex- 
periment or experience. Experience and exper- 
iment furnish the requisite information, but the 
reasoning power evolves the general truth. 

" When we say, the equals of equals are equal, 
we mentally mate comparisons in equal spaces, 
equal times, &c. ; so that these axioms, how- 
ever self-evident, are still general propositions : 
*■ so far of the inductive kind, that, independently 
of experience, they would not present themselves 
to the mind. The only difference between these 
and axioms obtained from extensive induction is 
this : that, in raising the axioms of Geometry, 
the instances offer themselves spontaneously, and 
without the tiouble of seaich, and aie few and 
simple: in laisnig those of nature, thej aie m 
finitely numerous, complicated, and remote, so 
that the most diligent lesearch and the utmost 
acuteness are required to uniave! then web, and 
place their meaning in evidence."* 



* Sir John Her.schQl'B Uisconrso on (ha study of Natural 
Philosophy. 
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5 28. Truths inferred from facts, by the process 
of generalization, when the instances do nc t offei 
themselves spontaneousiy to the mind, but reqmi e 
search and acuteness to discover and pomt out 
their connections, and all truths inferred fiom ^ 
truths, might be called Logical Truths. But as 
we have given the name of intuitive or self- 
evident truths to all inferences in which all the 
facts were contemplated, we shall designate all 
others by the simple term, Tritths. 

It might appear of httle consequence to dis- ^ 
tjnguish the processes of reasoning by which ' 
truths are inferred from facts, from those in which m 
we deduce truths from other truths ; but this dif- 
ference in the premises, though seemingly slight, 
is nevertheless very important, and divides the 
subject of logic, as we shall presently see, into 
two distinct and very different branches. 



5 39. Logic takes note of and decides upon i 
the sufficiency of the evidence by which ti-uths ^„^, 
are established. Our assent to the conclusion "■ 
being grounded on the truth of the premises, we 
never could arrive at any knowledge by rea- 
soning, unless something were known antece- 
dently to all reasoning. It is the province ofi'»p 
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PHrnisiffis Logic to fumish the tests by which all truths 
ituth. that are not intuitive may be inferred from the 
premises. It has nothing to do with ascertain- 
ing facts, nor with any proposition which claims 
to be believed on its own intrinsic evidence; 
that is, without evidence, in the proper sense of 
Hasnoibiiig the word. It has nothing to do with the original 
iiimiiivepto- <^3ta, or ultimate premises of our knowledge ; 
portions, i.or v/[i\i their number or nature, the mode in which 
dau; they are obtained, or the tests by which they 
are distinguished. But, so far as our knowledge 
is founded on truths made such by evidence, 

but supplies -^ 

niiieBistor that is, derived from facts or other truths pre- 
propoaiiona. viously known, whether those truths be particu- 
lar truths, or general propositions, it is the prov- 
ince of Logic to supply the tests for ascertaining 
the validity of such evidence, and whether or 
not a belief founded on it would be well ground- 
ed. And since by far the greatest portion of 
The BTcoUiet our knowledge, whether of particular or general 
knowiodge truths, is avowedly matter of inference, nearly 
comes from jj^g ^vhole, not oulv of science, but of human 

uUurence. ^ 

conduct, is amenable to the authority of logic. 
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5 30. Tha.t part of logic which infers truths 
from facts, is called Induction. Inductive rea- 
soning is the application of the reasoning pro- 
cess to a given number of facts, for the purpose ' 
of determining if what has been ascertained re- 
specting one or more of the individuals is true 
of the whole class. Hence, Induction is not 
the mere sum of the facts, but a conclusion 
drawn from them. 

The logic of Induction consists in classing 
the facts and stating the inference in such a 
manner, that the evidence of the inference shall 
be most manifest. 



§ 31. Induction, as above defined, is a process imiii 

of inference. It proceeds from the known to awi 

the unknown ; and any operation involving no '"""' 
inference, any process in which the conclusion 
is a mere fact, and not a truth, does not fall 

within the meaning of the term. The conclu- tiibc 

sion must be broader than the premises. The am: 
premises are facts : the conclusion must be a 
truth. 

Induction, therefore, is a process of general- imim 

ization. It is that operation of the mind by ^aei 

which we infer that what we know to be true ' 
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!i a piiticular case or cases, will be true in all 
CTses « liich resemble the former in certain as- 
s pliable respects. In other words, Induction is 
h piocess by which we conclude that what 
I Bt- IS tme of certain individuals of a class is true 
^ oi the w hole class ; or that what is true at cer- 
tain times, will be ti^ue, under similar circum- 
stances, at all times. 

loiiun § ^2. Induction always presupposes, not only 
ppgses jjjg^j jjjg necessary observations are made with 
■""y the necessary accuracy, but also that the results 
' of these observations are, so far as practicable, 
connected together by general descriptions : ena- 
bling the mind to represent to itself as wholes, 
whatever phenomena are capable of being so 



To suppose, however, Uiat nothing more is 
required from the conception than that it should 
serve to connect the observations, would be to 
' substitute hypothesis for theory, and imagina^ 
tion for proof. The connecting link must be 
some character which really exists in the facts 
themselves, and which would manifest itself 
therein, if the condition could be realized which 
our organs of sense require. 

For example ; Blakewell, a celebrated English 
cattle-breeder, observed, in a gi^eat number of 

. ...__. J 
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individual beasts, a tendency to i'atten readily, Exmiintoi- 
and in a great number of othei-s the absence of ym E„gii^ 
this constitution : in every individual ol' the lor- ^^^^^ 
mer description, he observed d ceitJin peculiar 
make, though thej thffeied widely in si/e, color, 
&c. Those ot the lattei desciiption ditfeietl no 
less in various points, but agieed in beiofr of a 
different make tioni the otheis The=e/«cfi weie Howho 
his data; from which, combining them with the ihEiiim: 
general principle, that nature is steady and uni- "''i"''^ 
form in her proceedings, he logically drew the 
conclusion that beasts of the specified make have 
universally a peculiar tendency to fattening. 

The principal difficulty in this case consisted inwiiat^iiu 
in malting the observations, and so collating and oonsiaied. 
combining them as to abstract from each of a 
multitude of cases, differing widely in many re- 
spects, the circumstances in which they all 
Agreed. But neither the making of the obseiwa- 
tions, nor their combination, nor the abstraction, 
nor the judgment employed in these processes, 
constituted the induction, though they were all 
preparatory to it. The Induction consisted in ii. «h:'LU,a 
the generalization ; that is, in inferring from all (^a^^l^.t. 
the data, that certain circumstances would be 
found in the whole class. 

The mind of Newton was led to tlie universal 
law, that all bodies attract each other by forces 
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\'»ti.Ti'.i vinmg diiectl} as their masses, and inversely 
ii„iiivof '''' ^he squares of their distances, by Induction. 
iiimerKa jjg saw in apple falling from the tree: a mere 
fact and asked himself the cause ; that is, if any 
injeience could be drawn from that fact, which 
should point out an invariable antecedent condi- 
fioKhe tion. This led him to note other facts, to prose- 
i!ic(snud cute experiments, to observe the heavenly bodies, 
^^^'^1^ until from many facts, and their connections 
with each other, he arrived at the conclusion, 
that the motions of the heavenly bodies were gov- 
erned by general laws, applicable to all matter ; 
that the stone whirled in the sling and the earth 
rolling forward through space, are governed in 
their motions by one and the same \ti-w. He 
Tiieuse then brought the exact sciences to his aid, and 
iniiiieof demonstrated that this law accounted for all the 
^ciuima. phenomena, and hai-monized the results of all ob- 
servations. Thus, it was ascertained that the 
whiiiwaa laws which regulate the motions of the heav- 
enly bodies, as they circle the heavens, also 
guide the feather, as it is wafted along on the 
passing breeze. 

Tiifu,iv>nf §33, We have already indicated the ways in 

fQciBaiB which the facts are ascertained from which the 

™""' inferences are drawn. But when an inference 

can be drawn ; how many facts must enter into 
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the premises; what their exact nature must be; butw= 
and what their relations to each other, and to certainly" 
the inferences which flow from them ; are ques- J^^ "'^ 
tions which do not admit of definite answers, d™"™' 

inference. 

Ahhough no general law has yet been discov- 
ered connecting all facts with truths, yet aU the ^'> 
uniformities which exist in the succession of phe- 
nomena, and most of those which prevail in their 
coexistence, are either themselves laws of cau- 
sation or consequences resulting and corollaries 
capable of being deduced from, such laws. It 
being the main business of Induction to deter- bu^sjj 
mine the eifects of every cause, and the causes , ,''^.. 
of all effects, if we had for all such processes 
general and certain laws, we could determine, whatis 
in all cases, what causes are correctly assigned ^ '™^' 
to what effects, and what effects to what causes, 
and we should thus be virtually acquainted with 
the whole course of nature. So far, then, as we uowfera 
can trace, with certainty, the connection be- '^^™"'- 
tween cause and effect, or between effects and 
their causes, to that extent Induction is a sci- 
ence. When this cannot be done, the conclu- 
sions must be, to some extent, conjectural. 
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CHAPTER III. 



§ 34. We have seen that all processes of 
Reasoning, in which the premises are particular 
facts, and the conclusions general truths, are 
called Inductions. All processes of Reasoning, 
in which the premises are genera) truths and the 
conclusions particular truths, are called Deduc- 
tions. Hence, a deduction is the process of 
reasoning by which a particular truth is inferred 
from other truths which are known or admitted. 
The formula for all deductions is found in the 
Syllogism, the parts, nature, and uses of which 
we shall now proceed to explain. 



§ 35. A proposition is a judgment expressed 
' 171 words. Hence, a proposition is defined logi- 
cally, " A sentence indicative :" affirming or 
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denying; therefore, it must not be ambiguous, mnstmitbe 
for that which has more than one meaning is a^ia^pex-' 
in reality several propositions ; nor imperfect, ?^Jj ™u™' 
nor ungrammatical, for such expressions have 
no meaning at all. 

§ 36. Wiiatever can be an object of belief, 
or even of disbelief, must, when put into words, a prnpdaition 
assume the form of a proposition. All truth and 
all error lie in propositions. What we call a 
truth, is simply a true proposition; and eiTors iisntitur^,- 
ai-e false propositions. To know the import of 
all propositions, would be to know all questions 
which can be raised, and all matters which are Embnwes oU 

trulh and all 

susceptible of being either believed or disbe- bh™. 
lieved. Since, then, the objects of aS beUef and 
all inquiry express themselves in propositions, a 
sufficient scratiny of propositions and their va- An osamun- 
rieties will apprize us of what questions mankind propo^uons 
have actually asked themselves, and what, in the nnJ'gJ^^ 
nature of answers to those questions, they have ""i^"™'- 
actually thought they had gi'ounds to believe. 

5 37. The first glance at a proposition shows Apropos^Hon 
that it is formed by putting together two names. p„l^||™t„o' 
Thus, in the proposition, " Gold is yellow," the '"™*^ 
property yellow is affirmed of the substance gold. 
In the proposition, "Franklin was not born in 
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England," tlie fact expressed by the words hoT-n 
in JSngland is denied of the man Frankhn. 

§ 38, Every proposition consists of three 
B parte : the Subject, the Predicate, and the Co- 
pu!a. The subject is the name denoting the 
"^ person or thing of which something is affirmed 
or denied ; the predicate is that which is affirm- 
ed or denied of the subject ; and these two are 
called the terms (or extremes), because, logically, 
the subject is placed ^rsi, and the predicate last. 
The copula, in the middle, indicates the act of 
judgment, and is the sign denoting that there is 
an affirmation or denial. Thus, in the proposi- 
tion, " The earth is round ;" the subject is the 
words " the earth," being that of which some- 
thing is affirmed : the predicate, is the word round, 
which denotes the quality affirmed, or (as the 
B. phrase is) predicated: the word rs, which serves 
as a connecting mark between the subject and 
the predicate, to show that one of them is af- 
ffiimed of the other, is called the Copula. The 
copula must be either is, or is wot, the substan- 
o^- tive verb being the only verb recognised by 
, Logic. All other verbs are resolvable, by means 
'^, of the verb "to be," and a participle or adjective. 
For example : 

" The Romans conquered ;" 
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the word " conquered" is both copula and predi- 
cate, being equivalent to " were victorious." 
Hence, we might write, 



in which were i 
predicate. 



the copula, and victorious the 



§ 39. A proposition being a portion of dis- Aprai 
coiyse, in which something is affirmed or denied aoi™ 
of something, all propositions may be divided 
into affirmative and negative. An aifirmative 
proposition is that in which the predicate is af- 
firmed of the subject ; as, " Caisar is dead." A 
negative proposition is that in which the predicate 
■ is denied of the subject ; as, " Cjesar is not dead." 
The copula, in this last species of proposition, inth. 
consists of the words "is not," which is the ,3, 
sign of negation ; " is" being the sign of affirm- 
ation. 



§ 40. A syllogism is a form of stating the con- Asyiiuiriam 
nection which may exist, for the pui-pose of uireo pmpo- 
reasoning, between three propositions. Hence, 
to a legitimate syllogism, it is essential that 
there should be three, and only three, proposi- ndniiuedi 
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hiiii tioos. Of these, two are admitted to be true, 
jai_ and are called the premises : the third is proved 

from these two, and is called the conclusion. 

For example : 

" All tyrants are detestable ; 
CfBsar was a tyrant; 
Therefore, Cfesar was detestable." 

Now, if the first two propositions be admitted, 

the third, or conclusion, necessarily follows from 

them, and it is proved that Cd;sAR was detestable. 

jfin Of the two terms of the conclusion, the Predi- 

**■ cate (detestable) is called the major term, and 

the Subject (Caesar) the minor term ; and these 

two terms, together with the term "tyrant," 

make up the three propositions of the sylkigism, 

iiin. — each term being used twice. Hence, every 

syllogism has three, and only three, different 

terms. 

■■ The premiss, into which the Predicate of the 

d, conclusion enters, is called the major premiss; 

,^ the other is called the minor premiss, and con- 

'^' tains the Subject of the conclusion ; and the 

other term, common to the two premises, and 

with which both the terms of the conclusion were 

. separately compared, before they were compared 

cenn. ^rith each other, is called the middle term. In 

the syllogism above, "detestable" (in the con- 
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elusion) is the major term, aad "Ceesar" the mi- 
nor term : hence, 

" All tyranls ar« 
is the major premiss, and 



the minoi jiemiss and tyi ant" the middle term. 

6 11 The sylloeism, therefore, is a mere for- 
miila for asceitaming what may, or what may "me 
not be predicated of a subject It accomplishes 
thia end hy meins of two propositions, viz. by 
compirmg the given predicate of the &st (a Howapj 
M'ljor Premiss) and the given subject of the 
second (a Minor Premiss), respectively with one 
and the same third terra {called the middle term), 
and thus — under certain conditions, or laws of 
the syllogism — to be hereafter stated — eliciting 
the truth (conclusion) that the given predicate 
must he predicated of that subject. It will be use or 
seen that the Major Premiss always declares, premi 
in a general way, such a relation between the 
Major Term and the Middle Term ; and the Mi- orihen 
nor Premiss declares, in a more particular way, 
such a relation between the Minor Term anti 
the Middle Term, as that, in the Conclusion, otii 
the Minor Term must be put under the Major 
Term ; or in other words, that the Major Term 
must be predicated of the Minor Term. 
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Eeasuning § 42. In every instance in which we reason, 

" ■ in the strict sense of the word, that is, make use 

of arguments, whether for the sake of refuting 

an adversary, or of conveying instruction, or of 

satisfying our own minda on any point, whatever 

may be the subject we are engaged on, a certain 

process takes place in the mind, which is one 

TheproooaB, and the same in all cases (provided it be cor- 

uiommp? rectly .conducted), whether we use the inductive 

process or the deductive formulas. 

Of course it cannot be supposed that every 
Every one One is oveu couscious of this process in his own 
"" jjjij^ ™ mind; much lets is competent to explain the 
pmcBiB. principles n wh ch t [ roceeds. This indeed is. 
The same for and canrot but le tie case with every other 
"'proMfe!^ process lespect ng which any system has been 
formed ; the practice not only may exist inde- 
pendently of the theory, but must have preceded 
the theory. There must have been Language 
Eieraentaiimi ''sfore a System of Grammar-could be devised; 
'™^^^°^and musical compositions, previous to the sci- 
nmstpraceao ence of Music. This, by the way, serves to ex- 
lion and pose the futility of the popular objection against 
of prineipieB. -Logic ; VIZ, that men may reason very well who 
know nothing of it. The parallel instances ad- 
duced show that such an objection may be urged 
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in many other cases, where its absurdity would 
bo obvious ; and that there is no ground for de- 
ciding thence, either that the system has no ten- 
dency to improve practice, or that even if it had 
not, it might not still be a dignified and inter- 
esting pursuit. 



5 43. One of the chief impediments to the ^ 
attainment of a just view of the nature and ob- 
ject of Logic, is the not fully understanding, or ^ 
not sufficiently keeping in mind the sAMENEsa 
of the reasoning process in all cases. If, as the 
ordinary mode of speaking would seem to indi- 
cate, mathematical reasoning, and theological, t 
and metaphysical, and political, &c., were essen- " 
tially different from each other, that is, different 
kinds of reasoning, it would follow, that suppo- 
sing there could be at all any such science as 
we have described Logic, there must be so many 
different species or at least different branches 
of Logic, And such is perhaps the most pre- 
vailing notion. Nor is this much to be won- j 
dered at ; since it is evident to all, that some 
men converse and write, in an argumentative 
way, very justly on one subject, and very erro- 
neously on another, in which again otliers excel, 
who fail in the former. 

This error may be at once illustrated and re- 
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The iBusffliof moved, by considering the parallel instance of 
iiLiisimiud Arithmetic ; in which every one is aware that 
by esoinpie, ^j^g procBsa of a Calculation is not affected by 
tiiM Die rea- the nature of the objects whose numbers are 
piTBcssb before us; but that, for example, the muUipli- 
^^ " cation of a number is the very same operation, 
whether it be a number of men, of miles, or of 
pounds ; though, nevertheless, persons may per- 
haps be found who are accurate in the results 
of their calculations relative to natural philoso- 
phy, and incorrect in those of political econo- 
my, from their different degrees of skill in the 
subjects of these two sciences ; not surely be- 
cause there are different arts of arithmetic ap- 
plicable to each of these respectively. 

5 44. Others again, who are aware that the 
someviaw simple system of Logic may be apphed to all 
pewiiiur subjects whatever, are yet disposed to view it 
iHaoniiur. as a peculiar method of reasoning, and not, as 
it is, a method of unfolding and analyzing our 
reasoning : whence many have been led to ta!k 
of comparing Syllogistic reasoning with Moral 
reasoning; taking it for granted that it is pos- 
sible to reason correctly without reasoning logi- 
itie ihB only cally ; which is, in fact, as great a blunder as if 
raieobiia '''^y "^^ Were to mistake grammar lor a pecu- 
I, and to suppose it possible to speak 
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con-ectiy without speaiing grammatically. They 
liave, in short, considered Logic as an art of rea- 
soning; whereas (so tar ns it is an .irt) it is the 
art of reasoning ; the logician's object being, not " 
to lay down principles by which one may reason, » 
but by which all must reason, even though they 
are not distinctly aware of them : — to lay down 
rales, not which may be followed with advan- 
tage, but which cannot possibly be departed 
irom in sound reasoning. These misapprehen- 
sions and objections being such as He on the 
very threshold of the subject, it would have been 
hai-dly possible, without noticing them, to con- 
vey any just notion of the nature and design of 
the logical' system. 



§ 45. Supposing it then to have been per- operation of 
ceived that the operation of reasoning is in all should no 
cases the same, the analysis of that operation ^^s™*' 
could not fail to strike the mind as an interesting 
matter of inquiry. And moreover, since (appa- 
rent) arguments, which are unsound and incon- 
clusive, are so often employed, either from error BBomise snth 
or design; and since even those who are not „™ii^fo 
misled by these fallacies, are so often at a loss f*""*'' ""> 
to detect and expose them in a manner satis- 
factory to others, or even to themselves ; it could 
not but appear desirable to lay down some gen- 
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(b ihe era! rules of reasoning, applicable to all cases ; 
uudthB ^J which a person might be enabled the more 
' Jt* readily and clearly to state the grounds of his 
own conviction, or of his objection to the argu- 
ments of an opponent; instead of ai-guing at 
random, without any fixed and acknowledged 
principles to guide his procedure. Such rules 
"'"^ would be analogous to those of Arithmetic, which 
Mniesof obviate the tediousness and uncertainty of cal- 

hmeac 

culations in the head ; wherein, after much labor, 

different persons might arrive at different results, 

without any of them being able distinctly to 

point out the error of the rest, A system of 

such rules, it is obvious, must, instead of deserv- 

jbriug ing to be called the ai't of wrranghng, be more 

aeni,'to justly characterized as the "art of cutting short 

laaue. ^^rsnigling," by bringing the parties to issue at 

once, if not to agreement; and thus saving a 

waste of ingenuity. 



nves ligation, 
ve processes 
ty, from two 



Eyerycon- ^ 40^ Jn pursuing the supposed i 
deducadfram it will be fouud that in all deduetiv 
iwopropo^ every conclusion is deduced, in realit- 

(10115, called ■' 

pramiaes. other propositions (thence called Premises) ; for 
ifone prem- t^Qogfi qq^ of these may be, and commonly is, 
pressed, It ia Suppressed, it must nevertheless be understood 
underaioud, as admitted ; as may easily be made evident by 
supposing the denial of the suppressed premiss. 
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which will at once invalidate the ai-gument. For 
example ; in the following syllogism : 

" Whatever oxliiblts marks of design had an intelligent author: 

The woi'ld exhibits marks of design ; 
Therefore, the world had an intelligent author ;" 

if any one from perceiving that " the world ex- 
hibits marks of design," infers that "it must have 
had an intelligent author," though he may not be " 
aware in his own mind of the existence of any " 
other premiss, he wiil readily understand, if it be 
denied that " whatever exhibits marks of design 
must have had an intelligent author," that the 
affirmative of that proposition is necessary to 
the validity of the argument. 



5 47. -When one of the premises is suppressed EnajmBme; 
(which for brevity's sake it usually is), the argu- with oue 
ment is called an Enthymeme. For example : supptwaed. 

" The world extib f? marks of des gn 
Therefore the world had an intelligent author," 

is an Enthymeme And it may be worth while 

to remark, that when the ■iigument is in this objccUuiis 

state, the objections ot in opponent aie (or rather fls,i,ii„,o[ 

appear to be) of two kmds> viz either objections „'^J^°'''^|. 

to the assertion it'.elf oi objections to its force '™"'- 

as an argument Foi example in the above Ejompie. 
instance, an atheist maj be cunceived either de- 
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.. ,„ „„ nyiiiff that the world does exhibit marks of de- 
iees raiiat ba gjg^^ q^ denying that \i follows from theace that 
oiguinentia it had aji intelHgent author. Now it is impor- 
tant to keep in mind that the only difference in 
the t\\ o ca&es \% that m the one the expressed 
piemi-is IS denied, in the other the suppressed; 
and when foi the foi ce OS an argument of either premiss 
ihecmciu^ depends on the other piemiss if both be admit- 
siokfouows jgjj^ jjjQ conc!u'<ion legitim itelj connected with 
them cannot be denied 

§ 48. It is evidently immaterial to the argu- 
ment whether the conclusion be placed first or 
Premiss last; but it may be proper to remark, that a 
iheoonchi- premiss placed after its conclusion is called the 
moRM^ JReasoM of it, and is introduced by one of those 
conjunctions which are called causal, viz. " since," 
" because," »fec., which may indeed be employed 
to designate a premiss, whether it come first or 
niaiiTe last. The illative conjunctions " therefore," &c., 
coiijuQcUon. designate the conclusion. 

It is a circumstance which often occasions 
CausMof error and perplexity, that both these classes of 
potpiesUj. conjunctions have also another signification, be- 
ing employed to denote, respectively. Cause and 
Effect, as well as Premiss and Conclusion. For 
dgnificaiioBS example : if I say, " this ground is rich, because 
conjunouons. the trees on it are flourishing;" or, "the trees are 
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flourishing, and therefore the soil must be rich ;" : 
I ernploy these conjunctions to denote the con- ^ 
nection of Premiss and Conclusion ; for it is 
plain that the luxuriance of the trees is not the 
cause of the soil's fertility, but only tho cause 
of my knowing it. If again I say, "the trees, 
flourish, because the ground is rich ;" or " the 
ground is rich, and therefore the trees flourish,' 
1 am using the very same conjunctions to denote ^ 
the connection of cause and effect; for in this 
case, the luxuriance of the trees being evident 
to the eye, would hardly need to be proved, but 
might need to be accounted for. There are, 9 
however, many cases, in which the cause is em- 
ployed to prove the existence of its effect ; espe- ' 
cially in ai'guments relating to future events; as, 
for example, when from favorable weather any 
one argues that the crops are likely to be abun- 
dant, the cause and the reason, in that case, co- 
incide; and this contributes to their being so 
often confounded together in other cases. 



§ 49. In an argument, such as the example 
above given, it is, as has beeii said, impossible 
for any one, who admits both premises, to avoid 
admitting the conclusion. But there wiU be fre- 
quently an apparent connection of premises with 
a conclusion which does not in reality follow 
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from them, thougti to the inatteEtive or unskilful 
J the argument may appear to be valid ; and there 
are many other cases in which a doubt may exist 
whether the argument be valid or not ; that is, 
whether it be possible or not to admit the prem- 
ises and yet deny the conclusion. 

IS § 50. It is of the highest importance, there- 
fore, to lay down some regular form to which 
every valid argument may be reduced, and to . 
devise a rule which shall show the validity of 
every argument in that form, and consequently 
the unsoundness of any apparent argument which 
cannot be reduced to it. For example ; if such 
an argument as this be proposed : 

f " Every rational agent is accountable : 

' Brutes are not rational agents ; 

Therefore they are not accountable ;" 

or again ; 

.__ "All wise legislators suit their laws to the genius of tlieir 

Solon did this ; iberefore he was a wise legislator :" 

,f there are some, perhaps, who would not per- 
'" ceive any fallacy in such arguments, especially 
if enveloped in a cloud of words ; and stili more, 
when the conclusion is true, or {which comes to 
the same point) if they are disposed to believe 
it ; and others might perceive indeed, but might 
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G9 


be at a loss to explain, the fallacy. Now these 


T.™h.( 


(apparent) arguments exactly correspond, re- 


Ihea^ =pi,n- 


spectively, with the following, the absurdity of 


MguineutB 


the conclusions from which is manifest : 




" Evary horse is an animal : 


Aamilar 


Sheep aro not horses ; 


exBiaplc!. 


Therefore, they are not animals." 




And: 




" All vegetables grow ; 


Sd Btinlto 


An animal grows ; 


(Hiample. 


Tlicrofore, it ia a vegetable." 




These last examples, I have said, correspond 


These test 


exactly (considered as arguments) with the for- 


wilhlhe 


mer ; the question respecting the validity of an 


foimer. 


argument being, not whether the conclusion be 




true, but whether it follows from the premises 




adduced. This mode of exposing a fallacy, by 


ThUmodeof 


bringing forward a similar one whose conclusion 


wiposing 


is obviously absurd, is often, and very advan- 


Umea 


tageously, resorted to in addressing those who 




are ignorant of Logical rules ; but to lay down 




such rules, and employ them, as a test, is evi- 


Totaj-down 


dently a safer and more compendious, as well 


iNStW^. 


as a more philosophical mode of proceeding. To 




attain these, it would plainly be necessary to 




analyze some clear and valid arguments, and to 




observe in what their conclusiveness consists. 
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§ 31. Let us suppose, then, such an examin- 
ation to be made of the syllogism above men- 
tioned : 

Emmple of " Whatever exhibits marks of design had an intelligent author; 
a perfect ^he world exhibits marks of design ; 

Therefore, the world had an intelligent author." 

whstii In the fiisf of these piemises we find it ii 

j^gj,^ sumed universally of the clw^i of things which 

pvemias. exhibit mark's of deii^ thit they hid in mtel 

intheeecomi Hgent author and in the Dthei premi&s the 

world" la refetied to that class as comprehended 

wTiBi we jn it : now it is evident that whate\ er is said ot 

the whole of a class maj he siii of any thing 

comprehended m that cli&a so that we aie thus 

authorized to uay of the woild, that it hal an 

intelHgent author." 

-yiiQBi™ Again, if we examine a syllogism with a 

M-Bbw negative conclusion, as, for example, 

" Hothiog which exhibits marks of design could liave been 

prodticed by chance ; 
The world exhibits, &,c; ; 
Therefore, the world could not have been produced by 

chance," 

TiievrofMs the process of reasoning will be found to be the 
ihesmne. Same; sincc it is evident that whatever is denied 
universally of any class may be denied of any 
thing that is comprehended in that class. 
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§ 52. On further examination, it will be found 
that all valid arguments whatever, which are ^ 
based on admitted premises, may be easily re- 
duced to such a form as that of the foregoing 
syllogisms; and that consequently the principle 
on which they are constructed is that of the for- 
mula of the syllogism. So elliptical, indeed, is the 
ordinary mode of expression, even of those who 
ai^e considered as prolix writers, that is, so much ' 
is implied and left to be understood in the course 
of argument, in compai-ison of what is actually 
stated (most men being impatient even, to excess, 
of any appearairce of unnecessary and tedious 
formality of statement), that a single sentence 
will often be found, though perhaps considered 
as a single alignment, to contain, compressed 
into a short compass, a chain of several distinct 
arguments. But if each of these be fully devel- 
oped, and the whole of what the author intended ■ 
to imply be stated expressly, it will be found that „ 
all the steps, even of the longest and most com- 
plex train of reasoning, may be reduced into the 
above form. 



§ 53. It is a mistake to imagine that Aristotle 
and other logicians meant to propose that this '*'''"' 
prolix form of unfolding ai-guments should uni- ma 
versally supersede, in argumentative discourses, bii, 
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ttirowQinio the common forms of expression; and that "to 
ejUogism. reason logically," means, to state all arguments 
at full length in the syllogistic form ; and Aris- 
totle has even been charged with inconsistency 
for not doing so. It has been said that he " ar- 
gues hke a rational creature, and never attempts 

Thottorrais to bring his own system into practice." As well 

"'oTiriiui.'^ might a chemist be charged with inconsistency 
for making use of any of the compound sub- 
stances that are commonly employed, without 
previously analyzing and resolving them into 
Anai<«jio their simple elements; as well might it be im- 
agined that, to speak grammatically, means, to 
pai-se every sentence we utter. The chemist 
(to pursue the illustration) keeps by him his tests 
and his method of analysis, to be employed when 

Tht analogy auy substancc is offered to his notice, the com- 
position of which has not been ascertained, or 
in which adulteration is suspected. Now a faJ- 
■m what a lacy may aptly be compared to some adulterated 

ijeemnpitred. Compound ; " it consists of an ingenious mixture 
of truth and falsehood, so entangled, so intimate- 
ly blended, that the falsehood is (in the chemical 
phrase) held in solution : one drop of sound logic 

Howdeieot ^^ ^hat tcst which Immediately disunites them, 
^' mates the foreign substance visible, and precipi- 
tates it to the bottom." 
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§ 54, But to resume the investigation of the 
principles of reasoning ; the maxim resulting from 
the examination of a syllogism in the foregoing 
form, and of the application of ■which, every valid 
deduction is in reality an instance, is this : 

" That whatever is predicated (that is, affirmed 
or denied) universally, of any class of things, 
may be predicated, in lilte manner (viz. affirmed 
or denied), of any thing comprehended in that 



This is the principle commonly called the die- . ^ 
turn de omni et nullo, for the indication of 
which we are indebted to Aristotle, and which 
is the keystone of his whole logical system. It 
is remarkable that some, otherwise judicious ^ 
writers, should have been so carried away by '' 
their zea! against that philosopher, as to speak 
with scoi-n and ridicule of this principle, on 
account of its obviousness and simplicity ; g. 
though they would probably perceive at once 
in any other case, that it is the greatest tri- 
umph of philosophy to refer many, and seem- 
ingly very various phenomena to one, or a very 
few, simple principles ; and that the more simple 
and evident such a principle is, provided it be 
truly applicable to all the cases in question, the 
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KnsoUiiob- greater is its value and scientific beauty. If, 
'prtLiiie indeed, any principle be regarded as not thus ap- 
ever utgBd. p|igable, that is an objection to it of a diiTerent 
kind. Such an objection against Aristotle's dic- 
tum, no one has ever attempted to establish by 
beenjaken ^^J ^'^^^ of pfoof ; but it has oftcD been taken 
fiirgrmiied. for granted ; it being (as has been stated) very 
syiiogiHa commonly supposed, without examination, that 
kind of ai- ^^ syllogism is a distinct kind of argument, and 
"""T'L""" ^^^^ ^^^ ^^^^^ ^^ *^ accordingly do not apply, nor 
^pitcobia to were intended to apply, to all reasoning what- 

a)l coses. ^ f '' * 

ever, where the premises are granted or known. 

ObjeciLou! § 55- One objection against the dictum of Aris- 

uiatiheayi- j jj jj ^ worth whjle to noticc briefly, for 

intended to the salce of setting in a clearer Sight the real 

onsirfluon character and object of that principle. The ap- 

^ ' plication of the principle being, as has been 

seen, to a regular and conclusive syllogism, it 

has been urged that the dictum was intended 

to prove and make evident the conclusiveness 

of such a syllogism; and that it is unphilo- 

sophical to attempt giving a demonstration of 

a demonstration. And certainly the chsu-ge 

loinoreafe would be just, if WO could imagine the logi- 

^ ale elan's object to be, to increase the certainty 

conoinaiMi. pj- ^ conclusion, which we ai-e supposed to have 

already arrived at by the clearest possible mode 
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of proof. But it is very strange that such an Thiarienis 
idea should ever have occurred to one who had ^mneons. 
even the slightest tincture of natural philosophy ; 
for it might as well be imagined that a natural niustratiou. 
philosopher's or a chemist's design is to sti'ength- 
en the testimony of our senses by a prion rea- 
soning, and to convince us that a stone when 
thrown will fall to the ground, and that gunpow- 
der will explode when fired ; because they show 
according to their principles those phenomena 
must take place e^ they do. But it would be 
reckoned a mark of the grossest ignorance and 
stupidity not to be aware that their object is bqi u prme, 
not to prove the existence of an individual ^^^^ 
phenomenon, which our eyes have witnessed, 
but (as the phrase is) to account for it ; that is, 
to show according to what principle it takes 
place ; to refer, in short, the individual case to 
a general law of nature. The object of Aris- ^"^^""^ 
totle's dictum is precisely analogous: he had, to point oui 
doubtless, no thought of adding to the force of p,-osess to 
any individual syllogism ; his design was to point ^^^ ^^_ 
out the general principle on which that process '""^^ 
is conducted which takes place in each syllo- 
gism. And as the Laws of nature (ag they are lbwb of 
called) are in reality merely generalized facts, of ^i 
which all the phenomena coming under them are 
particular instances ; so, the proof drawn from 
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lum Aristotle's dictum is not a distinct demonstration 
,ji brought to confirm another demonstration, but is 
'"*' merely a generalized and abstract statement of 
all demonstration whatever ; and is, therefore, in 
fact, the very demonstration which, under proper 
suppositions, accommodates itself to the various 
subject-matters, and which is actually employed 
in each particular case. 

itaco 5 56 In order to trace more distinctly the 
ij diffeient steps of the abstracting process, by 
'"^ which any particular argument may be brought 
into the most general form, we may first take a 
syllogism, that is, an argument stated accurately 
meut and at full length, such as the example formerly 
1. given : 

" Whatever exhibits marks of design liad an intelligent author; 
Tho world eKhihita marks of design ; 
Therefore, the world had an intelligent author :" 

[gag and then somewhat generalize the expression, by 
1^"^ substituting (as in Algebra) arbitrary unmean- 
"■ ing symbols for the significant terms that were 

originally used. The syllogism will then stand 

thus ; 

" Every B is A ; C is B ; therefore C is A." 
aon- The reasoning, wiien thus stated, is no less evi- 
I, dently valid, whatever terms A, B, and C respect- 
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ively may be supposed to stand for ; such terms aim 
may indeed be inserted as to make all or some genera 
of the assertions /a/se ; but it will still be no less 
impossible for any one who admits the truth of 
the premises, in an argument thus constructed, 
to deny the conclusion ; and this it is that con- 
stitutes the conclusiveness of an argument. 

Viewing, then, the syllogism thus expressed, sjUuBian 
it appears clearly that "A stands for anything afflnuBs 
whatever that is affirmed of a certain entire class" |,gt„eeii 
(viz. of every B), "which class comprehends or '^''™* 
contains in it something else," viz. C (of which B 
is, in the second premiss, affirmed) ; and that, 
consequently, the first term (A) is, in the conclu- 
sion, predicated of the third (C). 



5 57. Now, to assert the validity of this pro- AnoUieribnn 
cess now before us, is to state the very dictum ditium. 
we are treating of, with hardly even a verbal 
alteration, viz. : 

1. Any thing whatever, predicated of a whole Tueimes 
class ; i„'p"f,j. 

2. Under which class something else is con- 
tained ; 

3. May be predicated of that which is so con- 
tained, mornliers 

The three members into which the maxim is cotibp"'iii '" 
here distributed, correspond to the three propo- propuisiiioij 
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sitions of the syllogism to which they ai'e in- 
tended respectively to apply, 
la^of The advantage of substituting for the terms, 
rlry*' '" * regular syllogism, arbitrary, unmeaning sym- 
iia for iji3]g^ gygh &s Ictters of the alphabet, is much the 
same as in geometry : the reasoning itself is then 
considered, by itself, clearly, and without any 
risk of our being misled by the truth or falsity 
of the conclusion; which is, in fact, accidental 
and variable ; the essentiaJ point being, as far as 
'^'^' the argument is concerned, the connection be- 
ofibe tween the premises and the conclusion. We are 
thus enabled to embrace the general principle of 
deductive reasoning, and to perceive its applica- 
bility to an indefinite number of individual cases. 
That Aristotle, therefore, should have been ac- 
""^•^ cused of making use of these symbols for the 
Bj-iD- purpose of darkening his demonstrations, and 
that too by persons not unacquainted with geom- 
etry and algebra, is truly astonishing, 

osisjn § 58. It belongs, then, exclusively to a sylio- 
nsb- gism, properly so called (that is, a valid aigu- 
'„^' ment, so stated that its conclusiveness is evidtnit 
from the mere form of the expression), that if 
letters, or any other unmeaning symbols, be sub- 
stituted for the several terms, the validity of the 
argument shall still be evident. Whenever this 
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argument is either whonnuiai, 

,,1.-1 1 1 II the siippoaei 

unsound and sophistical, or else may be reduced ,^,^^x 
(without any alteration of its meaning) into the '"""'"' ■ 
syllogistic form; in which form, the test just 
mentioned may be applied to it. 



5 59. What is called an unsound or fallacious u 
ai"gument, that is, an apparent argument, which 
is, in reality, none, cannot, of course, he reduced 
into this form ; hut when stated in the form most 
nearly approaching to this that is possible, its 
fallaciousness becomes more evident, from its to 
nonconformity to the foregoing rule. For ex- 
ample : 
" Whoever ia nnpablc of deliberate crime is responsible ; 

An infant is not capable of deliberate crime ; 

Therefore, an infant ia not responsible," 

Here the term " responsible" is affirmed uni- , 
versally of " those capable of deliberate crime ;" 
it might, therefore, according to Aristotle's dic- 
tum, have been affirmed of any thing contained 
under that class ; but, in the instance before us, 
nothing is mentioned as contained under that n 
class; only, the term "infant" is excluded from "' 
that class ; and though what is affirmed of a 
whole class may be affirmed of any thing that 
is contained under it, there is no ground for sup- 
posing that it may be denied of whatever is not 
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so contained ; for it is evidentiy possible that it 
^,^ may be applicable to a whole class and to sonie- 
"^' thing else besides, To say, for example, that aU 
trees are vegetables, does not imply that nothing 
else is a vegetdble Noi, when it is f,ani, thj,t 
'"^ all who are capable of dehbeiate ciime aie le- 
ea- sponsible, does this imply that no others aie 
responsible, for though this may be veiy tnie, 
3 lo it has not been asserted in the piemiss befoie us ; 
lyBiB and in the analjsis of an argument, we aie to 
'ij^ discard all consideration of what might be as- 
serted; contemplating o 111 J what actually i\ laid 
down in the premises It is evident, theiefoie, 
,„e that such an apparent argument as the above 
^™' does not comply with the lule laid down, nor 
'^- can be so sitated as to comply with it, and is 
consequently invalid. 

§ 60. Again, in this instance : 

i^f " Food ia necessary to life ; 

3te- Com ia food ; 

Therefore com is necessary to life :" 

' "'^ the term " necessary to life" is affirmed of food, 
lie. but not universally ; for it is not said of every 
kind of food: the meaning of the assertion be- 
ing manifestly that some food is necessary to 
life : here again, therefore, the rule has not been 
complied with, since that which has been predi- 
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cated (that is, affirmed or denied), not of the 
whole, but of apart only of a certain class, can- , 
not be, on that ground, predicated of whatever 
is contrdned under that class. 
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6 61. The faJlacr in this last case is, what is Faiio,;yintho 
usually described in logical language as consist- 
ing in the " noo-distribution of the middle term ;" Non-iiisWbu- 
that is, its not being employed to denote all the middle lerm. 
objects to which it is applicable. In order to 
understand this phrase, it is necessary to observe, 
that a term is said to be "distributed," when it is 
taken universally, that is, so as to stand for all 
its significates; and consequently "undistribu- 
ted," when it stands for only a portion of its sig- 
nificates.* Thus, "all food," or evety kind of Whai. (!>&■;■ 
food, ai'e expressions which imply the distribu- 
tion of the term "food;" "some food" would Kon-disimiu- 
imply its non -distribution. 

Now, it is plain, that if in each premiss a part 
only of the middle term is employed, that is, if 
it be not at all distributed, no conclusion can 
be drawn. Hence, if in the example formerly ampis mighi 
adduced, it had been merely stated that " some- ^.^j.^ 
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Iking" {not " whatever" or " every thing'") 

"which exhibits marks of design, is the work of 

an intelligent author," it would not have fol- 

■Tld'i". lowed, from the world's exhibiting marks of de- 

avoiminLed. sign, that that is the work of ah intelligent author. 

vordsmnrk- § 62. It IS to be observcd also, that the words 
uonotnon- "all" and "every," which mai^k the distribution 
noiBiwaj" °^ ^ term, and "some," which marks its non- 
expressed. distribution, are not always expressed : they are 
frequently understood, and left to be supplied by 
the context ; as, for example, " food is neces- 
sary ;" viz. " some food ;" " man is mortal ;" viz. 
iQchpropo- "every man." Propositions thus expressed are 
oaiieci called by logicians " indefinite," because it is left 
undetermined by the form of the expression 
whether the subject be distributed or not. Nev- 
ertheless it is plain that in every proposition 
the subject either is or is not meant to be dis- 
tributed, though it be not declared whether 
BgteroiT it is or not ; consequently, every proposition, 

prnpCBition ^ ■ ^ n ■ ^ i 

mniibe Whether expressed mdetimtely or not, must be 

sillier understood as either "universal" or "particu- 

particutar. lar ;" those being called universa], in which the 

predicate is said of the whole of the subject 

(or, in other words, where aJl the significates 

are included) ; and those particular, in which 

each. only a part of them is included. For example : 
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"All men are sinful," is universal: "some men tuiq <iivL™n 
are sinful," particular ; and this division of prop- ^ 

ositions, having reference to the distribution of 
the subject, is, in logical language, said to be ac- 
cording to their " quantity." 

§ 63 But the distiibution or non distubution i>iai"b"H™ 
of the ptedicate is entirely independent of the Loiehnsno 
quantity of the pioposition, nor are the signs n^stits 
" all" and " some ' eves aftixed to the predicate ■ 
because its disliibution depends upon, and is H'^w'^i'''"' 
indicated by, the " quality ' of the proposition , 
that IS, it-i bemg afiimatme or negative, it being 
a univei&al lule, that the piedicate ol a negative 
pioposition ih distiibute-ii, and of an affirmative, ^^'''^"la 
undistiibnted The leason of this may easily 
be understood, by considering that a term which TteieaaAn 
stands lor i whole class may be applied to (that 
is affirmed of) ary thmg that is comprehended 
under that class, though the teim of which it la Tii,^,n.jtiie 
thus afhrmed may be of much naiTower extent ' ^ '^ama 
than that othei, and may therefore be fai fiom ""ji-sip- 
coinciding with the whole ot it Thus it may (neaunjirt, 
be said with ti uth, that " the Negt oea ai e unciv- mu h « i,[ r 
ilized," though the term " uncivihzed ' be of much '^ '" 
wider extent than " Negroes," comprehending, 
besides them, Pataponians, Esquimaux, &c. ; 
so that it would not be allowable to assert, that 
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'/ who are uncivilized are Negroes." It is ev- 

n^^. ident, therefore, that it is a part only of the 

term " tineivilized" that has been afSrmed of 

" Negroes ;" and the sareie reasoning applies to 

every alfirmative proposition. 

Bi nay It may indeed so happen, that the subject 

Bflen w III ^^^ P edicate coincide, that is, are of equal 

ihoaiheci g^j-gj ( as, for example: "all men are rational 

ai 1 nais " " all equilateral triangles are equian- 

gnlai (it being equally true, that " all rational 

this not m- am nals are men," and that "all equiangular tri- 

pUed Dt e , ., I ,,\ I ■ - ■ I- I 

form he ^ gl^s a '& equilateral ; ) yet this is not implied 

enp esB n. jy f ; g _/orm of the expression ; since it would 

be less tiue thd all men iie ntional ini 

n al oven it there weie othei rational animaK 

besidcs men 

ifanyptrtor It IS pKiH tberefoio that lianypait of the 

isVpiPiite pt edicate IS appbcable to the subji'ct it m^j be 

lotheBib- affirmed and of course cinnot be denied of Ihdt 

bEiUHmiH! subject and consequently when tlie predicate 

jeci Ja denied ot the subject this implies that no 

pait of that predicate is ipplicable to thit sub 

ject that IS thit the v.hole of the piedic-ite is 

jfapredicaw denied of the subject foi to say foi example 

sBhject, he ^^at DO beasts of prey ruminate implies thit 

whole predi j^gg^tj^ of piey ire excluded from the whule clast 

denjed of of ruminant inimals and consequently that no 

the Ruhjecl. 

ruminant animals aie beasts of prey And 
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d atrii ution of the piedicate is implied in iiegi , 
tive piopo itnns and its non distnbulnn in ai 
firimti e nt 

§ 64 It is to bo rcmcmbpird therefoie thit n 
it IS not sufficient foi the middle feim to occur d 
11 d, umveisa! pioposition since if that pitpo 
sition be in affiimit ve in1 the m idle teim le ^ 
the ptedicate oi it it w 11 not be d str buted 
For example if m the e^xample formerly given 
It had been meiely abseited thit all the wo kb 
if an mtelhgent -xuthjr show maiks ot design 
ind thit the umvei e 'iho^is naik of design n 
nothing could have been ].io\ed since though 
both these propositions are universal, the middle ^ 
term is made the predicate in each, and both are 
affirmative ; and accordingly, the rule of Aris- c 
totle is not here complied with, since the term 
" work of an intelligent author," which is to be 
proved applicable to "the universe," would not 
have been affirmed of the middle term (" what 
shows marks of design") under which " universe" 
is contained ; but the middle term, on the con- 
trary, would have been affirmed of it. 

If, however, one of the premises be negative, n 
the middle term may then be made the predicate ' 
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of that, and will thus, according to the above 


be made Ihe 


remark, be distributed. For example : 


predicate of 




tl.nf, miawill 
be dlsKlb- 


" No rnmiaant nnimalB are predacious : 




The lion is predacious; 




Therefore the lion is not ruminant :" 




this is a valid syllogism ; and the middle tenn 




(predacious) is distributed by being made the 


Theibmgf 


predicate of a negative proposition. The form. 


Ibis syllo- 
gism mu nol 


indeed, of the syllogism is not that prescribed 


beUjulpre- 


by the dictum of Aristotle, but it may easily be 


Z dloi™., 


reduced to that form, by stating the first prop- 


DiitDiaylie 


osition thus : " No predacious animals are ru- 




minant;" which is manifestly implied (as was 




above remarked) in the assertion that "no ru- 




minant animals are predacious." The syllogism 




will thus appear in the form to which the dictum 




applies. 


AU.r^- 


5 65. It is not d I 1 


be reduced 


can be reduced t h ^ J 1 ^ 


by6eal,ort 


pie an alteration a 1 b u A 




longer and more on pi p 1! of en b 




required, and rule naj be la d d n f la 




this process in c n b 1 n 




sound argument b wi a ra b du 1 


Bui all argu- 


this form, withou all d p g 1 1 




meaning and di-i 1 I i n 11 be 
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found (though more prolix than is needed for nc r, 
ordinary use) the most perspicuous in which an ^^^^^^^ 
argument can be exhibited. 

§ S6. Ail deductive reasoning whatever, then, aime 
rests oii the one simple principle laid down by ^^^^ 
Aristotle, that "" 

" What is predicated, eitlier affirmatively or 
negatively, of a term distributed, may be predi- 
cated in like manner (that is, affirmatively or neg- 
atively) of any thing contained under that term." 

So that, when our object is to prove any prop- wuai 
osition, that is, to show that one term may rightly '' 
be affirmed or denied of another, the process 
which really takes place in our minds is, that we 
refer that term (of which the other is to be thus 
predicated) to some class (that is, middle term) 
of which that other may be affirmed, or denied, 
as the case may be. Whatever the subject-mat- The > 
ter of an argument may be, the reasoning itself, ihe 
considered by itself, is in every case the same 
process; and if the writers against Logic had Mist 
kept this in mind, they would have been cautious n 
of expressing their contempt of what they call 
"syllogistic reasoning," which embraces all de- 
ductive reasoning; and instead of ridiculing Aris- 
totle's principle for its obviousness and simplicity, Atu 
would have perceived that these are, in fact, its *" 
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highest praise : the easiest, shortest, and most 


geuerEd. 


evident theory, provided it answer the purpose 




of explanation, being ever the best. 




RI/LES FOB EXAMmiNa SYLLOGISMS. 


TiBteofOie 


§ 67. The following axioms or canons serve 


IZZI 


as tests of the validity of that class of syllo- 




gisms which we have considered. 


l3ltt.t. 


1st. If two terms agree with one and the same. 




third, they agree with each other. 


adtesi 


2d. If one term agrees and another disagrees 




with one and the same third, these two disagree 




with each other. 


ThofltB(U,e 


On the former of thesp, canons rests the va- 


r^X 


lidity of affirmative conclusions ; on the latter, 


thb"*^^ 


of negative: for, no syllogism can be faulty 


ofnesBbm 


which does not violate these canons ; none cor- 




rect which does; hence, on these two canons 




are built the following rules or cautions, which 




axe to be observed with respect to syllogisms, 




for the purpose of ascertaining whether those 




canons have been strictly observed or not. 


E™,y^Uc- 


1st. Every syllogism has three and only three 


E™ha= 


terms ; viz. the middle term and the two terms 


onJylteea 


of the Conclusion : the terms of the Conclusion 




are sometimes called extremes. 


Every ayllO 


2d. Every syllogism has three and only three 
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propositions; viz. the major premiss; tVie minor 


glsmHaa 


premiss ;■ and the conclusion. 


only Uiieo 


3d. If the middle term is ambiguous, there 




are in reality two middle terms, in sense, tliough 


mTUi™ 


but one in sound. 


amblEUOua. 


There are two eases of ambiguity; 1st. Where 


Twoca^a. 


the middle term is equivocal; that is, when used 


IrtcaSB. 


in different senses in the two premises. For 




example : 




" Light is contrary to davknosa ; 


Exaiople. 


Feathers are light; therefore, 




Feathers are contrary to darknoas." 




Sd. Where the middle term is not distrib- 


ad«™. 


uted ; for as it is then used to stand for a part 




only of its significates, it may happen that one 




of the extremes is compared with one part of 




the whole term, and the other with another part 




of it. For example : 




" White ian color; 




Black is a color ; therefore, 
Black i3 while." 


EiampleE. 


Again : 




" Some animals are beasts ; 




Some animaJa are birds ; therefore, 




Some birds are beasts." 






The middle 


3d. The middle term, therefore, must he dis- 


term must bo 


tributed, once, at least, in the premises ; that is, 


nttd! 
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, by being the subject of a universal,* or predi- 
cate of a negative jf and once is sufficient ; 
since if one extreme has been compared with a 
part of the middle term, and another to the 
whole of it, they must have been compared with 
the same. 

at 4th. No term must he distributed in the con- 
clusion which was not distributed in one of the 
premises ; for, that wonld bo to employ the 

"' whole of a term in the conclusion, when you 
had employed only a part of it in the premiss ; 
thus, in reality, to introduce a fourth term. 
This is called an iUicii process either of the 
major or minor' term. J For example : 

" All qnadnipeds nre animals, 
A biM is not a qoadriiped ; therefore. 
It la not an animal." Illicit process of the major. 

6th. FVom negative premises you can infer 
. nothing. For, in them the Middle is pronounced 
to disagree with both extremes ; therefore they 
cannot be compared together : for, the extremes 
can only be compared when the middle agrees 
with both; or, agrees with one, and disagrees 
with the other. For example : 

" A fish is not a quadruped ;" 

" A bird is not a quadruped," proves nothing. 
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6th. If one premiss be negative, the conclu- jiom 
sion must be negative; for, in that premiss the g„ 
middle term is pronounced to disagree with one '^l 
of the extremes, and in the other premiss (which '■ 
of course is affirmative by the preceding rule), 
to agree with the other extreme ; therefore, the 
extremes disagreeing with each other, the con- 
clusioo is negative. In the same manner it may ondi 
*be shown, that to prove a negative conclusion, 
one of the premises must be a negative. 

By these six rules all Syllogisms are to be wi 
tried ; and from them it will be evident, 1st, uie 
that nothing can be proved from two particular 
premises; (since you will then have either the 
middle term undistributed, or an illicit process. 
For example : 

" Some animals are sagacious ; 
Some beasia are not sagacious ; 
Some beasts are not animals.") 

And, for the same reason, 2dly, that if one of aaiu 
the premises be particular, the conclusion must 
be particular. For example : 

" All who fight bravely deserve reward ; „ 

" Some soldiers fight bravely;" you can only infer that 
" Some soldie/s deserve reward ;" 

for to infer a universal conclusion would be 
an illicit process of the minor. But from two 
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Twmiuivei- universal Premises you cannot always infer ■ 
iomindivBya Universal Conclusion. For e 



" All gold is precious ; 
All gold is ft mineral ; therefore, 
Some mineral is precious.' 

And even when we can infer a universal, we 
are always at liberty to infer a particular ; since 
what is predicated of all may of course be pre 
dicated of some. 



'f ^ 68. By a fallacy is commonly understood 
" any unsound mode of arguing, which appears 
to demand our conviction, and to be decisive 
of the question in hand, when in fairness it is 

f, not." In the practical detection of each indi- 
vidual fallacy, much must depend on natural 
and acquired acuteness; nor can any rules be 
given, the mere learning of which will enable 
U3 to apply them with mechanical certainty and 
readiness ; but still we may give some hints that 
will lead to correct general views of the subject, 
and tend to engender such a habit of mind, as 
will lead to critical examinations. 

Indeed, the case is the same with respect to 

'' Logic in general; scai^cely any one would, in 
ordinary practice, state to himself either his 
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own or another's reasoning, in syllogisms at full L^^icieiiLk 
length ; yet a familiarity with logical principiea ujbia of 
tends very much (as all feel, who are really well "•«" '■™™- 
acquainted with them) to beget a habit of clear 
and sound reasoning. The truth is, in this as 
in many other things, there are processes going The habit 
on in the mind (when we are practising any □a.turaiiy foi- 
thing quite familiar to us), with such rapidity pi-ocesscs. 
as to leave no trace in the memory; and wo 
often apply principles which did not, as far as 
we are conscious, even occur to us at the time, 

5 69. Let it be remembered, that in every condTision 
process of reasoning, logically stated, the con- t^oaueoe- 
clusion is inferred from two antecedent propo- •'™'i"*™- 
sitions, called the Premises. Hence, it is man- 
ifest, that in every argument, the fault, if there i^uaoj, if 
be any, must be either, tue'pramisea 

1st. la the premises; or, 

2d. In the conclusion (when it does not follow "fconoiu- 
from them) ; or, 

3d. In both. 

In every fallacy, the conclusion either does or 
does not follow from the premises. 

When the fault is in the premises ; that is, wn™ ii, .i.e 
when they are such as ought not to have been '''^"'■™= 
assumed, and the conclusion legitimately follows 
from them, the fallacy is called a Material Fal- 
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lacy, because it lies in the matter of the argu- 
ment. 
e Where the conclusion does not follow from 
the premises, it is manifest that the fault is in 
tfie reasoning, and in that alone : these, there- 
fore, are called Logical Fallacies, as being prop- 
erly violations of those rules of reasoning which 
it is the province of logic to lay down. 

When the fault lies in both the premises and 
f, the fallacy is both Material and Logical. 



iBstof § 70. In examining a train of argumentation, 

lofni- ^'^ ascertain if a fallacy have crept into it, the 

neiit. following points would naturally suggest them- 
selves : 

Euie. 1st. What is the proposition to be proved? 
On what facts or truths, as premises, is the ar- 
gument to rest ? and. What are the marks of 
truth by which the conclusion may be known ? 

Kine. 2d. Are the premises both true ? If facts, are 
they substantiated by sufficient proofs ? If truths, 
were they ' logically inferred, and from correct 
premises ? 

Kuic. 3d. Is the middle term what it should be, and 
tiie conclusion logically inferred from the prem- 
ises? 

isMois These genertvl su^estions may serve as guides 
nining argrments for the purpose of de- 
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tectjng fallacies ; but however perfect general 
rules may be, it is quite certain that error, in 
its thousand forins, will not always be separated 
from truth, even by those who most thoroughly 
understand and carefully apply such rules. 



§71. The imperfect and irregular sketch which Lt^io 

111 1 c . 1 1 - coireaponda 

haa here been attempted i.i deductive logic, may aim me 
suffice to point out the incneril drift and purpose '^''^'^ssiii 
ot the scier ce and to show its ent le correspond- 
ence w th the reisonings in Ge >metry. The 
anaJjtical foim which hia heie been adopted, jipajna^i 
IS geneialH speiking bettei suited for introdu- '°''^' 
cing iny science in the plaincit ■ind most inter- 
esting foim though the synthetical is the more synthetics] 
regulai ind the more c impendious form for sto- 
im" it u]- 1 the I) PI (r\ 

5 72. It has been a matter about which wri- inducuon : 
ters on logic have differed, whether, and in con- apsa of 
formity to what principles, Induction forms a ^'^"' 
pai't of the science ; Archbishop Whately main- wh^iEiA 
taining that logic is only concerned in inferring 
truths from known and admitted premises, and 
that all reasoning, whether Inductive or Deduc- 
tive, is shown by analysis to have the syllogism 
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I'sTiow-s. for its type ; while Mr. Mill, a writer of perhaps 
greater authority, holds that deductive l(^c is 
but the carrying out of what induction begins ; 
that all reasoning is founded on principles of in- 
ference ulterior to the syllogism, and that the 
syllogism is the test of deduction only. 

Without presuming at all to decide defini- 
tively a question which has been considered and 
asoDsfiir passed upou by two of the most acute minds of 
aken. the age, it may perhaps not be out of place to 
state the reasons which induced me to adopt 
the opinions of Mr. Mill in view of the par- 
ticular use which I wished to make of logic. 

Elding di>- 5 73. It was, as stated in the general plan, 
piaii! one of my leading objects to point out the cor- 
respondence between the science of logic and 
the science of mathematics : to show, in fact, 
showihat that mathematical reasoning conforms, in every 
re^L respect, to the strictest rules of logic, and is in- 
iibmaio deed but logic applied to the abstract quantities, 
Number and Space. In treating of space, about 
which the science of Geometry is conversant, we 
shall see that the reasoning rests mainly on the 
ionia,huw axioms, and that these are established by induc- 
BbiiBhGd. ti^Q processes. The processes of reasoning which 
relate to numbers, whether the numbers are rep- 
resented by figures or letters, consist of two parts. 
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1st. To obtain formulas for, that is, to express 
in the language of science, the relations between 
the quantities, facts, truths or principles, what- Two pans of 

^ r r uiereasonlng 

ever they may be, that form the subject of the pincoaa. 
reasoning; and, 

2dly. To deduce from these, by processes 
purely logical, all the truths which are implied 
in them, as premises, 

5 74. Before dismissing the subject, it may Auindoc- 
be well to remark, that every induction may mrowiiinio 
be thrown into the form of a syllogism, by sup- o^fih™ 
plying the major premiss. If this be done, we By!io^,by 
shall see that something equivalent to the uni- pinpei- major 
formity of the course of nature will appear as 
the ultimate major premiss of all inductions ; 
and will, therefore, stand to all inductions in 
the relation in which, as has been shown, the 
major premiss of a syllogism always stands to 
the conclusion ; not contributing at all to prove 
it, but being a necessary condition of its being 
proved. This fact sustains the view taken by 
Mr. Mill, as stated above ; for, this ultimate ma- how thia 
jor premiss, or any substitution for it, is an infer- j^is„biam. 
ence by Induction, but cannot be arrived at by '^■ 
means of a syllogism. 
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BOOK II. 

MATHEMATICAL SCIENCE. 



CHAPTER I. 



' is a general term applicable 
to every thing which can be increased or dimin- 
ished, and measured. There are two kinds of 
quantity : 

1st. Abstract Quantity; or quantity, the con- 
ception of which does not involve the idea of 
matter; and, 

2dly. Concrete Quantity, which embraces 
every thing that is material. 

§ 76. Mathematics is the science of quantity ; m 
that is, the science which treats of the measures 
of quantities and their relations to each other. 
It is divided into two parts : 



doflnod. 
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vmi^ 1st. The Pure Mathematics, embracing the 

oma C3. pj-jjjgjpigg Qf ^jjg science, and al! explanations 

of the processes by which those principles are 

derived from the laws of the abstract quantities, 

Number and Space ; and, 

Mixoi 3d. The Mixed Mathematics, embracing the 

applications of those principles to all investiga- 
tions and to the solution of all questions of a 
practical nature, whether they relate to abstract 
or concrete quantity. 

Moui-iinntjia, § 77. Mathematics, in its primary significa- 
iha andcnis : ^ion, as used by the ancients, embraced every 
acquired science, and was equally applicable to 
aU branches of knowledge. Subsequently it was 
restricted to those branches only which were 
acquired by severe study, or discipline, and its 
enibracod all votaries Were called Disciples. Those subjects, 
which wera therefore, which required patient investigation, 
tBtbek"iu^ exact reasoning, and the aid of the raathemati- 
w- eal analysis, were called Disciplinal or Mathe- 
matical, because of the gi'eater evidence in the 
arguments, the infallible certainty of the conclu- 
sions, and the mental training and development 
which such exercises produced. 

Piire § 78. It has already been observed that the 

i^motioB, p^j.^ Mathematics embrace all the principles of 
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the science, and that tliese principles are de- whwuioy 

duced, by processes of reasoning upon the two raiaio w 

abstract quantities, Number and Space. All "^^^ 
the definitions and axioms, and all the truths 
deduced from them, are traceable to those two 

sources. IJere, then, two important questions Twoques- 



Ist. How are we to attain a clear and true "'"''' 

conception of these quantities ? and, me a 

2dly. How are we to represent them, and what jj^^^^^ 

language are we to employ, so as to make their '™'*' 
properties and relations subjects of investiga- 
tion? 



§ 79. Numbers are expressions for one or ^^^^ 
more things of the same kind. How do we "'■'H" 
attain unto the significations of such expres- huww 
sions ? By first presenting to the mind, through *^ ™ 
the eye, a single thing, and calling it one. 
Then presenting two things, and naming them 
TWO : then three things, and naming them three ; 
and so on for other numbers. Thus, we acqiure 
piimarily m a concrete form our elementary n a do. 
notions of numbei bj peiception compaiison ^'^, 
and reflection foi we must fir'^t perceive how ^m 
miny things aie numbered then ctmpaie what 
IS desigi ated bv the word one with what is Reasc 
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designated by the words two, tliree, &c., and 
then reflect on the results of such comparisons 
until we clearly apprehend the difference in the 
signification of the words. Having thus acquired, 
in a concrete form, our conceptions of numbers, 
we can consider numbers as separated from any 
particular objects, and thus form a conception 
I of them in tho abstract. We require but two 
n axioms for the formation of all numbera : 

1st. That one may be added to any number, 
and that the number which results will be great- 
er by one than the number to which the one 
was added. 

2d. That one may be divided into any num- 
ber of equal parts. 

§ HO B it \ hit lanj,u"i^o aie \e to enjl y 
a best suited to fuinish msliun euts ol ti ou^f t 
ind the means oi recoidmg cui ideas and ev 
pressing them to others? The ten ehi leteis 
"^ callel byi es ire the Ijhibet ot this hnguage 
•md the \'^.^o^s wa>s m which they ire com 
bmed will be fully explained unde the head 
AiithmetiG i cl ipte ie\ ted to the considera 
tion of numbeis then laws and language 
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5 81. Space is indefinite extension. We ac- 
quire our ideas of it by observing that parts of 
it axe occupied by matter or bodies. This ena- 
bles us to attach a definite idea to the word 
place. We are then able to say, intelligibly, 
that a point is that which has place, or position 
in space, without occupying any part of it. Hav- 
ing conceived a second point in space, we can 
understand the important axiom, " A straight 
line is the shortest distance between two points ;" / 
and this line we call length or a dimension of ,( 
space. 



§ 82. If we conceive a second straight line 
to be drawn, meeting the first, but lying in a 
direction directly from it, we shall have a second 
dimension of space, which we call breadth. If 
these lines be prolonged, in both directions, they 
wilt include four portions of space, which make 
up what is called a plane surface or plane : 
hence, a plane has two dimensions, length and 
breadth. If now we draw a line on either side 
of this plane, we shall have another dimension of 
space, called thickness : hence, space has three \ 
dimensions — length, breadth, and thickness. 
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pjgiuB § 83. A portion of space limited by bounda- 
ries, is called a Figure. If such portion of space 
Line defined have but one dimension, it is called a line, and 
may be limited by two points, one at each ex- 
iwo kindB of tremity. There are two kinds of lines, straight 
ai^htami ^^^ curved. A straight line, is one which does 
'^^^'^- not change its direction between any two of its 
points, and a curved line constantly changes its 
direction at every point. 

sut&ca- ^ ^*- ^ portion of space having two dimen- 
sions is called a surface. There are two kinds 
cnrvcd. of surfaccs — Plane Surfaces and Curved Sur- 
faces. With the former, a s&aight line, having 
two points in common, will always coincide, 
however it may be placed, while with the latter 
ofiieurfece. it will not. The boundaries of surfaces are 
lines, straight or curved. 

5 85. A portion of space having three dimen- 
sions, is called a solid, and solids are bounded 
either by plane or curved surfaces. 

§ 86. The definitions and axioms relating to 
space, and all the reasonings founded on them, 
Soianceof mate up the science of Geometry. They will 
Gaomeity. ^^ ^^ ^^jj^ treated under that head. 
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a general term embracing 
all the operations which can be perlbrmed on 
quantities when represented by letters. In this 
branch of mathematics, all the quantities con- 
sidered, whether abstract or concrete, are rep- c 
resented by letters of the alphabet, and the , 
operations to be performed on them are indi- 
cated by a few arbitrary signs. The letters 
and signs are called Symbols, and by their com- 
bination we form the Algebraic Notation and 
Language. 

§ 88. Analysis, in its simplest form, takes the 
name of Algebra ; Analytical Geometry, the Dif- 
ferential and Integral Calculus, extended to in- 
clude the Theory of Variations, are its higher 
and most advanced branches. 

5 89. The term Analysis has also another sig- t. 
nification. It denotes the process of separating 
any complex whole into the elements of which 
it is composed. It is opposed to Synthesis, a 
term which denotes the processes of first con- 
sidering the elements separately, then combining 
them, and ascertaining the results of the combi- 
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Aiiaijiitjii The AnalyticaJ method is best adapted to in- 
vestigation, and the presentation of subjects in 

synuieiicai their general outlines; the Synthetical method 
is best adapted to instruction, because ^t exhib- 
its all the parts of a subject separately, and 
their proper order and connection. Analyi 
deduces all the parts from a whole : Synthes 
forms a whole from the s< 



Aritiinittic, 5 90, Arithmetic, Algebra, and Geometry are 
Geomeiry, the elementary branches of Mathematical Sci- 
Vrri^eT ^Hce.. Every truth which is established by 
mathematical reasoning, is developed by an 
arithmetical, geometrical, or analytical process, 
or by a combination of them. The reasoning 
in each branch is conducted on principles iden- 
tically the same. Every sign, or symbol, or 
technical word, is accurately defined, so that to 
each there is attached a definite and precise 
Lansoage idea. Thus, the language is made so exact and 
certain, as to admit of no ambiguity. 



i™«™BBof ^ Qi^ The language of MatJiematics is mixed. 

mtted. Although composed mainly of symbols, which 

are defined with reference to the uses which 

are made of them, and therefore have a pre- 



>y Google 



CHAP. I.] LANGUAGE OF MATHEMATICS. 107 

c S6 ygmfic'ktiijri it is alf-o composed m ]-iit 

jf woids transfeiied fiorn uur common languige 

The symbol', althju^h iibitiaiy sign's aie ne\ ^jmboia 

eitheless ent lelj geneiil as signs ind instiu 

meiits of thnught and when the sense in whiL.1 

they ire used is once fixed by defimtion thej 

preserve thioughout the entire inaJysis pieci'-e 

iy the same sigoiflcition The meaning ol the h orda bor- 

woids bori j^\ed iiam om common vocabuhiy is oommon 

often modifiei aid '.ometimes entiielj chinged ^^^^ 

■when tht, woi Is, are tiar&tened to the langiiage Md.Beama 

of scienci. They tie thtn used m a particular aeuEe. 

ieiibe dnd aie siid to have a ttclinual significa^ 

tion. 

§ 92. Jt is of the first importance that the Language 
elements of the language be eleaily understood, imderaiood: 
— that the signification of every word or sym- 
bol' be distinctly apprehended, and that the con- 
nection between the thought and the word or 
symbol which expresses it be so well established 
that the one shall unmediately suggest the other. 
It is not possible to pursue the subtle reasonings MaihoinnH- 
of Mathematics, and to carry out the trains of ingarequm 
thought to which they give rise, without entire "■ 
familiarity with those means which the mind 
employs to aid its investigations.' The child aiiotnae 
cannot read till he has learned the alphabet; 
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weiiiiiiwe nor can the scholar I'eel the delicate beauties of 
Shakspeare, or be moved by the sublimity of 
Milton, before studying and learning the lan- 
guage ill which their immortal thoughts are 
clothed. 

Qusnutiea ^ 93. AH Quantities, whether abstract or con- 

aentirtby Crete, are, in mathematical science, presented 

aiM^'oiiei- ^^ the mind by arbitrary symbols. They are 

tt^'^m* ^^^w^*^ ^^*^ operated on through these symbols 

hole. which represent them ; and all operations are 

indicated by another class of symbols called 

Signs. signs. These, combined with the symbols 

which represent the quantities, make up, as 

wtaaihe we have stated above, the pure mathematical 

laogoage. 

language ; and this, in connection with that 
which is borrowed from our common language, 
forms the language of mathematical science. 
This language is at once comprehensive and 
ita niiiiu-e. accurate. It is capable of stating the most 
general proposition, and presenting to the mind, 
in their proper order, every elementary princi- 
whatitac pl^ connected with its solution. By its gener- 
compiiskeB. ^jj^y jj j-gaphes over the whole field of the 
pure and mixed sciences, and gathers into con- 
densed forms all the conditions and relations 
necessary to the development of particular facts 
and universal truths ; and thus, the skill of the 
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analyst deduces from the same equation tiie ve- 
locity of an. apple falling to the ground, and the 
verification of the law of universal gi-avitation. 



AiiQlyBla. 



5 94. Quantity has heen defined, " any thing Qunntiiy. 
which can be increased or diminished, and meas- 
ured." The terms increased or diminished, are incroasad 
easily understood, implying merely the property diminisiied, 
of being made larger or smaller. The term 
measured is not so easily explained, because it 
has only a relative meaning. 

The term "measured," applied to a quantity, Meosurod. 
implies the existence of some known quantity 
of the same kind, which is regarded as a stand- wist it 
ard, and with which the quantity to be meas- 
ured is compared with respect to its extent or 
magnitude. To such standard, whatever it may stondatd: 
be, we give the name of unity, or unit of meas- ^ ™iied 
ure ; and the number of times which any quan- 
tity contains its unit of measure, is the numerical 
value of the quantity measured. The extent 
or magnitude of a quantity is, therefore, merely Magniiuoe; 
relative, and hence, we can form no idea of it, ijye. 
except by the aid of comparison. Space, for 
example, is entirely indefinite, and we measure speco-. 
parts of it by means of certain standards, called 
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Mensurement measuTes ) and after any measurement is com- 
iQUon: pleted, we have only ascertained the relation or 
^roporiiow which exists between the standard we 
uprocefflof adopted and the thing measured. Hence, measure- 
ment is, after all, but a mere process of comparison. 

weighund § 95, The ab.stract quantities, Weiglit and 
kuoirabj Velocity, are but vague and indefinite concep- 
coiDpatison. tions, Until compai-ed with their units of meas- 
ure, and even these are arrived at only by pro- 
Cjinpmifioii cesses of comparison. Indeed, most of our 
uitriiioiL knowledge of all subjects is obtained in the 
same way. We compare together, very care- 
fully, all the facts which form the basis of an 
induction ; and we rely on the comparison of 
the terms in the major and minor premises for 
every conclusion by a deductive process. 

Umiiiiiiy. 5 96. Quantity, as we have seen, is divided 
into Abstract and Concrete — the abstract quan- 

Aiisiract. tity being a mere mental conception, having 
for its sign a number, a letter, or- a geometrical 

ci.iKrwe. figui^e, A concrete quantity is a physical ob- 
ject, or a collection of such objects, and may 

Huwiepro- likewise be represented by numbers, letters, or 
™'"^' by the geometrical magnitudes regarded as ma- 

ExjunpLeoT terial. The number "three" is entirely abstract, 
f an idea having no connection with 
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material things ; while the number " three pounds 
of tea," or " three apples," presents to the mind 
an idea of physical objecte. So, a portion of ^7^,^|^^"[ 
space, bounded by a surface, all the points of 
which are equally distant from a certain point 
within called the centre, is but a mental con- 
ception of form; but regarded as a solid mass, oriiiccon- 
it gives rise to the additional idea of a material 
substance. 



5 97. The Pure Mathematics are based on 
definitions and intuitive ti-uths, called axioms, 
which are inferred from observation and expe- «: 
rience ; that is, obsei'vation and experience fur- 
nish the information necessary to such intuitive 
inductions.* From these definitions and axioms, 
as premises, all the truths of the science are estab- 
lished by processes of deductive reasoning ; and 
there is not, in the whole range of mathemat- 
ical science any logical test of truth, but in a 
conformity of the coTiclusions to the definitions ^ 
and axioms, or to such principles as have been 
established from them. Hence, we see, that ' 
the science of Pure Mathematics, which con- 
sists merely in inferring, by fixed rules, all the 

* Seolion 37, 
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purely truths which can be deduced from given prem- 
ises, is purely a Deductive Science. The pre- 
cision and accuracy of the definitions ; the cer- 
tainty which is felt in the truth of the axioms ; 

:iaton of the obvious and fixed relation between the sign 
and the thing signified; and the certain for- 
mulas to which the reasoning processes are re- 
duced, have given to mathematics the name of 

acace. " Exact Science."' 

saBonioB 5 98. We havc remarked that all the reason- 
Loraamj ''^S^ *^^ mathematical science, and all the traths 
Sums, which they establish, are based on the defini- 
tions and axioms, which correspond to the major 
premiss of the syllogism. If the resemblance 
which the minor premiss asserts to the middle 
uciDa noi term were obvious to the senses, as it is in the 
proposition, " Socrates was a man," or were 
at once ascertainable by direct observation, or 
were as evident as the intuitive truth, " A whole 
is equal to the sum of all its parts ;" there 
dnotiye would be uo necessity for trains of reasoning, 
aeary. and Deductivc Science would not esist. Trains 
jinsof of reasoning are necessary only for the sake of 
™"^' extending the definitions and axioms to other 
latihey cases in which we not only cannot directly ob- 
jinp IS , ggj.^g what is to be proved, but cannot directly 
observe even the mark which is to prove it. 
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5 99. Although the syllogism is the ultimjite e 
test in all deductive reasoning (and indeed in ot 
all inductive,, if we admit the uniformity of the 
course of nature), still we do not find it con- 
venient or necessary, in mathematics, to throw 
every proposition into the form of a syllogism. 

The definitions and axioms, and the propo- a 
sitions established from them, are our tests of i^ 
truth, and whenever any new proposition can 
be biought to conform to any one of these j 
tests, it IS legaided as proved, and declared to 
be true. 

5 100. When general formulas have been 
framed, determining the limits within which the i 
deductions may be drawn (that is, what shall 
be the tests of truth), as often as a new case 
can be at once seen to come within one of the 
formulas, the principle applies to the new case, 
and the business is ended. But new cases are 
continually arising, which do not obviously come 
within any formula that will settle the questions 
we want solved in regard to them, and it is 
necessary to reduce them to such formulas. 
This gives rise to the existence of the science 
of mathematics, requiring the highest scientific 
genius in those who contributed to its creation, >" 
and calling for a most continued and vigorous 
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exertion of intellect, in order to appropriate it. 
when created. 



COMPARISON OP QOANTITIES. 

Mathcmnici ^ jqj. We liavc secn that the pure mathe- 
withHumbet matics are concerned with the two abstract 
aadspooa q^g^jjjjjjgg^ NuHiber and Space. We have also 
Eeaaonuig Been that reasoning necessarily involves com- 
compariaon parisoD : hcnce, mathematical reasoning must 
consist in comparing the quantities which come 
from Number and Space with each other. 

Twoquanii- ^ 102, Any two quantities, compared with 

lain but two cach Other, must necessarily sustain one of two 

™^ relations : they must be equal or unequal. What 

axioms or formulas have vce for inferring the 

one or the other ? 



1. Things which being applied to each other 
coincide, are equal to one another. 

2. Things whicli arc equal to the same thing 
are equal to one another. 

3. A whole is equal to the sum of all its pai-ts. 

4. If equals be added to equals, the sums are 
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6. If equals be talten from equals, the remain- 
ders are equiii. 

AXIOMS OK FORMULAS EOH INEEEHING m^Q.UALITY. 

1. A whole is greater than any of its parts. 

2. If equals be added to unequals, the sums ; 
are unequal. i 

3. If equals be taken from unequals, the re- 
mainders are unequal. 

§ 103. We have thus completed a very brief ■ 
and general analytical view of Mathematical , 
Science. We have endeavored to point out 
the chai-acter of the definitions, and the sources 
as well as the nature of the elementary and in- 
tuitive propositions on which the science rests ; 
the kind of reasoning employed in its creation, 
and its divisions resulting from the use of dif- 
ferent symbols and differences of language. We 
shall now proceed to treat the subjects separ- 
ately. 
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CHAPTER tl. 



SECTION T. 



§ 104. There is but a single elementaiy idea b 
in the science of numbers ; it is the idea of the i 
UNIT ONE. There is but one way of impressing 
this idea on the mind. It is by presenting to ' 
the senses a single object; as, one apple, one 
peach, one pear, &c. 



^ 105. There are three 
which the idea of one is 
nicated. They are, 

Jst. The word one. 

2d. The Roman character I. 

3d. The figure 1. 



by means of i 
t. 
and comniu- 
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wiiieaa § 106. If One be added to one, the idea thus 

radiUng arising is diiferent from the idea of one, and is 

""^ complex. This new idea has also three signs ; 

viz. TWO, II., and 2. If one be again added, 

that is, added to two, the new idea has likewise 

three signs ; viz. theee, III., and 3. The ex- 

i etprea- pressioQs for these, and similar ideas, are called 

unueia. numbers : hence, 

itnibetB NuMBEBs are expressions for one or more 
things of the same kind. 

IDEAS OF KlfMBERS GENERALIZED. 

leasof 5 107. If we begin with the idea of the num- 
wtaiizad. I'er One, and then add it to one, making two ; 

and then add it to two, making three ; and then 

to three, making four ; and then to four, making 
x formed, five, and so on ; it is plain that we shaU form a 

series of numbers, each of which will be greater 

niiy lie by one than that which precedes it. Now, one 

''^' or unity, is the basis of this series of numbers, 

sprEffiipe and each number may be expressed in three 

'^' ways : 
si way. 1st. By the words oNx;, TWO, THREE, ifec, of our 

common language ; 
Way. 2d. By the Roman characters ; and, 
idwaj. 3d. By figures. 
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§ lOS &iiice ill numbeis whelhei integei ji ai 
fiactional must come fiom and hence be (.on 
nected-with the unit one it follows that theie 
IS but one puzeiy eiementirj idea m the science 
of numbeis Hence the idea of e^ery numbei i 
regiided as made up of uniti (and Al numbeis b 
except one must be so legardedwben we ana 
i}ze them) is necesstnly complex Foi 'iincf 
the number aiises fiom the addition of ones the ' 
ippiehension of it is incomplete until we under 
^fmd how those idditions weie inide and iheie 
fore, a full idea of the number is necessarily 
complex. 

5 109. But if we regard a number as an en- 
tirety, that is, as an entire or whole thing, as an 
entire two, or three, or four, without pausing to 
analyze the units of which it is made up, it may ^ 
then be regarded as a simple or incomplex idea ; " 
though, as we have seen, such idea may always 
be traced to that of the unit one, which forms 
the basis of the number. 



§ 110. When we name a number, as twenty i 
feet, two things are necessary to its clear appre- " 
hension. o 
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1st. A distinct apprehension of the single 
thing which forms the basis of the number ; and, 
2d. A distinct apprehension of the number of 
times which that thing is tafeen. 

r The single thing, which forms the basis of tlie 
number, is caEed unity, or a unit. It is called 
unity, when it is regarded as the primary basis 

'' of the number ; that is, when it is the final stand- 
ai'd to which all the numbers that come from it 

1 are referred. It is called a unit when it is re- 
garded as one of the collection of several equal 
things which form a number. Thus, in the ex- 
ample, one foot, regarded as a standard and the 
basis of the number, is called dnity ; but, con- 
sidered as one of the twenty equal feet which 
malie up the number, it is called a unit. 

OF SMPLE AND DEWOMINATE HlTMBEffiS. 

5 111, A simple or abstract unit, is one, with- 
out regard to the kind of thing to which the term 
one may be applied. 
g A denominate or concrete unit, is one thing 
named or denominated ; as, one apple, one peach, 
one pear, one horse, &c. 

^ 5 113. Number, as such, has no reference 
to the particular things numbered. But to dis- 



>y Google 



CHAP. II.] ARITHMETIC ALPHABET. 13) 

tinguish numbers which are applied to paxticular totheiiiingi 
units from those which are purely abstract, we 
call the latter Abstract or Simple Numbers, simple 
and the former Concrete or Denominate Num- Denomirmic 
bers. Thus, 6fteen is an abstract or simple 
number, because the unit is one; and fifteen Esampiea. 
pounds is a concrete or denominate number, 
because its unit, one pound, is denominated or 
named. 

ALPHABET — WORDS GRAMMAR. 

5 113, The term alphabet, in its most general Ajpnabei. 
sense, denotes a set of characters which form 
the elements of a written language. 

When any one of these characters, or any woms. 
combination of them, is used as the sign of a 
distinct notion or idea, it is called a word ; and 
the naming of the characters of which the word 
is composed, is called its spelling. 

Grammar, as a science, treats of the estab- crommur. 
lished connection between words as the signs of 



§114. The arithmetical alphabet consists ofAnthmMica 
ten characters, called figures. They are, 

Nni^t, One, Two, Tbreo, Pom', Five, Sii, Seven, Elshl, Nine, 
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and each may be regarded as a word, since it 
stands for a distinct idea. 



ooecaDnui ^ 116. The idea of one, being elementary, the 
character 1 which represents it, is also element- 
ary, and hence, cannot be spelled by the other 
characters of the Arithmetical Alphabet (^ 114). 
But the idea which is expressed by 2 comes from 
speuingby the addition of 1 and 1 : hence, the word repre- 
arioiineiicai sentcd by the character 2, may be spelled by 
aracitfs. J ^^^ ^ Thus, 1 aiid 1 are 2, is the arithmet- 
ical spelling of the word two. 

Three is spelled thus : 1 and 2 aro 3 ; and 
also, 3 and 1 are 3. 
Ei^nptes. Four is spelled, 1 and 3 arc 4 ; 3 and 1 are 4 ; 
3 and 2 are 4. 

Five is spelled, 1 and 4 are 5 ; 4 and 1 are 5 ; 
3 and 3 are 5 ; 3 and 3 are S. 

Six is spelled, I and 5 are 6 ; .5 and 1 are 6 ; 
S and 4 are 6 ; 4 and 2 are 6 ; 3 and 3 arc 6. 

AIL niunbotB § 116. In a similar manner, any number in 

EpSina iu'ithmetic may be spelled; and hence we see 

similar way, jj^j^j j.jjg proccss of Spelling in addition consists 

simply, in naming any two elements which will 

make up the number. All the numbers in ad- 



>y Google 



CHAP. 


n.] 




AK.T 


HMr 


T,C 


-KEAn 


«os 




133 


dition 


are 


therefore 


spelled 


with 


two 


syllables. 




The reading 


consists in 


naming 


only 


the word 


IK«dlng: In 


which 


expresses the final idea 


Thus, 






""11"°" 




1 


I 

1 


2 

1 


3 

1 


4 

1 


5 
1 


6 

1 


7 
1 


8 
1 







o™ 


two 


ih™, 


torn 


flTC 


Bix 


Be.en 


eijjM 


Dine 


tsn. 


We 


may now read the words which express 




^he first hundred combinations. 


















B 


BAD 


NGS 








E«»,l. 


1 
1 


2 

1 


3 

1 


4 

1 


5 

1 


6 
1 


7 
1 


8 

1 


9 

1 


10 

1 


Three, four, 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


2 


2 


2 


2 


2 


2 


2 


2 


2 


2 




1 


2 


3 


4 


5 


6 


7 


8 


n 


10 


3 


3 


3 


3 


3 


3 


3 


3 


3 


3 


Five, Rix, Sus. 


1 


3 


3 


4 


5 


6 


7 


8 


9 


10 


4 


4 


4 


4 


4 


4 


4 


4 


4 


4 


Sis,a;v™, 


1 


2 


3 


4 


5 


C 


7 


8 


9 


10 


5 


5 


6 


5 


5 


5 


5 


5 


5 


5 


Seven, eight, 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


6 


6 


6 


6 


6 


6 


G 


6 


6 


6 


Eight, nine. 


1 


a 


3 


4 


5 


6 


7 


8 


9 


10 


7 


7 


7 


7 


7 


7 


7 


7 


7 


7 




1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 
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r.1,, eleven, 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


&c 


9 


9 


9 


9 


9 


9 


9 


9 


9 


9 


Eleven, 


1 


3 


3 


4 


5 


6 


7 


8 


9 


10 


welvc, &C 


10 


10 


10 


10 


10 


10 


10 


10 


10 


10 



iietbr 5 117. In this example, beginning 
lion, at the right hand, we say, 8, 17, 18, 
26 : setting down the 6 and carry- 
ing the 2, we say, 8, 13, 20, 22, 29 : 
setting down the 9 and carrying 
the 2, we say, 9, 12, 18, 22, 30; 
and setting down the 30, we have the entire sum 
iinpies 3096. All the examples in addition may be done 
in a similar manner. 



I 5 118. The advantages of this method of read- 
ing over spelling are very great. 

1st. The mind acquires ideas more readily 
through the eye than through either of the other 
senses. Hence, if the mind be taught to appre- 
hend the result of a combination, by merely see- 
ing its elements, the process of arriving at it is 
much shorter than when those elements are pre- 
sented through the instrumentality of sound. 
Thus, to see 4 and 4, and think 8, is a very dif- 
ferent thing from saying, four and four are eight. 
2d. The mind operates with greater rapidity 
and certainty, the nearer it is brought to the 
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ideas which it is to apprehend and combine. 
Therefore, all unnecessary words load it and 
impede its operations. Hence, to spell when 
we can read, is to fill the mind with woi^ds 
and sounds, instead of ideas. 

Sd. All the operations of arithmetic, beyond 3d. stiiteii. 
the elementary combinations, are performed on 
paper ; and if rapidly and accurately done, must 
be done through the eye and by reading. Hence 
the great importance of beginning early with a 
method which must be acquired before any con- 
siderable skill can be attained in the use of 
figures. 

5 119. It must not be supposed that the read- Heodii^ 
ing can be accomplished until the spelling has apciiing. 
first been learned. 

In our common language, we first learn the samc^am 
alphabet, then we pronounce each letter in a lant-uBge, 
word, and finally, we pronounce the word. We 
should do the same in the arithmetical reading. 

WORDS — SPELLING AND KEADIBG M SUBTEACTION. 

§ 120. The processes of spelling and reading same pnnci- 
which we have explained in the addition of luaubirao- 
numbers, may, with slight modifications, be ap- ''™' 
plied in subtraction. Thus, if we are to subtract 
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2 from 5, we say, ordinarily, 2 from 5 leaves 3 ; 
or 2 from 5 three remains. Now, the word, 
three, is suggested by the relation in which 2 
and 5 stand to each other, and this word may be 
Baadings in read at oiice. Hence, the reading, in subtrac- 
eipiataei tion, is Simply naming the word, which expresses 
the difference between the subtrahend and min- 
uend. Thus, we may read each word of the 
following one hundred combinations. 



1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


2 
2 


3 

2 


4 
2 


5 
2 


G 

2 


7 
2 


8 
2 


9 
2 


10 
2 


H 

2 


3 
3 


4 
3 


5 
3 


6 
3 


7 
3 


8 
3 


9 
3 


10 
3 


11 
3 


12 
3 


4 
4 


5 
4 


6 
4 


7 
4 


8 
4 


9 
4 


10 

4 


11 

4 


12 
4 


13 

4 


5 

6 


6 
5 


7 

5 


8 
5 


9 

5 


10 
5 


11 

5 


12 

5 


13 

5 


14 


6 
6 


7 
6 


8 
6 


9 
6 


10 
6 


11 

C 


13 




13 

6 


14 

6 


15 
6 


7 
7 


8 

7 


9 


10 

7 


11 

7 


12 
7 


13 

7 


14 

7 


15 

7 


16 

7 
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9 


10 11 


18 


13 


14 


15 


16 


17 


18 


9 


9 9 


9 


9 


9 


9 


9 


9 


9 


10 


11 12 


13 


14 


15 


16 


17 


18 


19 


10 


10 10 


10 


10 


10 


10 


10 


JO 


10 



§ 121. It should be remarked, that in subtrac- 
tion, as weU as in addition, the spelhng of the spening pre- 
words must necessarily precede tlieir reading. inSottvac- 
The spelling consists in naming the figures with ™' 
which the operation is performed, the steps of 
the operation, and the final result. The reading Keadins. 
s in naming the final result only. 



I HULTIPLICATIOW. 

§ 122. SpeOing in multiplication is similar to speiiLi^ 
the corresponding process in addition or subtrac- uoi,. 
tion. It is simply naming the two elements 
which produce the product ; whilst the reading Keadii 
consists in naming only the word which ex- 
presses the final result. 

In multiplying each number from 1 to 10 by i!,aTii|.]f 
' 2, we usually say, two times 1 are 2 ; two times '' 
9 are 4 ; two times 3 are 6 ; two times 4 are 8 ; 
two times 5 are 10; two times 6 are 12; two 
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times 7 are 14; two times 8 are 16; two times 
9 are 18 ; two times 10 are 20. Whereas, we 
sliould merely read; and say, 2, 4, 6, 8, 10, 12, 
14, 16, 18, 20. 

In a similar manner we read the entire mul- 
tiphcation tahle. 



aioS,&c 


12 


11 


10 987654321 

2 


hrco limes 1 


12 


U 


10 987634321 
3 



12 11 10 087654321 



7 6 5 4 3 2 1 



;:" 


12 


11 


10 9 8 7 6 5 4 


3 


2 1 
6 


Seven limca 


12 


11 


10 9 8 7 6 5 4 


S 


2 1 

7 


ightllineBl 


12 


11 


10 9 8 7 6 6 4 


3 


2 1 

8 
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""'^ 


G. 


129 


12 


11 


10 9 8 7 6 5 4 


3 


2 1 
9 


^%s^^. 


12 


11 


10 9 8 7 6 5 4 


3 


3 1 
10 


Ten timw I 


13 


11 


10 9 8 7 6 S 4 


3 


3 1 
11 


r-r 


13 


11 


10 9 8 7 6 5 4 


3 


2 1 
12 


Twelve linieB 
larel2,aw;. 



AND BEADING IN DIVISION. 

§ 123. In all the cases of short division, the inShoriDivi- 
quotient may be read immediately without nam- rend; 
ing the process by which it is obtained. Thus, 
in dividing the following numbers by 2, we 
merely read the words below. 

a)4 6 6 10 12 16 18 22 

Iwo Ihree four Ove Si eigEi Siiii eleven. 

In a similar manner, all the words, expressing mail cases, 
the results in short division, may be read. 



I 2)3 4 6 8 10 12 14 16 18 20 22 24 Two in a. 



3)3 6 9 13 15 18 21 24 27 30 33 36 


Three 


4)4 8 12 16 20 34 38 32 38 40 44 48 


z 


9 


ones, 
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Five in 5, 


5)5 


10 


15 


20 25 30 


35 


40 


45 


50 


55 


GO 


SLfll,6, 


6)6 


12 


18 


24 30 30 


42 


48 


54 


60 


66 


73 
























eersD Id T, 


7)7 


14 


31 


28 35 42 


49 


56 


63 


70 


77 


84 
























Eiglitine, 


8}8 


16 


24 


32 40 48 


50 


64 


72 


80 


86 


96 

























Nine in 9, 9 ) 9 18 27 36 45 54 63 72 81 90 99 108 

once, &c. 

Teumio, 10)10 20 30 40 50 60 70 80 90 100 110 130 



01ice,S 


























BleyenL 


.!'■ 


11)11 


23 


33 44 55 


66 77 


88 


99 


110 


191 


133 


once,* 
























welvei 


13, 


12)12 


24 36 


48 


SO 


72 84 96 


108 


120 


132 


144 



UNITS INUREASIN& BY THE SCALE OF TENS. 

Theidenofa § 124. The idea of a particular number is ne- 
mimberia cessaiily coBiplex ; for, the mind naturally asks : 
eo'^pk^- jg^_ What is the unit or basis of the nuinber? 
and, 

2d. How many times is the unit or basis 
taken ? 

What fig- 5 125. A figure indicates how many times a 
' unit is taken. Each of the ten figures, however 
written, or however placed, always expresses as 
many units as its name imports, and no more ; 
nor does the^^^re itse^ at all indicate the kind 
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of unit. Still, every number expressed by one or Numbor has 
more figures, has for its basis either the abstract ba^. 
unit one, or a denominate unit.* If a denomi- 
nate unit, its value or kind is pointed out either 
by our common language, or as we shall present- 
ly see, by the place where the figure is written. 

The number of units which may be expressed 
by either of the ten figures, is indicated by the Nnnmerex- 
jiame of the figure. If the figure stands alone, jiugie agute. 
and the unit is not denominated, the basis of the 
number is the abstract unit 1. 

5 126. If wc write on the riffht of i 

"= 10, Hawfenis 

1, we have ! wiitieu. 

which is read one ten. Here 1 still expresses 
ONE, but it is ONE ten ; that is, a unit ten times 
as great as the unit 1 ; and this is called a unit uiiitoriiw 
of the second order. "^^""^ ™^^''' 

Aeaia; if we wiite two O's on the i 

. / 100, Itavtownte 

nght of 1, we have J "ue himdred. 

which is read one hundred. Here again, 1 still 
expresses one, but it is one hundred ; that is, a 
unit ten times as great as the unit one ten, and Aiiuiiof the 
a hundred times as great as the unit 1. "Huidei. 

5 137. If three I's are written by i 
the side of each other, thus - - - - S 



111, 
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the ideas, expressed in our common language, 
are these ; 

1st. That the 1 on the right, will either express 
a single thing denominated, or the abstract unit 

2d. That the 1 next to the left expresses 1 ten ; 
that is, a unit ten times as great as the first. 

3d. That the 1 still further to the left expresses 
1 hundred ; that is, a unit ten times as great as 
the second, and one hundred times as great as the 
first; and similarly if there were other places. 

When figures are thus written by the side of 
, each other, the arithmetical language establishes 
" a relation between the units of their places i that 
is, the unit of each place, as we pass from the 
right hand towards the left, increases according 
to the scale of tens. Therefore, by a law of the 
ai'ithmetical language, the place of a figure fixes 
its unit. 

If, tJien, we write a row of O's as a scale, 
thus : 

% d a f I I . 
JliJllJjrgljl 

,f 0, 0, 0, 

the unit of each place is determined, as well 



>y Google 



CaAl'. ir.] AHITHMETIO — SCALE 0¥ TENS. 133 

as the law of change in passing from one place 
to another. If then, it were required to express Huwm)- 
a given number of units, of any order, we first mitamajiw 
select from the arithmetical alphabet the char- ™'"* 
acter which designates the number, and then 
write it in the place corresponding to the order. 
Thus, to express three millions, we write 

3000000 ; 
and similariy for all numbers. 

§ 128. It shwuld bt obaeived thit i figure Aagurehas 
being a charade) uhicK represents lalue can uaeic 
have no value m and of itself The numbei of 
things, which anj figuie expresies is determinel 
by its name, as given in the aiithmeticdl alpha 
bet. The Jsind of thing or unit of the figuie is iiowiboiuiii 
fixed either by namii g it is n the case tt ■» de mined, 
nominate numbei oi bv the jhce which the 
figure occupies, when written by the side of or 
over* other figures. 

The phrase " local value of a figure," so long rignrc, haa 
in use, is, therefore, without signification when ^^^_ 
applied to a figure : the term " local value," 
being applicable to the unit of the place, and Temappit- 
not to the figure which occupies the place. untiofpua. 

§ 129. Federal Money afibrds an example of a rede^i 
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1- series of denominate UHJts, increasing accordiiij 
fo the scale of tens i thus, 



may be read II thousand 1 hundred and 11 
mills; or, 1111 cents and 1 mill; or, 111 dimes 
1 cent and 1 mill; or, 11 dollars 1 dime 1 cent 
and 1 mill; or, 1 eagle 1 dollar 1 dime 1 cent 
la and 1 mill. Thus, we may read the number 
*■ with either of its units as a basis, or we may 
name them all : thus, 1 eagle, 1 dollar, 1 dime, 
1 cent, I mill. Generally, in Federal Money, 
we read in the denominations of dollars, cents, 
and mills; and should say, 11 dollars 11 cents 
and 1 mill. 

1 § 130. Examples in reading figures : — 

e. If we have the figures - - - - 89 

we may read them by their smallest 

unit, and say eighty-nine ; or, we may say 8 

tens and 9 units, 
e. Again, the figures 567 

may be read by the smallest unit; 

viz. five hundred and sixty-seven ; or we may 

say, 56 tens and 7 units ; or, 5 hundreds 6 tens 

and 7 units. 
le. Again, the number expressed by - 74896 
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may be read, seventy -four thousand eight hun- v^ 
dred and ninety-six. Or, it may be read, 7489 
tens and 6 units ; or, 748 hundreds 9 tens and 
6 units ; or, 74 thousands 8 hundreds 9 tens 
and 6 units ; or, 7 ten thousands 4 thousands 8 
hundreds 9 tens and 6 units ; and we may read 
in a similar way all other numbers. 

Although we should teaeh all the correct read- 
ings of a number, we should not fail to remark 
that it is generally most convenient in practice 
to read by the lowest unit of a number. Thus, 
in the numeration table, we read each period by i 
the lowest unit of that period. For example, in ^ 
the number 

874,907,847,047, 
we read 874 billions 907 miUions 847 thousands 
and 47. 



5 131. If we write the well-known signs of . 
the English money, and place 1 under each de- , 
nomination, we shall have 

£. ^. d. f. 
1111 

Now, the signs £. s. d. and/, fix the value of 
the unit 1 in each denomination ; and they also , 
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determine the relations which subsist between 

the diiFercnt units. For example, this simple 

language expresses these ideas : 
f 1st. That the unit of the right-hand place is 

1 farthing — of the place next to the left, 1 penny 

— of the next place, 1 shilling — of the next place, 

1 pound ; and 
2d, That 4 units of the lowest denomination 

make one unit of the next higher ; 12 of the 

second, one of the third ; and 20 of the third, 

one of the fourth. 
1 If we take the denominate numbers of the 

Avoirdupois weight, we have 

Ton. emt. qr. Ih. os. dr. 

111111; 

, in which the units increase in the following 
manner : viz. the second unit, counting from 
the right, is sixteen times as great as the first; 
the third, sixteen times as great as the second ; 
the fourth, twenty-five times as great as the 
third ; the fifth, four times as great as the fourth ; 
and the sixth, twenty times as great as the fifth. 

le The scale, therefore, for this class of denominate 
numbers varies according to the above laws. 

t If we take any other class of denominate 
numbers, as the Troy weight, or any of the 
systems of measures, we shall have difierent 
scales for the formation of the different units. 
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But in all the formations, we shall recognise i: 
the application of the same general principles. n, 
There are, therefore, two general methods of * 
forming the different systems of integer num- 
bers from the unit one. The first consists in < 
preserving a constant law of relation between 
the different unities : viz. that their values shall 

F 

change according to the scale of tens. This 
gives the system of common numbers. 

The second method consists in the application s 
of known, though vai'ying Saws of change in the 
unities. These changes in the unities produce c 
the entire system of denominate numbers, each i 
class of which has its appropriate scale, and the 
changes among the units of the same class are 
indicated by the different degrees of its scale. 

INTE&EE UNITS OF ABITHMETIC. 

§ 182, There are four principal classes of units i 
in arithmetic : 

1st. Abstract, or simple units; 

2d. Units of Currency ; 

3d. Units of Weight ; and 

4th. Units of Measure. 

First among the Units of arithmetic stands 
the simple or abstract unit 1. This is the basis a 
of all simple numbers, and becomes the basis. 
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Tiieiiasaof also, of all denominate numbers, by merely na- 

uumbers! fning, ill Succession, the particular things to 

which it is applied, 

AiBo,ih6ba- It is also the basis of all fractions. Merely as 

tioiia, the unit 1, it is a whole which may be divided 

ptaordBDom- according to any law, forming every variety of 

ianie. fi-action ; and if we apply it to a particular thing, 

the fraction becomes denominate, and we have 

expressions for all conceivable parts of that thing. 

§ 133. It has been remarked* that we can 

Mostoppta- forin no distinct apprehension of a number, nn- 

onit. til we have a clear notion of its unit, and the 

number of times the unit is taken. The unit is 

the great basis. The utmost care, therefore, 

i.et lis nature should be taken to impress on the minds of 

tuuy cKpiuiD- learners, a clear and distinct idea of the actual 

value of the unit of every number with which 

they have to do. If it be a number expressing 

^^""^'^ currency, one or more of the coins should be 

preffiiugcur- exhibited, and the value dwelt upon: after which, 

rency. 

distinct notions of the other units Can be ac- 
quired by comparison. 
BKhihituu! ^^ ^^^ number be one of weight, some unit 
BiiLtif itbe should be exhibited, as one pound, or one ounce, 

ofwdgbli 

and an idea of its weight acquired by actually 
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lifting it. This is the only way in which we 
can learn the true signification of the terms. 

If the number he one of measure, either a 
linear, superficial, liquid, or solid, its unit should 
also be exhibited, and the signification of the 
term expressing it, learned in the only way in 
■which it can he learned, through the senses, and 
by the aid of a sensible object. 



5 134. The currency of the United States is cmrencyL 
called Federal Money. Its units are all denomi- 
nate, being 1 mOl, 1 cent, 1 dime, 1 dollar, 1 
eagle. The law of change, in passing from one Law of 
unit to another, is according to the scale of tens, toah^ 
Hence, this system of numbers may be treated, ^^^ ^^^ 
in all respects, as simple numbers ; and indeed i"™'™sm 
they are such, with the single exception that 
their units have different names. 

They are generally read in the units of dollars, now gen- 
cents, and mills — a comma being placed after 
the figure denoting dollars. Thus, 

IS 864,849 B^nipi. 

is read eight hundred and sixty-four dollars, 
eighty-four cents, and nine mills ; and if there 
were a figure after the 9, it would be read in ^^^^ 
decimals of the mill. The number may, how- 
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s ever, be read in any other unit ; as, 864849 
s. mills ; or, 86484 cents and 9 mills ; or, 8648 
dimes, 4 cents, and 9 mills ; or, 86 eagles, 4 dol- 
lars, 84 cents, and 9 mills ; and there are yet 
several other readings. 



,. § 135. The units of English, or Sterlmii; Mo- 
ney, are 1 farthing, I penny, 1 shilling, and 1 
pound. 

The scale of this class of numbers is a vaiying 
scale. Its degrees, in passing from the unit of 
the lowest denomination to the highest, are four, 
twelve, and twenty. For, four farthings make 
one penny, twelve pence one shilling, and twenty 
shillings one pound. 



§ 130, The units of the Avoirdupois Weight 
are 1 dram, 1 ounce, 1 pound, 1 quarter, 1 hun- 
dred-weight, and 1 ton. 

Tlie scale of this class of numbers is a vary- 
ing scale. Its degrees, io passing from the unit 
of the lowest denomination to the highest, are 
sixteen, sixteen, twenty-five, four, and twenty. 
J For, sixteen drams make one ounce, sixteen 
■ ounces one pound, twenty-five pounds one quar- 
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ter, four quarters one hundred, and twenty hun- 
dreds one ton. 



§ 137. The units of the Troy Weight are, 1 ""i'« 
grain, 1 pennyweight, 1 ounce, and 1 pound. 

The scale is a varying scale, and its degrees, s«au 
in passing from the unit of the lowest denomina- ng^^^ 
tion to the highest, are twenty-four, twenty, and 
twelve. 



§ 138. The units of this weight are, I grain, 1 Units 

scruple, 1 dram, 1 ounce, and I pound. ^^,elgh 

The scale is a varying scale. Its degrees, in ^™'ei 

passing from the unit of the lowest denomina- nadcEn 
tion to the highest, are twenty, three, eight, and 
twelve, 

UNITS OF MEASURE. 

6 139. There are three units of measure, each '^'™'" 
differing in kind from the other two. They ai-e. 
Units of Length, Units of Surface, and Units of 
Solidity. 

ONITS OF LENGTH. 

§ 140. The unit of length is used for measur- 'J"''= 

leogUi 

ing lines, either straight or curved. It is a 
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Th..W- 


sti-aight line of a given length, and is often called 


ord. 


the standai^d of the measurement. 


Whatmil^ 


The units of length, generally used as stand- 


MaUken. 


ards, are 1 inch, I foot, I yard, 1 rod, 1 furlong. 




and I mile. The number of times which the 


W™of 


unit, used as a standard, is taken, considered in 


leiielJi. 


connection with its value, gives the idea of the 




length of the line measured. 




UNITS OF SURFACE. 


Uilfaof 


§ HI. Units of surface are used for the meas- 


sm*,ce. 


urement of the area or contents of whatever has 




the two dimensions of length and breadth. The 


What Ihe 


unit of surface is a square de- 




scribed on the unit of length 


ffliifiicais. 


as a side. Thus, if the unit 






Examples. 


of length be 1 foot, the corre- 






sponding unit of surface will 








be 1 square foot ; that is, a square constructed on 




1 foot of length as a side. 


IlsooanocUo 


„ If the linear unit be 1 yard, ^ ^^^ 


rt-le.«tl.. 


' the corresponding unit of sur- 
face will be 1 square yai-d. It 
will be seen from the figure. 
















Square teB 


that, although the linear yard 
















squDtey-n 


contains the linear foot but 










three times, the square yard 
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contains the square foot nine times. The square s 
rod or square mile may also be used as the unit s 
of surface. 

The number of times which a surface contains 
its tinit of measure, is its area or contents ; and 
this number, taken in connection with the value 
of the unit, gives the idea of its extent. 

Besides the units of surface already considered, 
there is another kind, called, 



§ 142. The duodecimal units are generally nuortw 
used in board measure, though they may be used ™' 
in all superficial measurements, and also in solid. 

The square foot is the basis of this class of Their b 
units, and the others are deduced from it, by a 
descending scale of twelve. 

§ 143. It is proved in Geometry, that if the whai j 
number of linear units in the base of a rectan- ^^qI^^ 
gle be multiplied by the number of linear units 
in the height, the numerical value of the pro- 
duct will be equal to the number of superficial 
units in the figure. 

Knowing this fact, we often express it by say- j|g„ u | 
ing, that "feet multiplied by feet give square ^'"'" 
feet," and "yards multiplied by yards give square 
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^■liisiiooiiciBo yards," But as feet cannot be taken /eei times 
ejpiiiffiioo. ^^^ ^^^^^ ^^^^ fimes, this language, rightly un 
derstood, is but a concise form of expression fo 
the principle stated above. 
Coudu^m. With this understanding of the language, we 
say, that 1 foot in length multiplied by 1 foot in 
height, gives a square foot ; and 4 feet in lengtl 
multiplied by 3 feet in height, gives 12 square 
feet. 




Ex;,mpbHin § 144. If now, 1 foot in 

caUonoTfeei length be multiplied by 1 inch 

"'^.T =T*J of a foot in height, the 

product will be one-twelfth 

of a square foot ; that is, one- 




























twelfth of the first unit : if it 

be multiplied by 3 inches, the 

"^'Xr''^ three-twelfths of a square foo 

for a multiplier of any number 

Lurboaby If, now, we multiply 1 inci 

product may be represented b 

Huwiheuniis that is, by one-twelfth of the la 

TZV^ the units of this measure decre 

the scalp, of 13. The units are, 

rirai, 1st. Square feet — arising fron 

by feet, 
second. 2d. Twelfths of square feet— 
tiplying feet by inches. 


product will b 
; and similarly 
jf inches. 

by 1 inch, th 
y 1 square inch 
St unit. Hence 
ase according- t 

multiplying fee 

arising from mu] 
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3d. Twelfths of twelfths — arising from multi- Tiiii-d. 
plying inches by inches. 

The same remarks apply to the .smaller di- conclusion 
visions of the foot, according to the scale of 
twelve. 

The diiEculty of computing in this measure niffiouiij. 
arises i'rom the changes in the units. 



§ 145. It has already been stated, that if i 
length be multiplied by breadth, the product 
may be represented by units of surface. It is 



Wliatia 



breadth, and height of any regular solid body, ^' 
of a square form, be multiplied together, the 
product may be represented by solid units whose 
number is equal to this product. Each solid s 
unit is a cube constructed on the linear unit as 
an edge. Thus, if the linear unit be 1 foot, the 
solid unit will be 1 cubic or solid foot ; that is, 
a cube constructed on 1 foot as an edge; and 
if it be 1 yard, the unit will be 1 solid yard. 

The three units, viz. the unit of length, the 
unit of surface, and the unit of solidity, are es- ( 
sentiaJly different in kind. The first is a line 
of a known length ; the second, a square of a ■ 
known side : and the third, a solid, called a 
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iifluy cube, of a known base and height. These are 
the units used in all kinds of measurement— 

cciuiai excepting only the duodecimal system, which 
has already been explained. 

LIQUID MEASURE. 

ofLi- 5 146. The units of Liquid Measure are, 1 
re. gill, I pint, I quart, 1 gallon, 1 barrel, 1 hogs- 
head, 1 pipe, 1 tun. The scale is a varying 
scale. Its degrees, in passing from the unit of 
itva- the lowest denomination, are, four, two, four, 
thirty-one and a half, sixty-three, two, and two. 



uniiaofDiT § 147. The units of this measure are, 1 pint, 

1 quart, 1 peck, I bushel, and 1 chaldron. The 

D^reeaof degrees of the scale, in parsing from units of the 

lowest denomination, are two, eight, four, and 

thirty-six. 



Uiiitaof § 148. The units of Time are, 1 second, 1 
minute, 1 hour, 1 day, 1 week, 1 month, 1 year, 
Degrees of and 1 cenlury. The degrees of the scale, in 
passing from units of the lowest denomination to 
the highest, are sixty, sixty, twenty-four, seven, 
four, twelve, and one hundred. 
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^ 149. The units of this i 
ond, I minute, 1 degree, 1 sign, 1 circle. The 
degrees of the scale, in passing from units of the 
lowest denomination to those of the higher, are 
sixty, sixty, thirty, and twelve. 



ADVAHTAGES OP THE SYSTEM OF TTNITIES. 

§ 150. It may weU be asked, if the method ' 
here adopted, of presenting the elementary prin- 
ciples of arithmetic, has any advantages over 
those now in general use. It is supposed to pos- 
sess the following : 

1st. The system of unities teaches an exact ii 
analysis of all numbers, and unfolds to the mind o 
the different ways in which they are formed from 
the unit one, as a basis. 

2d. Such an analysis enables the mind to form a 
a definite and distinct idea of every number, by 
pointing out the relation between it and the unit 
from which it was derived. 

3d. By presenting constantly to the mind the sc 
idea of the unit one, as the basis of all numbers, , 
the mind is insensibly led to compare this unit 
wath all the numbers which flow from it, and 
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then it can the more easily compare those num- 




bers with each other. 


4Lh.E«pl.Ln 


4th. It affords a more satisfactory analysis. 


"^e^" 




"^^ 


rules, and indeed of all the operations of arith- 




metic, than any other method of presenting the 




subject. 




POIJE GROUND ETTLES. 


ajsirm 


5 151. Let us talje the two following examples 


applieiL in 


in Addition, the one in simple and the other ui 




denominate numbers, and then analyze the pro- 




cess of finding the sum in each. 


.„„,, 


874198 cwt. gr. lb. 0^. dr. 
36984 3 3 24 15 14 
3641 6 3 23 14 8 


914823 10 3 33 14 6 


PmcesE of 


In both examples we begin by adding the units 


pBrlormii^ 
:i*liMon. 


of the lowest denomination, and then, we divide 




their sum by so many as make one of the denomi- 




nation next higher. We then set down the 




remainder, and add the quotient to the units 




of that denomination. Havmg done this, we 




apply a similar process to all the other denomina- 


Bulo™ 


tions — the principle being precisely the same in 


piindple. 


both examples. We see, in these examples, an 
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illustration of a general principle of addition, UDitsofino 
viz. that units of the same hind are always added uniis. 
together. 

§ 152. Let us take two similar examples in sysiem 

Subtraction. BUblraotion. 



3 10 8 4 

2 18 10 2 



In both examples we begin with the units of The ineti.nn 
the lowest denomination, and as the number in. [heessmpieB. 
the subtrahend is greater than in the place di- 
rectly above, we suppose so many to be added 
in the minuend as make one unit of the next 
higher denomination. We then make the sub- 
traction, and add I to the units of the subtrahend 
next higher, and proceed in a similar manner, 
through all the denominations. It is plain that 
the principle employed is the same in both exam- Ptinoipie the 
pies. Also, that units of any denomination in auesuuipiea. 
the subtrahend are taken from those of the same 
denomination in the minuend. 



§ 153. Let us 1 
Multiplication. 



■ take similar examples 
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48 3 2 1 15 

In these examples we see, that we multiply, in 
succession, each order of units in the multipli- 
cand by the multiplier, and that we carry from 
one product to another, one for every so many as 
make one unit of the next higher denomination. 
" The principle of the process is therefore the 
same in both examples. 

§ 154. Finally, let us take two similar exam- 
ples in Division. 



J, We begin, in both examples, by dividing the 
units of the highest denomination. The unit of 
the quotient figure is the same as that of the 
dividend. We write this figure in its place, and 
then reduce the remainder to units of the next 
lower denomination. We then add in that de- 
nomination, and continue the division through 

' all the denominations to the last — the principle 
being precisely the same in both examples. 



>y Google 



SECIIOH II. 



§ 155. If the unit 1 be divided into ten equal rtacUon one- 
parts, each part is called one tenth. If one of ^^uj^^i. 
these tenths be divided into ten equal parts, 
each part is called one hundredth. If one of the hiuidredtii ; 
hundredths be divided into ten equal parts, each ^^^ 
part is called one thousandth ; and corresponding awuaandu.. 
names are given to similar parts, how far soever oeneroUia- 
the divisions may be carried. 

Now, although the tenths which arise from F,„oHo„a are 
dividing the unit 1, are but equal parts of 1, ^^°'^ 
they are, nevertheless, whole tenths, and in this 
light may be regarded as units. 

To avoid confusion, in the use of terms, we rraciioii!ii 
shall call every equal part of 1 a fractional unit. 
Hence, tenths, hundredths, thousandths, tenths 
of thousandths, &c., are fractional units, each 
having a fixed relation to the unit I, from which 
it was derived. 
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lioiiaj § 156. Adopting a similar language to that 

jrder; used in integer numbers, we call the tenths, frac- 

'IT ^ioi^ uiits of the Jirst order ; the hundredths, 
fractional units of the second order; the thou- 
sandths, fractional units of the third order ; and 
so on for the subsequent divisions. 
^^ Is there any arithmetical language by which 

ionai |.]jggg fractional units may be expressed ? The 
decimal point, which is merely a dot, or period, 

iiflieB. indicates the division of the unit 1, according to 
the scale of tens. By the arithmetical language, 

iofthe the unit of the place next the point, on the right, 
is 1 tenth ; that of the second place, 1 hun- 
dredth ; that of the third, 1 thousandth ; that of 
the fourth, 1 ten thousandth ; and so on for 
places still to the right. 

ale. The scale for decunals, therefore, is 

.000000000, &c.; 

in which the unit of each place is known as 
soon as we have learned the signification of the 
language. 

If, therefore, we wish to express any of the 
parts into which the unit 1 may be divided, ac- 
cording to the scale of tens, we have simply to 
bar may select from the alphabet, the figure that will 
tsscaia. express the number of parts, and then write it in 
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the place corresponding to the order of the unit, where any 
Thus, to express four tenths, three thousandths, wtiiien. 
eight ten- thousandths, a.nd sis million ths, wa 
write 

.403806 ; Example. 

and similarly, for any decimal which can he 
named. 

§ 157. It should be observed that while the 
units of place decrease, according to the acale of 
tens, from left to right, they zwcrease according The unto in- 
to the same scale, from right to left. This is the rl^w le" 
sanw law of increase as that which connects the 
units of place in simple numbers. Hence, simple consectuence. 
numbers and decimals bei 
the same law, may he ' 
other and treated as a 
preserving the separati 
Thus, 8974 and ,67046 may be written 

8974.67046 ; 

since ten units, in the place of tenths, make the 
unit one in the place next to the left. 



5 158. If the unit I be divided into two equal 
parts, each part is called a half. If It be divided 



ing formed according to 
tten by the side of each 
ngle number, by merely 
ng or decimal point. 
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into three equal parts, each part is called a third : 
if it be divided into four equal parts, each part is 
called a fourth : if into five equal parts, each 
part is caUed a fifth ; and if into any number of 
equa] parts, a name is given corresponding to the 
number of parts. 

1 Now, although these halves, thirds, fourths, 
fifths, &c., are each but parts of the unit 1, they 
are, nevertheless, in themselves, whole things. 
That is, a half is a whole half; a third, a whole 
third ; a fourth, a whole fourth ; and the same 
for any other equal part of I, In this sense, 
therefore, they are units, and we call them frac- 

1- tional units. Each is an exact part of the unit 
1, and has a fixed relation to it. 

§ 159. Is there any arithmetical language by 
which these fractional units can be expressed ? 

iit The bar, written at the right, is the I 
sign which denotes the division of the | 
unit 1 into any number of equal parts. 

a If we wish to express the number of equal 
parts into which it is divided, as 9, for I — 
example, we simply write the 9 under | 
the bar, and then the phrase means, that some 
thing regarded as a whole, has been divided into 
9 equal parts. 
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If, now, we wish to express any 
number of these fractional units, as 7, 
for example, we place the 7 above the 
line, and read, seven ninths. 



§ 160. It was observed,* that two things are i 
necessary to the clear apprehension of an inte- aj 
ger number. 

1st. A distinct apprehension of the unit which 
forms the basis of the number ; and, 

2dly. A distinct apprehension of the number 
of times which that unit is taken. 

Three things are necessary to the distinct ap- ti 
prehension of the value of any fi-action, eifhei a; 
decimal or vulgar, 

1st. We must know the unit, or whole thmg, 
from which the fraction was derived . 

2d. We must know into how many equal parts 
that unit is divided ; and, 

8dly. We must know how many such parts 
are taken in the expression. 

The unit from which the fraction is derived, i 
is called the unit of tke fraction ; and one of i 
the equal parts is called, the unit of the expres- 
sion. 

For example, to apprehend the value of the 

Section 110. 
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What^v. 


fraction f of a pound avoirdupois, or f ft. ; we 


muat kmnr 


must know. 


Fii'sL 


1st. What is meant by a pound ; 


Second. 


2d. That it has been divided into seven equal 




parts ; and, 


Thlid. 


3d. That three of those parts are taken. 




In the above fraction, 1 pound is the unit of 




the fraction ; one-seventh of a pound, the unit 




of the expression ; and 3 denotes that three frac- 




tional units are taken. 


U.itwhen 


If the unit of a fraction be not named, it is 


nut named 


taken to be the abstract unit 1. 




i»VA»ri..S 0. .»A0T.O»AL O-.IS. 


Evayeqiial 


§ 161. By considering every equal part of uni- 


partome. 


ty as a unit of itself, having a certain relation to 




the unit 1, the mind is led to analyze a frac- 




tion, and thus to apprehend its precise significa- 




tion. 


Advantage 


Under this searching analysis, the mind at 




once seizes on the unit of the fraction as the 




principal basis. It then looks at the value of 




each part. It then inquires hovF many such pai-ts 




are taken. 


Equal nnilf 


It having been shown that equal integer units 


IcgraloiTra. 


■- can alone be added, it is readily seen that the 
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same principle is equally applicable to frac- tionoi, co 

tioTial units ; and then the inquiry is made : „i^^_ 
What is necessary in order to make such units 



It is seen at once, that two things are neees- 

Ist. That they be parts of the same unit ; and, 
3d. That they be like parts ; in .other words, 
they must be of the same denomination, and 
have a common denominator. 

In regard to Decimal Fractions, all that is 
necessary, is to observe that units of the same 
value are added to each other, and when the 
figures expressing them are written down, they 
should always be placed in the same column. 

5 162. The great difficulty in the management ^ 
of fractions, consists in comparing them with n 
each other, instead of constantly comparing them 
with the unity from which they are derived. 
By considering them as entire things, having a 
fixed relation to the unity which is their basis, 
they can be compared as readily as integer num- 
bers ; for, the mind is never at a loss when it 
apprehends the unit, the parts into which it is 
divided, and the number of parts which are ^ 
taken. The only reasons why we apprehend and 
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handle integer numbers more readily tlian frac- 
tions, are, 

1st. Because the unity forming the basis is 
always kept in view ; and, 

2d. Because, in integer numbers, we have 
been taught to trace constantly the connection 
between the unity and the numbers which come 
from it ; while in the methods of treating fi-ac- 
tions, these important considerations have been 



SECTION III, 



5 163. PnopoKTioK expresses the relation which 
one number bears to another, with respect to its 
being greater or less. 
^ Two numbers may bo compared, tlie one wUJ< 
the other, in two ways : 

1st, With respect to their difference, called 
Arithmetical Proportion ; and, 

2d. With respect to their quotient, called 
Geometrical Proportion. 
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Thus, ii' we compare the numbers 1 and 8, Example of 
by theu- difference, we find that the second ex- pl„j^,*ii|^ 
ceeds the first by 7 : hence, their difference 7, 
is the measure of their arithmetical proportion, 
and is called, in the old books, their arithmetical Ratio. 
ratio. 

If we compare the same numbers by their EMmpioot 
quotient, we find that the second contains the '^'"'""^'™' 
first 8 times : hence, 8 is the measure of their 
geometrical proportion, and is caEed their geo- ^''"^ 
metrical ratio* 

5 164. The two numbers which are thus eom- 

' Torma, 

pared, are called terms. The first is called the Antecedent 
antecedent, and the second the consequent. cmaequeni 

In comparing numbers with respect to their comparitoi! 
difference, the question is, how much is one ^ 
greater than the other ? Their difference affords 
the true answer, and is the measure of their pro- 
portion. 

In comparing numbers with respect to their compFiriaoB 
quotient, the question is, how many times is one 
gi-eater or less than the other ? Their quotient 
or ratio, is the true answer, and is the measure 



* The term ratio, as now geoerally uaod, means the quo- 
tient arising from (Hiding one numlter by another, Wb 
shall use it only in this sense. 



, Google 



[.< 



toby of their proportion. Ten, for example, is 9 

greater than 1, ifwe compare the numbers one 

and ten by their difference. But if we compare 

■i™'- them by their quotient, ten is said to be ten 

mGE." times as great — the language "ten times" having 

reference to the quotient, which is always taken 

as the measure of the relative value of two 

lea of numbers so compared. Thus, when we say, 

""^^ that, the units of om- common system of numbers 

increase in a tenfold ratio, we mean that they so 

'increase that each succeeding unit shall contain 

the preceding one ten times. This is a conven- 

iiioni ient language to express a particular relation of 

'^'*'' two numbers, and is perfectly correct, when 

used in conformity to an accm-ate definition. 

hat § 165. All authors agree, that the measure of 
.gT the geometrical proportion, between two num- 
bers, is their ratio ; but they are by no means 
t disa- unanimous, nor does each always agree with 
^' himself, in the manner of determining this ratio. 
Some determine it, by dividing the fii^t term by 
It me- the second ; others, by dividing the second term 
by the first.* All agree, that the standard, what- 
rar. ever it may be, should be made the divisor. 

* The Encyclopedia MelropoliCana, a work diatioguished 
by the escelience of ils acientilic articles, adopts the latter 
method. 
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161 


This leads us to mqmie, whethei the iniiid 


Whit .1 lira 


fixes most readdy on the fiist or second numbei 


bc«l f Jim. 


as a standdrd, that ib, ^^heJher if& tendency is 




to legaid the second number a& aiismg fiom the 




fii&t, or the first as aii&mg tiom the second 




§ 166. All our ideas of numbers begin at 


Ori^-iiof 


one.* This is the starting-point. We con- 


numbe,^ 


ceive of a number only by measuring it with 


HOWITOCOT 


one, as a standard. One is primarily in the 


"tZ^J. 


mind before we acquire an idea of any other 




number. Hence, then, the comparison begins 


Whe« *« 


at one, which is the standard or unit, and all 


oompEi^on 


other numbers are measured by it. When, there- 




fore, we inquire what is the relation of one to 




any other number, as eight, the idea presented 


Tbe irtea 


is, how many times does eight contain the stand- 




awl? 




We measure by this standard, and the ratio is 


Sls.ria«l. 


the result of the measurement. In this view of 




the case, the standard should be the first number 


Whftt thsj 


named, and the ratio, the quotient of the second 




number divided by the first. Thus, the ratio of 




S to 6 would be expressed by 3, three being the 


E,™pl^ 


number of times which 6 contains 9. 




* Section 104. 


11 
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oiherteasona § 167, The reasoii for adopting this method 
tiiodofoom- of comparison will appear still stronger, if we 
'""^"' take fractional numbers. Thus, if we seek the 
relation between one and one-half, the mind im- 
mediately looks to the part which one-half is of 
Comparison one, and this is determined by dividing one-half 

of unily wUh 

fluciione. by 1 ; that is, by dividing the second by the 
first : whereas, if we adopt the other raethod, 
we divide our standard, and find a quotient 2. 

GaoniGtricai § 168. It may be proper here to observe, that 
while the term "geometrical proportion" is used 
to express the relation of two numbers, com- 
Ageomeiii- pared by their ratio, the term, "a geometrical 
liondeBned. proportion," is applied to four numbers, in which 
the ratio of the first to the second is the same as 
that of the third to the fourth. Thus, 



a geometrical proportion, of which the ratio 



§ 169. We will now state some further ad- 
vantages which result from regarding the ratio 
as the quotient of the second term divided by 
the first. 
1 Every question in the Rule of Three is a 
geometrical proportion, excepting only, that the 
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last term is wanting. When that term is foundj Th™- 
the geometrical proportion becomes complete. 
In all sucii proportions, the first term is used as 
the divisor. Further, for every question in the 
Rule of Three, we have this clear and simple 
solution : viz. that, the unknown term or an- How 
swer, is equal to the third term multiplied hy 
the ratio of the first two. This simple rule, for 
finding the fourth term, cannot he given, unless ^^''' 
we define ratio to be the quotient of the second aeHn 
term divided by the first. Convenience, there- 
fore, as well as general analogy, indicates this as 
the proper definition of the term ratio. 



§ 170. Again, fJI authors, so far as I have i 
consulted them, are uniform in their definition , 
of the ratio of a geometrical progression : viz. ' 
that it is the quotient which arises from divid- 
ing the second term hy the first, or any other 
term by the preceding one. For example, in 
the progression 



3 ; 4 ■ 



t ■ 16 : 32 ; 64, 



all concur that the ratio is 2 ; that is, that it is 
the quotient which arises from dividing the sec- 
ond term by the fiist : or any other term by the 
preceding teim But a geometrical progression 
diiFers from a geometrical proportion only in 
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piaceinewry is the Same; while in the latter, the ratio of the 
to u^"I^ first and second is different from that of the sec- 
01 uie BiimB. jjj^(j ^j^^ third. There is, therefore, no essential 
differeace in the two proportions. 

Why, then, should we say that in the propor- 
tion 

2 : 4 :: 6 : 13, 

the ratio is the quotient of the first term divided 
by the second ; while in the progression 

2 : 4 : 8 : J6 : 32 : 64, &c., 

the ratio is defined to be the quotient of the sec- 
ond term divided by the first, or of any term di- 
vided by the preceding term ? 
wiiaitiin As far as I have examined, all the authors 
have (lemiri- ^^^ have defined the ratio of two numbers to 
ed from uieir j^ ^^ quotient of the first divided by the sec- 
ond, have departed from that definition in the 
case of a geometrical progression. They have 
HoKusai there used the word ratio, to express the quo- 
"""' tient of the second term divided by the first, 
and this without any explanation of a change 
in the definition. 
ouiBtio- Most of them have also departed from their 
wM^ihe definition, in informing us that " numbers in- 
dsfiiduonof crease from right to left in a tenfold ratio," in 
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which the term ratio is used to denote the quo- Rauo is not 
tient of the second number divided by the first. 
The definition of ratio is thus departed from, 
and the idea of it becomes confused. Such ooueequen- 
discrepancies cannot but introduce confusion 
into the minds of learners. The same term 
should always be used in the same sense, and 
have but a single signification. Science does wastsoienf 
not permit the slightest departure from this rule. 
I have, therefore, adopted but a single significa- 
tion of ratio, and have chosen that one to which tlc deBni- 
all authore, so far as I know, have given their 
sanction ; although some, it is true, have also 
used it in a different sense. 



§ 171. One important remark on the subject imporia. 
of proportion is yet to be made. It is this : 

Any two numbers which are compared togeth- Kumbei 
er, either by their difference or quotient, must nmsibe 
be of the same kind: that is, they must either j^^j^, 
have the same unit, as a basis, or be susceptible 
of reduction to the same unit. 

For example, we can compare 2 pounds with EMmpi. 
6 pounds : then- difference is 4 pounds, and their Aritumcii 
ratio is the abstract number 3. We can also rit,-uprup 
compare 2 feet with 8 yards : for, although the ''""' 
unit 1 foot is different from the unit 1 yard, stil! 
8 yards are equal to 34 feet. Hence, the differ- 
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eoce of the numbers is 22 feet, and their ratio 
the abstract number 12. 

the other hand, we cannot compare 2 dol- 
n lara with 3 yards of cloth, for they are quantities 
ot d fterent kinds, not being susceptible of reduc- 
tion to a common unit. 
=' Simple or abstract numbers may always be 

u-oa. compared, since they have a common unit I. 



SECTION IT- 



§ 172. Akithmetio is both a science and an 
! art. It is a science in all that relates to the 
properties, laws, and proportions of numbers. 
The science is a collection of those connected 
processes which develop and mate known the 
laws that regulate and govern ah the operations 
performed on numbers, 

§ 173. Arithmetic is an art, in this : the sci- 
ence lays open the properties and laws of num- 
bers, and furnishes certain principles from which 
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practical and useful rules are formed, applicable 
in the mechanic arts and in business transac- 
tions. The art of Arithmetic consists in the i 
judicious and skilful application of the princi- 
ples of the science; and the rules contain the 
directions for such application. 

§ 174. In explaining the science of Arithmetic, ii 
great care should be taken that the analysis of „ 
every question, and the reasoning by which the 
principles are proved, be made according to the 
strictest rules of mathematical logic. 

Every principle should be laid down and ex- 



use and application in arithmetic, but also, with 
reference to its connection with the entire mathe- 
matical science — ^f which, arithmetic is the ele- 
mentary branch. 

5 175. That analysis of questions, therefore, 
where cost is compared with quantity, or quan- '*' 
tity with cost, and which leads the mind of the 
learner to suppose that a ratio exists between 
quantities that have not a common unit, is, with- 
out explanation, certainly faulty as a process of 
science. 

For example ; if two yards of cloth cost 4 dol- 
lars, what will 6 yards cost at the same rate ? 
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■sia: Analysis. — Two yards of cloth will cost twice 
as much as 1 yard : therefore, if two yards of 
cloth cost 4 dollars, 1 yard will cost 3 dollars. 
Again : if 1 yard of cloth cost 2 dollars, 6 yards, 
heing six times as much, will cost sis times two 
dollars, or 12 dollars. 

:(ory Now, this analysis is perfectly satisfactory to 
a child. He perceives a certain relation between 
2 yards and 4 dollars, and between 6 yards and 
12 dollars : indeed, in his mind, he compares 
these numbers together, and is perfectly satisfied 
with the result of the comparison. 

Advancing in his mathematical course, how- 
ever, he soon comes to the subject of propor- 
tions, treated as a science. He there finds, 

why greatly to his surprise, that he cannot compare 
' together numbers which have different units ; 
and that his antecedent and consequent must he 
of the same kind. He thus learns that the whole 
system of analysis, based on the above method of 
comparison, is not in accordance with the prin- 
ciples of science. 

e What, then, is the true analysis ? It is this : 

6 yards of cloth being 3 times as great as 3 
yards, will cost three times as much : but 2 yards 
cost 4 dollars ; hence, 6 yards will cost 3 times 
4, or 12 dollars. If this last analysis be not 

- as simple as the first, it is certainly mote strictly 
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scientilic ; and when once learned, can be ap- 
plied tlirough the whole range of mathematical 



§ 176. There is yet another view of this ques- i 
tion. which removes, to a great degree, if not g, 
entirely, the objections to the first analysis. It is 
this: 

The proportion between 1 yard of cloth and 
its cost, two dollars, cannot, it is true, as the 
units are now expressed, be measured by a ratio, 
according to the mathematical definition of a 
ratio. Still, however, between 1 and 3, regard- 
ed as abstract numbers, there is the same relation 
existing as between the numbers 6 and 12, also ' 
regarded as abstract. Now, by leaving out of 
view, for a moment, the units of the numbers, 
and finding 13 as an abstract number, and then i 
assigning to it its proper unit, we have a correct 
analysis, as well as a correct result, 

§ 177. It should be borne in mind, that practi- 
cal arithmetic, or arithmetic as an art, selects 
from all the principles of the science, the mate- 
rials for the construction of its rules and the 
proofs of its methods. As a mere branch of 
practical knowledge, it cares nothing about the 
forms or methods of investigation — it demands 



rules oral 



Wtiat 
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the fruits of them all, m-the most conccnti-ated 
E^straieof and practical form. Hence, the best rule of art, 
'^ ' which is the one most easily applied, and which 
reaches the result by the shortest process, is not 
always constructed after those methods which 
science employs in the development of its prin- 
ciples. 
Bcfinitinn of For example, the definition of multiplication is, 
™ ti(m.™" ^'^^^ "• ^^ *h® process of taking one number, called 
the multiplicand, as many times as there are 
wjiDtitdo- ""i^^ ^^ another called the multiplier. This defi- 
mamia. nition, as one of science, requires two things, 
rirat 1st. That the multiplier be an abstract num- 

ber; and, 
semad, Sdly. That the product be of the same kind as 
the multiplicand. 

These two principles are certainly correct, 

1,1^ be f-iid relating to arithmetic as a science, are uni- 

J^^j_^ versally true. But are they universally true, in 

furniswiig a thg sense in which thev would be understood bv 

tuleofiirt, _ •' _ _ ■' 

learners, when applied to arithmetic as a mixed 

subject, that is, a science and an art ? Such an 
application would certainly exclude a large class 
of practical rules, which are used in the appli- 
cations of arithmetic, without reference to par- 
ticular units. 
Enampieaor p^,, example, if we have feet in length to be 
appiiciKioira. multiplied by feet in height, we must exclude the 
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question as one to which arithmetic is not appli- 
cable ; or else we must multiply, as indeed we 
do, without reference to the unit, and then assign 
a proper unit to the product. 

If we have a product arising from the three ^wh< 
factors of length, breadth, and thickness, the ore 
unit of the first product and the unit of the final 
product, will not only be different from each 
other, but both of them will be different from 
the unit of the given numbers. The unit of the Tue < 
given numbers will be a unit of length, the unit 
of the first product will be a square, and that of 
the final product, a cube. 

§ 178, Again, if we wish to find, by the best ^| 
practical rule, the cost of 467 feet of boai-ds at 
30 cents per foot, we should multiply 467 by 
30, and declare the cost to be 14010 cents, or 
^140,10. 

Now, as a question of science, if you ask, can coa 
we multiply feet by cents ? we answer, certainly „f^ 
not. If you again ask, is the result obtained 
right? we answer, yes. If you ask for the analy- 
sys, we give you the following : 

1 foot of boards ; 467 feet ; r 30 cents : Answer. 
Now, the ratio of I foot to 467 feet, is the ab- si 
stract number 467 ; and 30 cents being multi- 
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plied by this number, gives for the product 14010 
cents. But as the product of two numbers is 
numerically the same, whichever number be used 
as the multiplier, we know that 467 multiplied by 
30, gives the same number of units as 30 multi- 
le plied by 467 : hence, the first rule for finding the 
amount is correct. 

1- § 179. 1 have given these illustrations to pomt 
out the diiference between a process of scientific 
investigation and a practical rule. 

The first should always present the ideas of 
■ the subject in their natural order and connection, 
- while the other should point out the best way of 
obtaining a desired result. In the latter, the 
steps of tiie process may not conform to the or- 
der necessary for the investigation of principles ; 
but the correctness of the result must be suscepti- 
ble of rigorous proof. Much needless and un- 
profitable discussion has arisen on many of the 
processes of arithmetic, from confounding aprinei- 
ple of science vrifh a rule of mere application. 
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5 180. It has been, well remarked by Cousin, Cousin, 
the great French philosopher, that " As is the Method 
method of a philosopher, so will be his system ; ^^'^^ 
and the adoption of a method decides the destiny 
of a philosophy." 

What is said here of philosophy in general, is True in 
eminently true of the philosophy of mathematical 
science ; and there is no branch of it to which 
the remark applies, with greater force, than to 
that of arithmetic. It is here, that the first no- i„p^,i,n 
tions of mathematical science are acquired. It A^uimeue. 
is here, that the mind wakes up, as it were, to 
the consciousness of its reasoning powers. Here, 
It acquires the first knowledge of the abstract — 
separates, for the first time, the pure ide^ from 
the actual, and begins to reflect aiid reason on ^^ 
pure mental conceptions. It is, therefore, of the tJ'onghu 

^ ^ should be 

highest importance that these first thoughts be rigbiij 
impressed on the mind in their natural and proper """^^^^ ■ 
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i-acuiuesto order, so as to strengthen and cultivate, at the 
same time, the faculties of apprehension, discrim- 
ination, and comparison, and also improve the 
yet higher faculty of logical deduction. 

FiiBtpoiuii 5 181. The first point, then, in framing a 
course of arithmetical instruction, is to deter- 

meihod of mine the method of presenting the subject. Is 

uiesnbierrt, there any thing in the nature of the subject it- 
self, or the connection of its parts, that points 
out the order in which these parts should be 
Laws of studied? Do the lavss of science demand a 
what da particular order ; or are the parts so loosely 

iheyreqwi-e? connected, as to render it a matter of indiffer- 
ence where we begin and where we end ? A 
review of the analysis of the subject will aid us 
in this inquiry. 

BoBieofiJie § 182. We have seen* that the science of 
nnmbCTB. numbers is based on the unit 1. Indeed, the 

inwhatuis whole science consists in developing, explain- 

confWa. ing' "Jid illustrating the laws by which, and 

through which, we operate on this unit. There 

Threa cioasee are three classes of operations performed on the 

ofoperatlooB. 

unit one. 
iBi. To jgj_ fg increase it according to certain scales. 
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forming the classes of simple and denominate 




numbers ; 




9d. To divide it in any way we please, form- 


ai.Tp 


ing the decimal and vulgar fractions ; and, 


divide it. 


3d, To compare It with all the numbers which 


3d.T.™ra- 


come from it ; and then those numbers with each 


p»e It. 


other. This embraces proportions, of which the 




Rule of Three is the principal branch. 




There is yet a fourth branch of ai'ithmetic ; 


Fourth 


viz, the application of the principles and of the 


Draoch 


rules drawn from them, in the mechanic arts 


Praetical 


and in the ordinary transactions of business. 


^plicattom; 


This is called the Art, or practical part, of 


these Ihe 


Arithmetic. (See Arithmetical Diagram facing 


art. 


page 117.) 




Now, if this analysis be correct, it establishes 


Aimljaia 


the order in which the subjects of arithmetic 


aTorf'!^! 


should be taught. 




INTEGER TII.ITS. 




5 183. We begin first with the unit 1, and in- 


Unltcme 


crease it according to the scale of tens, forming 
the common system of integer numbers. We 




then perform on these numbers the operations 




of the five ground rules ; viz. numerate them, 


OpcrnUons 


add them, subtract them, multiply and divide 


pe,.ta-m«l. 


them. 
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B We next increase the unit 1 iiccordiog to the 
varying scales of the denominate numbers, and 
thus produce the system, called Denominate or 
Concrete Numbere ; after which we perform 
upon this class all the operations of the five 
ground rules. 

§ IS-l. It may be well to observe here, that 
J the law of exact science requires us to treat the 
denominate numbers first, and the numbers of 
the common system afterwards; for, the com- 
mon system is but a variety of the class of de- 
nominate numbers ; viz. that variety, in which 
the scale is the scale of tens, and unvarying. 
But as some knowledge of a subject must precede 
all generalization, we are obliged to begin the 
t of arithmetic with the simplest element. 



Divieioiiaof § 185. We now pass to the second class of 
operations on the unit 1 ; viz. the divisions of 

General ma- it. Here we pursue the most general method, 
and divide it arbitrarily ; that is, into any num- 
ber of equal parts. We then observe that the 

Meihodoc- division of it, according to the scale of tens, is 

scaiBo^^ but a particular case of the general law of di- 
vision. We then perform, on the fractional 
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units which thus arise, all the operations of the 


-- 


five ground rules. 


RATIO,— OE HULB OF THEEE. 




§ 186. Having considered the two subjects of 


SiHlieMs 


integer and fractional units, v/e come next to 




the comparison of numbers with each other. 




This branch of arithmetic develops all the 


WhatlMa 


relative properties of numbers, resulting from 


bnmchde- 
.elopa. 


their inequality. 




The method of an-angement, indicated above, 


Wliatliiear 


presents all the operations of arithmetic in con- 


does. 


nection with the unit 1, which certainly forms 




the basis of the arithmetical science. 




Besides, this arrangement draws a broad line 


Whalitd™, 


between the science of arithmetic and its ap- 


fiL'Uiar. 


plications; a distinction which it is very im- 




portant to make. The separation of the prin- 


Theory md 


ciples of a science from their applications, so 


Bhmild ba 


that the learner shall clearly perceive what is 




theory and what practice, is of the highest im- 




portance. Teaching things separately, teaching 


GoMoH tulea 


them well, and pointing out their connections, 


&rt.^.L^. 


are the golden rules of all successful instruc- 




tion. 




§ 187. I had supposed, that the place of the 




13 
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Rule of Three, among the branches of avilh- 
metic, had been fixed long since. But several 

DifiBiencea In authors of late, have placed most of the practi- ■ 
' cal subjects before this rule— giving precedence, 
for example, to the subjects of Percentage, In- 

iiiwhstihey tere St, Discount, Insurance, &c. It is not easy 
to discover the motive of this change. It is 

Eaiiupartof Certain that the proportion and ratio of num- 
bers are parts of the science of aiuthmetie ; and 

shwiMpre- the properties of numbers which they unfold, 

cede i^[)liQ&. 

tions. are indispensably necessary to a clear apprehen- 
sion of the principles from which the practical 
rules are constructed. 

We may, it is true, explain each example in 

Percentage, Interest, Discount, Insurance, &c., 

Cannot well by a Separate analysis. But this is a matter 

imief. of much labor ; and besides, does not conduct 

the mind to any general principle, on which 

all the operations depend. Whereas, if the Rule 

of Three be explained, before entering on the 

AdvBiitages practical subjects, it is a great aid and a pow- 

BMiiiM^e erful auxiliary in explaining and establishing 

^^5 ^ the practical rules. If the Rule of Tiiree 

is to be learned at all, should it not rather 

precede than follow its applications ? It is a 

great point, in instruction, to lay down a gen- 

Thegreat gj-^] principle, as early as possible, and then con- 

iiisituciioo. nect with it, and mth each other, all the subor- 
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dinate principles, witli their applications, whicli 
flow from it. 



§ 188. We come next to the 4th division; ^pp'i^*ti»°^ 
viz. the applications of arithmetic. 

Under the classiiication which we have indi- ^^^""^ 
cated, all the principles of the science will have 
been mastered, when the pupil reaches this stage 
of his progress. His business will now be with '"'"" 
the application of principles, and no longer in iium. 
the study and development of the principles 
themselves. The unity and simplicity of this uniiyofiiio 
method of classification, may be made more ap- 
parent, by the aid of the arithmetical diagi-am 
which faces page 117. 

May we not then conclude that the subjects Howuiesu^ 
of arithmetic should be presented in the follow- 1» ptraenwd. 
ing order : 

1st. All the methods of treating integer num- '^t. inteeer 
hers, whether formed from the unit 1 according 
to the scale of tens, or according to varying 



2d. All the methods of treating fractional uni- 
ties, whether derived from the unit 1 according 
to the scale of tens, or according to varying 
scales ; 
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3d, Huieof 3d. The proportiun and ratios of numbers 

*h. Applies- 4th. The applications of the science of nun 
bers to practical and useful objects. 

OBJECTIONS TO THIS CLASSIFICATION ANSWERED. 



Two obi( 



5 189. It has been urged that Common or Vul- 
,r Fractions should be placed "immediately 
after Division, for two reasons." 

" First, they arise from division, being in fact 
unexecuted division." 

"Second, in Reduction and the Compound 
Rules, it is often necessary to multiply and divide 
fractions, to add and subtract them, also to carry 
for them, unless perchance the examples are con- 
structed for the occasion, and with special refer- 
ence to avoiding these diiilcuities." 

. au. These, I believe, are all the objections that 
have been, or can be urged against the classifi- 
cation which I have suggested. I give them in 

ftjL full, because I wish the subject of arrangement 
to be fully considered and discussed. It should 

I be our main object to get at the best possible 

^ system of classification, and not to waste our 
efforts in ingenious arguments in the support of 

Ml- a favorite one. We will consider these objec- 

y. tions separately. 
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It is certainly true, that fractions " arise from 
division," but it is as certainly not true, that they 
are " unexecuted divisions ;" and this last idea 
has involved the subject in much perplexity and 
difficulty. 

The most elementary idea oi' a fraction, arises '" 
from the division of a single thing into two equal o 
parts, each of which is called a half Now, we ti 
get no idea of this half unless we consider the 
division perfected. And indeed, the method of 
teaching shows this. For, we cannot impress 
the idea of a half on the mind of a child, until 
we have actually divided in his presence the 
apple (or something else regarded as a unit), 
and exhibited the parts separately to his senses ; 
and all other fractions must be learned by a like 
reference to the unit 1. Hence, we can form no 
notion of a fraction, except on the supposition of 
a perfected division. 

If the term, "unexecuted division," applies to " 
the numerator of the expression, and not to the u 
unit of the fraction, the idea is still more in- 
volved. For, nothing is plainer than that we 
can form no distinct notion of a result, so long 
as the process on which it depends cannot be 
executed. The vague impression that there is 
something hanging about a fraction that cannot t 
be quite reached, has involved the subject in a , 
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oosiaiuned mysterious terror; and the boy approaches it 
with the same feeling which a mariner does a 
rocky and dangerous coast, of which he has 
neither map nor chart to guide him. But pre- 
sent to the mind of the pupil the distinct idea, 
that a fraction is one or more equal parts of 
timhasT "-^'^y- ^'^^ ^^^^ every such part is a perfect whole, 

""^ '^°^ having a certain relation to the thing from which 
it was derived, and all the mist is cleared away, 
and his mind divides the unit into any number 
of equal parts, with the same facihty as the knife 
divides the apple. 
Form [ho The form of expression for a fraction, and for 

snmiexeou- ^^ Unexecuted division, is indeed the same, but 

isddmsion. ^^^ interpretation of this expression, as used for 
one or the other, is entirely different. In our 

Ae^mw common lansuasfe, the same word is not al- 

exproBadif- ° '^ 

iw-ont ibii«9. ways the sign of the same idea; and in science, 
the same symbol often expresses very different 
things. 
Example For csample, -I, as an expression in fractions, 

iieseprinci- means, that something regarded as a whole has 

^^^ been divided in 7 equal parts, and that 3 of those 

parts are taken. As a result of division, it means 

that the integer number 3 is to be divided into 

whai cannot 7 equal parts. Now, it cannot be assumed, as a 
self-evident fact, that three of the parts of the 
first division are equal to 1 part of the second ; 
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and if this fact be made the basis of a system 
of fractions, the mind of a child will go through '^ 
that system in the dark. The basis of every sys- ^ 
tern should be an elementary idea, 

§ 190. The second objection, as far as it goes, b. 
is valid. In all the tables of denominate num- 
bers, fractions occur five times ; viz. twice in 
Long Measure, where 65 yards make 1 rod, and 
69^ staiute miles 1 degree ; once in Cloth Mea- 
sure, where 2^ inches make 1 nail; once in 
Square Measure, where 30j square yards make 
1 qu e d nd n ' W e Mea ur wl e 
rfl 5 gallon n ke ba el "V eeal le 

1 e he e able 1 I be n o s c ed w I 

p,e un Bu 1 uld be bo ne n n nd 

1 Ih n ffa n ^enehe 

L al ns met o or lea ed i elemen a y 
a hn e c Mo of he 1 d ng lime s 
e I b 1 e e p eceded by all w k Tl e e 
ad n d j. a ele ne iea of num 

1 on ha a } la ji a f 
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Mas li"^n li 


is no reason, on that account, to depart from a 




classification otherwise desirable. 




§ 191. Having examined the objections that 




have been urged against that system of classifi- 


sr:: 


cation of the subjects of arithmetic, which has 
appeared to me most in accordance with the 


tbod consid 


principles of science, I shall now point out some 




of the difficulties to be met with m the adoption 




of the method proposed aa a substitute. 


FiisloWec- 


1st. That method sepai-ates the simple and de- 


Uon, 


nominate numbers, which, in their general form- 




ation, differ from each other only in the scale 




by which we pass from one unit of value to an- 




other. 


Second obje 


> 2d. By thus separating these numbers, it be- 


tiun. 


comes more difficult to point out their connec- 




tion and teach the important fact, that in all 




their general properties, and in all the opera- 




tions to be performed upon them, they differ 




from each other in no important particular. 


Third cbjoc 


3d. By placing the denominate numbers after 


tion; 


Vulgar Fractions, all the principles and rules in 


limltalton 


[ Fractions are limited in their application to a 


Ihe rules 


single class of fractions ; viz, to those fractions 




which have ike same unit. 
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For example, the common rule for addition Ejumpiea; 
of fractions, under this classification, is, in sub- 
stance, the following : " Reduce the fractions to 
a common denominator; add their numerators, i(iiia;noi 
and place the sum over the common denomi- 
nator." 

As the subject of denominate numbers has Bavangtyet 
not yet been reached, no allusion can be made ancaons 
to fractions having different units. If the learn- ''gn"^||f?^ 
er should happen to understand the rule literally, 
he would conclude that, the sum of all fractions 
having a common denominator is found by sim- 
ply adding their numerators and placing the Thormcs 
sum over the common denominator. But this piytoo™ 
cannot, of course, be so, since ^ of a £ and g- Honsoniy. 
of a shilling make neither one pound nor one 
shilling. 

What appears to nie most objectionable in Giem-si ou- 
this method, is this : it fails to present the im- 
portant fact, that no two fractions can be blend- 
ed into one, either by addition or subtraction, 
unless they are paj-ts of the same unit, as wel 
as like parts. 

By this method of classification most of the tmk mctiiod 
difficult questions which arise in fractions are tioHaroids 
avoided, or else the subject must be resumed '^='i|"="^' 
after denominate numbers, and that class of 
questions treated separately. 
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wsi^iitiii'j The class of questions to which I refer, em- 
braces examples like the following : 

Add f of a day, ^ of an hour, and -| of a sec- 
ond together. 

It is certainly true that a boy will make mar- 
vellous progress in the text-book, if you limit 
The subject him to those examples in which the fractions 
poaea oi; bui have a common unit. But, will he ever un- 
Doiieamt. ^jg^gjg^^j (j^g science of fractions unless his mind 
be steadily and always turned to the unit of the 
fraction, as the basis ? Will he understand the 
value of one equal part, so as to compare and 
unite it with another equal part, unless he first 
apprehends, clearly, the units from which those 
parts were derived ? 
LPBt ottjee- 4th. By placing the Denominate Numbers be- 
tween Vulgar and Decimal Fractions, the 
eral subject of fractional arithmetic is broken 
into fragments. This arrangement makes it dif- 
DifBoiiiyof ficult to realize that these two systems of num- 
TOnDociion of hers differ from each other in no essential 
the friLQimns, [j|,^|J^r . ^fj^t tjigy aj.g both formed from the unil 
one by the same process, with only a slight i 
iiication of the scale of division. 
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§ 193. We have seen that the arithmetical al- AiLtmi 
phabet contains ten characters.* From these 
elements the entire language is formed ; and we 
now propose to show in how simple a manner. 

The names of the ten characters are the first Hun"!' 
ten words of the language. If the unit 1 be 
added to each of the numbera from 1 to 10 in- fiis 
elusive, we find the firet ten combinations in tio 
arithmetic. t If 2 be added, in like manner, 
we have the second ten combinations ; adding ^™"| 
3, gives us the third ten combinations ; and so oui 
on, until we have reached one hinidi~ed com- 
binations (page 123). 

Now, as we progressed, each, set of combina- bbcIi 
tions introduced one additional word, and the tionai 
results of all the combinations are expressed by 
the words from two to twenty inclusive. 

5 193. These one hundred elementary com- aq* 
binations, are aO that need be committed to tedi 
memory ; for, every other is deduced from them. 
They are, in fact, but diiferent spellings of the 
first nineteen words which follow one. If we ex- 
tend the words to one hundred, and recollect that 
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at one hundred, we begin to repeat the numbers, 

wordaiobe we See that we have but one hundred words to 

for udiiiuon. be remembered for addition; and of these, all 

ODijien above ten are derivative. To this number, 

live. must of course be added the few words which 

express the sums of the hundreds, thousands, &c. 

su),ir.ioiioQ; § 194. In Subtraction, we also find one hun- 
dred elementary combinations ; the resuHs of 
which are to be read.* These results, and all 
Numiietof the numbers employed in obtaining them, axe 
expressed by twenty words. 

MuiMpiica- § 195. In Multiplication (the table being car- 
ried to twelve), we have one hundred and forty- 
four elementary combinations, f and fifty-nine 

Humbetof separate words (already known) to express the 
results of these combinations. 

DiyMoii! 5 196. In Division, also, we have one hundred 
and forty- four elementary combinations, J but 
worfB. use only twelve words to express their results. 

Four hoii- 

5 197. Thus, we have four hundred and eigh- 
ty-eight elementary combinations. The results 
uons. of these combinations are expressed by one hun- 
idBUMd! ^^^^ woi-ds ; viz. nineteen in addition, ten in sub- 
tion, traction, fifty-nine in multiplication, and twelve 

iomuiu- ^ Section 120. t Section 123. i Section 123. 



Ighty-eight 
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in division. Of the nineteen words which are laindivisim 
employed to express the results of the comhina- 
tioQs in addition, eight are again used to express 
similar results in subtraction. Of the fifty-nine 
which express the results of the combinations 
in multiplication, sixteen had been used to ex- 
press similar results in addition, and one in 
subtraction ; and the entire twelve, which ex- 
press the results of the combinations in division, 
had been used to express results of previous 
combinations. Hence, the results of all the ele- 
mentary combinations, in the four ground rules, 
are expressed by sixty-three different words ; and siKtyihtee 
they are the only words employed to translate wonia in aii. 
these results from the arithmetical into our com- 
mon language. 

The language for fractional units is similar Language 
in every particular. By means of a language oaciiojia, 
thus formed we deduce eveiy principle in the 
science of numbers. 

5 198. Expressing these ideas and their com- 
binations by ijgures, gives rise to the language Longiiage or 
of arithmetic. By the aid of this language we 
not only unfold the principles of the seienee, itaraiuepnd 
but are enabled to apply these principles to 
every question of a practical nature, involving 
the use of figures. 
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Bnt fflw 


5 199. There is but one further idea to be 




presented: it is this, — that there are very few 


alaiiiUcsUon 


combinations made among the figures, which 


oflhdfl^DraB 


change, at all, their signification, 




Selecting any two of the figures, as 3 and 5, 


Ex^mpliB. 


for example, we see at once that there are but 




three ways of writing them, that will at all 




change their signification. 


Ftal, 


First, write them by the side oi' each i 3 5, 




ntVipi- - . - ! .fi 3 


Beeond- 


ULiii:;! ---------- >(^u» 

Second, write them, the one over i ^, 




iVip filhpT- .-..----- 1 4. 


Tbh-d. 


IXIC l^iLJCi --------- / d 

Third, place a decimal point before i .3, 




each ) .5. 




Now, each manner of writing gives a differ- 




ent signification to both the figures. Use, how- 


Learn tt.e 


ever, has established that signification, and we 


language by 


know it, as soon as we have learned the Ian- 1 




guage. 




We have thus explained what we mean by 




the arithmetical language. Its grammar em- 


lis grammar 


braces the names of its elementary signs, or 


Alphrltet- 


Alphabet, — the formation and number of its 


UK^niees. 


words, — and the laws by which figures are con- 




nected for the purpose of expressing ideas. "We 




feel that there is simplicity and beauty in this 




system, and hope it may be useful. 



, Google 



„. „.] 



NECESSITy OP EXACT 

§ 200. The principles of every science are Principiss oi 
a collection of mental processes, having estab- 
lished connections with each other. In every 
branch of mathematics, the Definitions and Deflnitiona 
Terms give form to, and are the signs of, cer- 
tain elementary ideas, which are the basis of 
the science. Between any term and the idea 
which it is employed to express, the connection 
shovdd be so intimate, that the one will always 
suggest the other. 

These definitions and terms, when their sig- when once 
nifications are once fixed, must always be used always be 
in the same sense. The necessity of this is most gg;^"^^J_ 
urgent. For, "in the whole range of arithmetical 
science there is no logical test of truth, but in ntensun, 
a conformity of the reasoning to the definitions 
and terms, or to such principles as have been 
established from them." 

§ 201. With these principles, as guides, we reHniiiuna 
propose to examine some of the definitions and estimincrt. 
terms which have, heretofore, formed the basis 
of the arithmetical science. We shall not con- 
fine our quotations to a single author, and shall 
make only those which fairly exhibit the gen- 
eral use of the terms. 
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It is said, 

"Number signifies a unit, or a collection of 
units." 

" The common method of expressing numbers 
is by the Arabic Notation. The Arabic method 
employs the following ten characters, or figures," 
&c. 

s " The first nine are called significant figures, 
because each one always has a value, or denotes 
some number." 

And a little further on we have, 

■e " The diflerent values which figures have, are 
called simple and local values." 

The definition of Number is clear and cor- 
rect. It is a general term, comprehending all 
the phrases which are used, to express, either 
separately or in connection, one or more things 

1. of the same kind. So, likewise, the definition 
of figures, that they are characters, is also right. 

B- But mark how soon these definitions ai-e de- 
parted from. The reason given why nine of the 
figures are called significant is, because "each 
one always has a value, or denotes some num- 
ber." This brings us directly to the question, 

B whether a figure has a value ; or, whether it is 
a mere representative of value. Is it a number 
or a character to represent number ? Is it a 

; quantity or symbol? It is defined to be a char- 
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acter which stands for, or expresses a number. 
Ht^ it any other signification ? How then can 
we say that it has a value — and how is it possi- iiosnovuim 
ble that it can have a simple and a local value 1 
The things which the figures stand for, may 
change their value, but not the figures them- 
selves. Indeed, it is very difficult for John to 
perceive how the figure 2, standing in the sec- bntBtnnds 
ond place, is ten times as great as the same fig- 
ure 2 standing in the first place on the right! 
although ho will readily understand, when the 
arithmetical language is explained to him, that 
the UMT of one of these places is ten times as unitofpiact 
great as that of the other. 

§ 202. Let us now examine the leading defi- LeaiiiuE dee 
nition or principle which forms the basis of the 
arithmetical language. It is in these words : 

" Numbers increase from right to left in a or number, 
tenfold ratio ; that is, each removal of a figure 
one place towards the left, increases its value 
ten times." 

Now, it must be remembered, that number Doaa uot 
has been defined as signitying "a unit, or a thodefiut- 
collection of units." How, then, can it have a "™||!g „"" 
right hand, or a left ? and how can it increase 
from right to left in a tenfold ratio?" The 
explanation given is, that "each removal of a. 
13 
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laticn. figure one place towards the left, increases its 

value ten times." 

Number, signifying a collection of units, must 

laeof necessarily increase according to the law by 

^o„ which these units are combined ; and that law 

gm-ea. ^j- jjiorease, whatever it may be, has not the 

slightest connection with the figures which are 

used to express the numbers. 
uo. Besides, is the terra ratio (yet undefined), 

one which expresses an elementary idea? And 
ifoid is the term, a " tenfold ratio," one of suiEcient 

simplicity for the basis of a system? 

Does, then, this definition, which in substance 

is used by most authors, involve and carry to 
laadiDg the mind of the young learner, the four leading 
'1^°' ideas which form the basis of the arithmetical 

notation ? viz. : 
■Bt. 1st. That numbere are expressions for one or 

more things of the same kind, 
ond. 2d. That numbers are expressed by certain 

characters called figures ; and of which there 

are ten. 
,M. 3d. That each figure always expresses as 

many units as its name imports, and no more, 
irih. 4th. That the kind of thing which a figure 

expresses depends on the place which the figure 

occupies, or on the value of the units, indicated 

in some other way. 
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Place is merely one of the forms of language 
by which we designate the unit of a number, 
expressed by a figure. The definition attributes 
this property of place both to number and fig- 
urea, while it belongs to neither. 



§ 203. Having considered the definitions and 
terms in the first division of Arithmetic, viz. in 
notation and numeration, we will now pass to d 
the second, viz. Addition. 

The following arc the definitions of Addition, 
taken from three standard works before mc : 

" The putting together of two or more num- 
bers (as in the foregoing examples), so as to 
make one whale number, is called Addition, and 
the whole number is called the sum, or amount." 

"Additiom is the collecting of numbers to- 
gether to find their sum," 

" The process of uniting two or more num- 
bers together, so as to form one single number, 
is called Addition." 

" The answer, or the number thus found, is 
called the sum, or am.ount." 

Now, is there in either of these definitions 
any test, or means of determining when the 
pupil gets the thing he seeks for, viz. "the sum 
of two or more numbers?" No previous defi- 
nition has been given, in either work, of the 
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terra sum. How is the learner to know what 
he is seeking for, unless that thing be defined ? 

Suppose tha,t John be required to find the sum. 
of the numbers 3 and 5, and pronounces it to 
be 10. How win you correct him, by showing 
that he has not conformed to the definitions and 
rules ? You certainly cannot, because you have 
established no test of a correct process. 

But, if you have previously defined sum to be 
a number which contains as many units as there 
are in all the numbers added ; or, if you say, 

"Addition is the process of uniting two or 
more numbers, in such a way, that all the units 
which they contain may be expressed by a sin- 
gle number, called the sum, or sum total ;" you 
win then have a test for the correctness of the 
, process of Addition ; viz. Does the number, 
which you caO the sum, contain as many units 
as there are in all the numbers added ? The 
answer to this question wiL show that John is 
wrong. 

)f 5 204. 1 will now quote the definitions of 
Fractions from the same authors, and in the 
same order of reference. 

" We have seen, that numbers expressing whole 
things, are called integers, or whole numbers ; 
but that, in division, it is often necessary to 
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divide or break a whole thing into parts, and 
that these parts are called fractions, or broken 
numbers." 

" Fractions are parts of an integer." seamii. 

" When a number or thing is divided into tiiM, 
equal parts, these parts are called Fractions." 

Now, will either of these definitions convey 
to the mind of a learner, a distinct and exact 
idea of a fraction ? 

The term "fraction," as used in Arithmetic, Tannaaciio 
means one or more equal parts of something 
regarded as a whole ; the parts to be expressed 
in terms of the thing divided considehed as a 
UNIT. There are three prominent ideas which idesa 
the mind must embrace : 

1st. That the thing divided be regarded as a fhsu 
standard, or unity ; 

2d. That it be divided into equal parts ; second. 

3d. That the paxts be expressed in terms of Third, 
the thing divided, regarded as a unit. 

These ideas are referred to in the latter part tiiedeflni- 
of the first definition. Indeed, the definition -^^^.^ 
would suggest them to any one acquainted with 
the subject, but not, we think, to a learner. 

In the second definition, neither of them is laafmc- 
hinted at. Take, for example, the integer num- aniunger' 
ber 12, and no one would say that any one part 
of this number, as 2, 4, or 6, is a fraction. 
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Tjiiirt The third definition would he perfectly accu- 

' rate, hy inserting after the word "thing," the 

words, " regarded as a whole," It very clearly 

expresses the idea of equal parts, but does not 

In what d6- present the idea strongly enough, that the thing 

** '^' divided must be regarded as unity, and that the 

parts must be expressed in terms of this unity. 

§ 305. I have thus given a few examples, illus- 
Neces^tyor trating the necessity of accurate definitions and 
exact tetms. jgj.|^g Nothing further need be added, except 
the remark, that terms should always be used in 
the same sense, precisely, in which they are de- 
fined. 
ohjEciion To some, perhaps, these distinctions may ap- 
of™oi^ht' P^^ over-nice, and matters of little moment. 
ondiaDguage. j^ ^^^ ^^ supposcd that a general impression, 
imparted by a language reasonably accurate, 
will suffice very well ; and that it is hardly 
worth while to pause and weigh words on a 
nicely- adjusted balance. 

Any such notions, permit me to say, will lead 
to fatal errors in education. 
DsttnLuooBin It IS in mathematical science alone that words 
" ™° are the signs of exact and clearly-defined ideas. 
It is here only that we can see, as it were, the 
very thoughts thi^ough the transparent words by 
which they are expressed. If the words of the 
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definitions are not such as convey to the mind miisii> 
of the learner, the fuodameiital ideas of the reaaonm 
science, he cannot reason upon these ideas ; 
for, he does not apprehend them ; and the great 
reasoning faculty, by which all the subsequent 
principles of mathematics are developed, is en- 
tirely unexercised.* 

It is not possible to cultivate the habit of conTKitot 

wiacculti- 

accurate thinking, without the aid and use of sabiis ■ 
exact language. No mental habit is more use- 
ful than that of tracing out the connection be- 
tween ideas and language. In Arithmetic, that 
connection can be made strikingly apparent, conneiiii 
Clear, distinct ideas — diamond thoughts — may „orfsB. 
be strung through the mind on the thread of 3,^^^, 
science, and each have its word or phrase by 
which it can be transferred to the minds of 
others. 

HOW SHOCLD THB SUBJECTS BE PUBSENTED ? 

§ 206. Having considered the natural connec- 
tion of the subjects of arithmetic with each , 
other, as branches of a single science, based on 
a single unit; and having also explained the 
necessity of a perspicuous and accurate laa- 

* Section aoo. 
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■r ought gaage ; we come now to that importartt inquiry, 
i^pve. How ought those subjects to be presented to the 
enied. ^jjj^ Qf jj learner ? Before answering this ques- 
joujocB tion, we should reflect, that two important ob- 
hroeiio: jects should he sought after in the study of arith- 
metic : 
First. 1st. To train the mind to habits of clear, 

quick, and accurate thought — to teach it to 
apprehend distinctly — to disoruninate closely — 
to judge truly — and to reason correctly ; and, 
scond. 2d. To give, in abundance, that practical 
knowledge of the use of figures, in their va^ 
rious applications, which shall illustrate the stri- 
of nriui- king fact, that the art of arithmetic is the most 
important art of civilized life — being, in fact, 
the foundation of nearly all the others. 

: Ural im- § 207. It is Certainly true, that most, if not 
m^I °™ all the elementary notions, whether abstract or 
practical — that is, whether they relate to the 
science or to the art of arithmetic, must be 
made on the mind by means of sensible objects. 
Because of this fact, many have supposed that 
reasoD- the processes oi. reasoning are all to be con- 
ItiMiT' ducted by the same sensible objects; and that 
™^'''^ every abstract principle of science is to be de- 
veloped and established by means of sofas, 
chairs, apples, and hoi^es. There seems lo.be 
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an impression that because blocks are useful scns 
aids in teaching the alphabet, that, therefore iu^^ 
they can be used advantageously in reading ^ ' 
Milton and Shakspeare. This error is akin to 
that of attempting to teach practically. Geog- 
raphy and Surveying in connection with Geom- &] 
etry, by calling the angles of a rectangle, north, fl,( 
south, east, and west, instead of simply designa- '*°*' 
ting them by the letters A, B, C, and D. 

This false idea, that every principle of sci- Foise 
ence must be learned practically, instead of 
being rendered practical hy its applications, has iiaei 
been highly detrimental both to science and art. 

A mechanic, for example, knowing the height exeu 
of his roof and the width of his building, wishes ^mi 
to cut his rafters to the proper length. If he ™°|. 
calls to his aid the established, though abstract 
principles of science, he finds the length ctf his 
rafter, by the well-known relation between the 
hypothenuse and the two sides of a right-angled 
triangle. If, however, he will learn nothing ex- 
cept practically, he must raise his rafter to the ofio 
roof, measure it, and if it be too long cut it off, 
if too short, splice it. This is the practical way 
of learning things. 

The truly practical way, is that in which skill "^ 
is guided by science. 

Do the principles above stated find any appli- 



>y Google 



203 MATHEMATICAL acIENCE. [boOK I!. 

cation in considering the question. How should 
f'^a arithmetic be taught ? Certainly they do. If 
arithmetic be both a science and an art, it 
should be so taught and so learned. 

riii^:ipiaa 5 208. The principles of every science are gen- 
eral and abstract truths. They are mere ideas, 
What primarily acquired through the senses by experi- 
ence, and generalized by processes of reflection 
wise and reasoning; and when understood, are certain 
' guides in every case to which they are applicable. 
If we choose to do without them, we may. But 
is it wise to turn our heads from the guide-boards 
and explore every road that opens before us ? 

Now, in the study of arithmetic those princi- 
ples of science, applicable to classes of cases, 
wiien should always be taught at the earliest possible 

end how 

ih?i thoBid moment. The mind should never be forced 

botai^iiL jj^j.Q,^|j ^ iQjjg ggrieg of^ examples, without ex- 

T]ii5 meihods planation. One or two examples should always 

precede the statement of an abstract principle, 

or the laying down of a rule, so as to make the 

language of the principle or rule intelligible. 

But to carry the learner forward through a 

Principiia series of them, before the principle on which 

aed. they depend has been examined and stated, is 

forcing the mind to advance mechanically — it 

is lifting up the rafter to measure it, when its 
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exact length could be easily determined by a 




rule of science. 




As most of the instruction in arithmetic must 


Books; 


be given with the aid of books, we feel unable 




to do justice to this branch of the subject with- 


Necessity 


out submitting a few observations on the nature 


rar U-eatJnn 


of text-books and the objects which they are in- 




tended to answer. 




TEXT-BOOKS. 




§ 209. A text-book should be an aid to tiie 


Te«-book: 


teacher in imparting instruction, and to the 




learner in acquiring knowledge. 




It should piesent the subjects oi knowledge 


Whaft 


m their proper oidei, wath the branches of each 


rt„UibP 


subject cldsiified, and the parts ngbtly arranged 




No text-book, on a subject of geneial knowledge. 


sei(H.licn 


cjn contain all that is, kno^n of the subject on 


oi Bubjecla 


■^liich It treats, and oidinanly, it can contain 




but a veij small part Hence, the subjects to 




be piesented, and the extent to which they aie 


DlBioiUliM 


to be iieated, aie matteis of nice di^ciimination 


of WlW,lUMl 


and judgment, about which theie must always 




be a diveisity ot opinion 




§ 210. The subjects selected should be leading 


B.,,., 


ones, and those best calculated to unfold, ex- 
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plain, and illustrate the principles of the S' 
They should be so presented as to lead the mind 
to analyze, discriminate, and classify ; to see 
each principle separately, each in its combina- 
tion with others, and all, as forming an harmo- 
nious whole. Too much care cannot be be- 
stowed in forming the suggestive method of 
arrangement : that is, to place the ideas and 
principles in such a connection, that each step 
■ shall prepare the mind of the learner for the next 
in order. 

§211, A text-book should be constructed for 
the purpose of furnishing the learner with the 
keys of knowledge. It should point out, explain, 
and illustrate by examples, the methods of in- 
vestigating and examining subjects, but should 
leave the mind of the learner free from the re- 
straints of minute detail. To fill a book with 
the analysis of simple questions, which any child 
can solve in his own way, is to constrain and 
force the mind at the very point where it is ca- 
pable of self-action. To do that for a pupil, 
which he can do for himself, is most i 



§ 313. A text-book on a subject of science 
should not be historical. At first, the minds of 
children are averse to whatever is abstract, be- 
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cause what is dbstiact demands thought, and Re 
thinking is mental laboi fiom which untiained 
minds tmn away If the thiead of science be 
bioken by the presentation of facts, having no 
connection with the aigument, the mind will 
leave the moie rugged path of the leasoning, 
and employ itself with what leiimies les'^ effort 
and labur 

The optician m his delicat« experiment- ex- iiiu* 
eludes ail light except the beam which he uses : 
&o, the skilful teachei excludes ail thoughts 
excepting those which he is mcit mxious to 
impres'. 

A^ a genera! rule, "ubject of comse to some 
exceptions, but one method for each process ooe 
should be given The romds oi learners should 
not be confused If se\cial methods aie given, B" 
it becomes difficult to distinguish the leasnmngs 
applicable to each and it requires much knowl- 
edge of a subject to compare diffeient methods 
with each other. 

§ 213. It seems to be a settled opinion, both ni 
among authors and teachers, that the subject of di 
arithmetic can be best presented by means of 
three separate works. For the salte of distinc- 
tion, we will designate them the First, Second, 
and Third Arithmetics. 
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We will now explain what we suppose to be 
the proper construction of each book, and the 
object for which each should be designed. 



§ 214. This book should give to the mind 
its first direction in mathematical science, and 
its first impulse in intellectual development. 
Hence, it is the most important book of the 
series. Here, the faculties of apprehension, dis- 
crimination, abstraction, classification and com- 
parison, are brought first into activity. Now, 
to cultivate and develop these faculties rightly. 



■ ■ means of a sensible object, and then immedi- 
ately drop the object and pass to the abstract 
thought. 

We must also present the ideas consecutively; 
that is, in their proper order ; and by the mere 
method of presentation awaken the comparative 
and reasoning faculties. Hence, every lesson 
should contain a given number of ideas. The 

tion ideas of each lesson, beginning with the first, 
' should advance in regular gradation, and the 
lessons themselves should be regular steps in 
the progress and development of the arithmeti- 
cal science. 
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§ 215. The first lesson should merely contain 
representations of sensible objects, placed oppo- 
site names of numbers, to give the impression 
of the meanings of these names : thus, 

One * 

Two * * 

Three * * * 

&.C. &c. 

And with young pupils, more striking objects 
should be substituted for the stars. 

In the second Jesson, the words should be re- 
placed by the figures : thus, 



&c. 






In the third lesson, I would combine the ideas 
of the first two, by placing the words and fig- 
ures opposite each other : thus. 

Four - - - - 4 
Five - - - . 5 



Ons - - 


- - 1 


Two - - 


- - 2 


Three - 


- - 3 


&c. 


ifco. 



The Roman method of representing numbers 
should next be taught, making the fourth lesson ; 



>y Google 



208 


MATHEMATICAL SOI.KCE. [bOOKU. 


One - - - - I. 


Four - - - IV. 


1.55«a 


Two - - - - II. 


Five - - - V. 


Eoman 


Three - - III. 


Six . - - YI. 




&c. &c. 


&c. &c. 1 


First 


§ 216. We come now to the first ten com- 


uuiODs: 


binations of numbers, which should be given in 




a separate lesson. In teaching them, we must, 




of course, have the aid of sensible objects. Wo * 




teach them thus : 1 




One and one are how many? 1 


H,.w 


* * ( 


lauslit by 


One and two ai-e how many ? 




* * * 




One and three are how many ? 




^ * * * 




&c, &c. &c.. 




through all the combinations: after which, wc 


HoWiQ 


pass to the abstract combinations, and ask, one 


(iief^lrnct 


and one are how many ? one and two, how 




many ? one and three, &c. ; after which we 




express the results in figures. 




We would than teach in the same manner, in 


a.-coiid 


a separate lessoH, the second ten combinations ; 


tluus. 


then the third, fourth, fifth, sixth, seventh, eighth. 




ninth, and tenth. In the teaching of these com- 


vvordsnsed, binations, only the words from one to twenty 




wili have been used. We must then teach tha 
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combinations of which the results are expressed 
by the words from twenty to one hundred. 

§ 217. Having done this, in the way indi- 
cated, the learner sees at a glance, the basis on 
which the system of common numbers is con- 
structed. He distinguishes readily, the unit one 
from the unit ten, apprehends clearly how the 
second is derived from the first, and by com- 
paring them together, comprehends their mutual 
relation. 

Having sufficiently impressed on the mind of 
the learner, the important fact, that numbers are 
but expressions for one or more things of the 
same kind, the unit mark may be omitted in the 
combinations which follow. 

§ 218. With the single difference of the omis- 
sion of the unit mark, the very same method 
should be used in teaching the one hundred 
combinations in subtraction, the one hundred 
and forty-four in multiplication, and the one 
hundred and forty-four in division. 

When the elementary combinations of the four 
ground rules are thus taught, the learner looks 
back through a series of regular pr<^ression, in 
which every lesson forms an advancing step, 
and where all the ideas of each lesson have a 
14 
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mutual and intimate connection with each other. 
Will not such a system of teaching train the 
mind to the habit of regarding each idea sepa- 
rately — of tracing the connection between each 
new idea and those previously acquired — and of 
comparing thoughts with each other ? — and are 
not these among the great ends to be attained, 
by instruction ? 

5 219. It has seemed to me of great import- 
ance to use figures in the very first exercises of 
arithmetic. Unless this be done, the operations 
must all be conducted by means of sounds, and 
the pupil is thus taught to regard sounds as the 
proper symbols of the arithmetical language. 
This habit of mind, once firmly fixed, cannot 
s be easily eradicated; and when the figures are 
learned afterwai-ds, they will not be regarded 
as the representatives of as many things aa 
their names respectively import, but as the rep- 
resentatives merely of familiar sounds which 
have been before learned, 

This would seem to account for the fact, 
about which, I believe, there is no difference of 
opinion ; that a course of oral arithmetic, ex- 
tending over the whole subject, without the aid 
and use of figureSj is but a poor preparation 
for operations on the slate. It may, it is ti'ue. 
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sharpen and strengthen the mind, and give it What 
development; but does it give it that language 
and those habits of thought, which turn it into whoiit 
the pathways of science? The language of a 
science affords the tools by which the mind LEnguagt 
pries into its mysteries and digs up its hidden 
treasures. The language of arithmetic is formed 
from the ten figures. By the aid of this Ian- rta«e<s. 
guage we measure the diameter of a spider's 
web, or the distance to the remotest planet wnm 
which circles the heavens ; by its aid, we cal- 
culate the size of a grain of sand and the mag- 
nitude of the sun hiraself : should we then aban- 
don a language so potent, and attempt to teach iia^oae 
arithmetic in one which is unknown in the 
higher departments of the science ? 

5 320. We next come to the question, how fiucHujis 
the subject of fractions should he presented in 
an elementary work. 

The simplest idea of a fraction comes from shnpiesi 
dividing the unit one into two equal parts. To 
ascertain if this idea is clearly apprehended, put uo™ 
the question. How many halves are there in '' " ' 
one ? The nest question, and it is an import- ncki 
ant one, is this : How many halves are there in 
one and one-half? The next, How many halves 
in two? How many in two and a half? In 
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three ? Three and a half? and so on to twelve. 
You will thus evolve all the halves from the 
units of the numhers from one to twelve, in- 
clusive. We stop here, because the miiltipli. 
cation table goes no further. These combina- 
• tions should be embraced in the first lesson on - 
fractions. That lesson, therefore, will teach the 
relation between the unit I and the halves, and 
point out how the latter are obtained from the 
former. 

§ 221 The second lesson should be the first, 
leveised The fiist question is how many 
whole thmgs aie there in two hi Ives ? Sec- 
ond How man} whole things m toui halves ? 
Hi w miny in eight ^ and ^o on to twenty-four 
halves when we teach the extent oi the division 
table In this le&son yau will hive t lught the 
pupil to pass back fiom the fi ictioos to the unit 
trom which the^ aie deii\ed 

a § 233. You have thus taught the two funda- 
mental principles of all the operations in frac- 
tions: viz. 

1st. To deduce tlie fractional units from in- 
teger units ; and, 

2dly. To deduce integer units from fractional 
units. 
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twelith. 

§ 324. This method of treating the subject of ' 
fractions has many advantages : 

1st. It points out, most distinctly, the relations 
between the unit 1 and the fractions which are 
derived from it. 

2d. It points out clearly the methods of pass- 
ing from the fractional to the integer units. 

3d. It teaches the pupil to handle and com- 
bine the fractional units, as entire things. 

4th. It reviews the pupil, thoroughly, through 
the multiplication and division tables. 

5th. It awakens and stimulates the faculties 
of apprehension, comparison, and classification. 

§ 225. Besides the subjects already named, 
the First Arithmetic should also contain the 
tables of denominate numbers, and collections ' 
of simple examples, to be worked on the slate. 
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Jiianipies, under the direction of the teacher. It is not 
supposed that the mind of the pupil is suffi- 
ciently matured at this stage of his progress to 
understand and work by rules. 



5 326. In the First Arithmetic, therefore, 
the pupil should he taught, 

1st. The language of figures ; 

2d. The four hundred and eighty-eight ele- 
mentary combinations, and the words by which 
they are expressed ; 

3d. The main principles of Fractions ; 

4th. The tables of Denominate Numbers; and, 

5th. To perform, upon the slate, the element- 
ary operations in the four ground rules. 



§ 227. This arithmetic occupies a large space 
in the school education of the country. Many 
study it, who study no other. It should, there- 
fove, be complete in itself. It should also be 
eminently practical ; but it cannot be made so 
either by giving it the name, or by multiplying 
the examples. 

§ 228. The truly practical cannot be the ante- 
cedent, but must be the consequent of science. 
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Hence, that general arrangement of subjects An-angen 
demanded by aciencej and already explained, 
must be rigorously followed. 

But in the treatment of the subjects them- ebbsoob 
selves, we are obliged, on account of the limited 
information of the leaa^ners, to aiiopt methods of 
teaching less general than we could desire. 

5 229 We must here agiin begin with the Boau 
unit one and exphin the general foimation ot 
the arithmetical languige and must also ad 
heie iigidlj to the method ot introducing new '^"^ • 
principles or lules bj means of sensible objects 
This IS most easih and aucceasfullj done eiihei h »■ 
b\ an example oi question so constructed aa to 
«how the application of the prmciple oi lule 
Such questions or examples being used meieh 
foi the pmpose ot illustration one ci t\^o wdl *™ 
answei the purpose much beftui than t^ventj 
foi it a hrge nuinbei be em}lo>ed they ire r^aaoi 
regaided as eximples toi piit-tice ind aie bst 
sight of as illustiations Besides if contuses 
the mmd to diag it through a long seiies ot 
examples betoie explammg the prmcyles b^ 
which they are solved One example wrought oneexai 
undei a principle i lule clearly appiehendud 
convey* to the mmd moie piactical mluimi 
tiou thin a diztu wnu^^ht nit is iiideiendeit 
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exercises. Let the principle precede the prac- 
tice, in all cases, as soon as the information 
acquired will permit. This ia the golden rule 
both of art and morals. 

§ 230. The Second Arithmetic should em- 
brace all the subjects necessary to a full view 
of the science of numbers ; and should contain 
an abundance of examples to illustrate their 
practical applications. The reading of numbers, 
so much (though not too much) dwelt upon, is 
an invaluable aid in all practical operations. 

By its aid, in addition, the eye runs up the 
columns and collects, in a moment, the sum of 
1 all the numbers. In subtraction, it glances at 
the figures, and the result is immediately sug- 
gested. In multiplication, also, the sight of the 
figures brings to mind the result, and it is 
reached and expressed by one word instead of 
five. In short division, likewise, there is a cor- 
responding saving of time by reading the results 
of the operations instead of spelling them. The 
method of reading should, therefore, be con- 
stantly practised, and none other allowed. 
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§ 231. We have now reached the place where Thir 
arithmetic may be taught as a science. The 
pupil, before entering on the subject as treated Prepare 
here, should be able to perform, at least mechan- 
ically, the operations of the five ground rules. 

Arithmetic is now to be looked at from an 
entirely different point of view. The great vlewi 
principles of generalization are now to be ex- 
plained and applied. 

Primarily, the general language of figures wm 
must be taught, and the striking fact must then primo 
be explained, that the construction of all integer 
numbers involves but a single principle, viz. 
the law of change in passing from one unit to efmetai 
another. The basis of aJl subsequent operations 
will thus have been laid, 

§ 232. Taking advantage of this general law 
which controls the formation of numbers, we omm 
bring all the operations of reduction under one numb 
single principle, viz. this law of change in the 
unities. 

Passing to addition, we are equally surprised iisro 
and delighted to find the same principle con- 
trolling all its operations, and that integer num- 
bers of all kinds, whether simple or denominate, 
may be added under a single rule. 
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A(iiiaiw,gia This view opens to the mind of the pupil a 

Bauemiiiiw. wide field of thought. It is the first illustra- 
tion of the great advant^e which arises from 
looking into tlie laws by which numbers are 

SI Eicion constructel In subtraction, also, the same 
piinciple finds a similar application, and a sim- 
ple rule contaming but a few words is found 
applicable to all the classes of integer numbers. 

In multiphcation and division, the same stri- 
k ng lesults flow from the same cause; and 
ronerai thus this Sim] le principle, viz. the law of change 
i,jig in passing p om one unit of value to another, is 
the key to all the operations in tlie four ground 
rules whethei performed on simple or denomi- 
nate numbeis Thus, all the elementary opera- 
flni a tions ol iiithmetic are linked to a single prin- 

'""bmT^ cipie and thit one a mere principle of arith- 
metical language. Who can calculate the la- 
boi intellectual and mechanical, which may 
be sived by % right application of this lumin- 
OMf piinciple '' 

n=ind § J>3 It sluuld be the design of a higher 

onUnnKio"^ intlimetic t> expand the mind of the learner 
over the whole science of numbers ; to iOus- 
tiate the most important applications, and to 
mike mamfest the connection between the sci- 
ence and the ait. 
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It will not answer these objects if the methods ns 
of treating the subject are the same as in the 
elementary works, where science has to com- 
promise with a want of intelligence. An ele- 
mentary is not made a higher arithmetic, by Mmtii 
merely transferring its definitions, its principles, a,an<: 
and its rules into a larger book, in the same 
order and connection, and arranging under them 
an apparently new set of examples, though in fact 
constructed on precisely the same principles. 

§ 234. In the four ground rules, particularly consh 
(where, in the elementary works, simple exam- pieaiu 
pies must necessarily be given, because here "^ 
they are used both for illustration and practice), 
the examples should take a wide range, and be 
so selected and combined as to show theiT com- 
mon dependence on the same principle. 

§ 235. It being the leading design of ■a series ce^ 
of ai-ithmetics to explain ^nd JIastrate the sci- 
ence and art of /lumbere, great care should be 
taken to treat all the subjects, as far as their 
different natures will permit, according to the 
same general methods. In passing from one 
book to another, every subject which has been subj< 
fully and satisfactorily treated in the one, should ftrredi 
be transferred to the other with the fewest pos- ' 
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; so that a pupil shall not have 
to leam tinder a new dress that which he has 
already fully acquired. They who have studied 
the elementary work should, in the higher one, 
either omit the common subjects or pass them 
over rapidly in review. 

The more enlarged and comprehensive views 
which should be given in the higher work will 
thus be acquired with the least possible labor, and 
the connection of the series clearly pointed out. 

This use of those subjects, which have been 
fully treated in the elementary work, is greatly 
preferable to the method of attempting to teach 
every thing anew : for there must necessarily be 
much that is common ; and that which teaches 
no new principle, or indicates no new method of 
application, should be precisely the same in the 
higher work as in that which p 



§ 236. To vary the examples, in form, without 
changing in the least the principles on which 
they are worked, and to arrange a thousand such 
,: collections under the same set of rules and sub- 
ject to the same laws of solution, may give a 
little more mechanical facility in the use of 
figures, but will add nothing to the stores of 
arithmetical knowledge. Besides, it deludes the 
learner with the hope of advancement, and when 
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he reache the end ol hb hi^l ei mtl nctic he 


1 Ue.d. 


finds, to his -imizement thu he has been con 


ha pupil: 


ducted by the &ime guides ovei the same ground 




through a winding and devious wav made 


\ttom- 


strange by fantastic diapeiv wheieas if what 


Billtecf. 


was new hid been cSa=ised b} it'«elf uid what 




was kncwn clothed in its famdiir dies the aub 




j'ect v\m\d hi^e been piesented m an entuely 




different and brighter light. 




CONCLtJDING REMARKS. 




We have thus completed a full analysis of the 


C^nciu^n, 


language of figures, and of the construction of 




numbers. 




We have traced from the unit one, all the 


Wlat 


numbers of arithmetic, whether integer or frac- 


^"1^ 


tional, whether simple or denominate. We have 




developed the laws by which they are derived 


Lbwb. 


from this common source, and perceived the 




connections of each class with all the others. 




We have examined that concise and beautiful 


AiiolysJs 


language, by means of which numbers are made 


guage. 


available in rendering the results of science 




practically useful ; and we have also considered 


Mc*od, 


the best methods of teaching this great subject 


Indlcaltd. 


— the foundation of all mathematical science — 


Import- 


and the first among the useful arts. 


BUl^l. 
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GEOMETRY. 



CHAPTER III. 



§ 337. Geomstky treats of space, and com- Ceom 
pares portions of space with each other, for the 
purpose of pointing out their properties and mu- 
tual relations. The science consists in the de- itaso 
velopment of all the laws relating to space, and 
is made up of the processes and rules, by means 
of which portions of space can be best compared 
with each other. The truths of Geometry are a ^'"^ 
series of dependent propositions, and may be di- '^^ ' 
vided into three classes : 

1st. Truths implied in the definitions, viz. that lei- 1 
things do exist, or may exist, corresponding to uied 
the words defined. For example : when we say, 
" A quadrilateral is a rectilinear figure having four 
sides," we imply the existence of such a figure. 

2d. Self-evident, or intuitive truths, embodied ^ ^ 
in the axioms ; and, 

3d. Truths inferred from the definitions and m- d 
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asioms, called Demonstrative Truths. We say 
that a truth or proposition is proved or demon- 
. sti'ated, when, by a course of reasoning, it is 
shown to he included under some other truth or 
proposition, previously Isnown, and from which 
is said to follow; henoe, 

A Demonstratioiv is a series of logical ai'gu- 
ments, brought to a conclusion, in which the 
major premises are definitions, axioms, or prop- 
ositions abeady established. 



Subjects of 5 239. Before we can uadcrstand the proofs 
or demonstrations of Geometryj we must under- 
stand what that is to which demonstration is 
applicable : hence, the iirst thing necessary is 
to form a clear conception of space, the subject 
of all geometrical reasoning.* 
Naraosof The uext step is to give names to particular 
forms. fQj.]j^g Qj. limited portions of space, and to define 
these names accurately. The definitions of these 
names are the definitions of Geometiy, and the 
portions of space corresponding to them are 
I'lEuras. cailcd Figures, or Geometrical Magnitudes ; of 
■hn^c kinds, which there are three general classes : 
YiieL 1st. Lines; 

Pooond. 2d. Surfaces ; 

Third. 3d. Solids. 

* Sections 81 to 85. 
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§ 239, Lines embrace only one dimension of 
space, viz, length, without hreadth or thickness. 
The extremities, or limits of a line, are called 
points. 

There are two general classes of lines — straight Ti 
lines and curved lines. A straight line is one 
which lies in the same direction between any 
two of its points ; and a curved line is one which 
constantly changes its direction at every point. 
There is but one kind of straight line, and that is c 
fully characterized by the definition. From the 
definition we may infer the following axiom : " A 
straight line is the shortest distance between two 
points." There are many kinds of curves, of 
which the circumference of the circle is the sim- 
plest and the most easily described. 

§ 240. Surfaces embrace two dimensions of 
space, via. length and breadth, but not thickness. 
Surfaces, like lines, are also divided into two 
general classes, viz. plane surfaces and curved 
surfaces. 

A plane surface is that with which a straight 

line, any how plaeed, and having ivro points 

common with the surface, will coincide tbi-ough- 
out its entire extent. Such a surface is per- 
fectly even, and is commonly designated by the 
term "A plane." A large class of the figures 
15 
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EFi^ of Geometry are but portions of a plane, and all 
such ai*e called plane figures. 

5 241. A portion of a plane, bounded by three 

angle, straight lines, is called a triangle, and this is the 

isiiro. simplest of the plane figures. There are several 

kinds of triangles, diifering from each other, 

however, only in the relative values of their 

sides and angles. For example : when the sides 

are all equal to each other, the triangle is called 

of iri- equilateral ; when two of the sides ai'e equal, it 

*^' is called isosceles; and scalene, when the three 

sides are all unequal. If one of the angles is a 

right angle, the triangle is called a right-angled 

triangle. 

§ 342. The next simplest class of plane figures 
comprises all those which are bounded by four 

liiater- Straight lines, and are called quadrilaterals. 
There are several varieties of this class : 

teoies. 1st. The mere quadrilateral, which has no 
mark, except that of having four sides ; 

jeties. 2d. The trapezoid, which has two sides par- 
allel and two not parallel ; 

pedes. 3d. The parallelogram, which has its opposite 
sides parallel and its angles oblique ; 

pocies. 4th. The rectangle, wt^ch has all its angles 
right angles and its opposi^ sides parallel ; and, 
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6th. The square, which has its four sides equal 5tii spedes. 
to each other, each to each, and its four angles 
right angles. 

§243. Plane ligures, bounded by straight lines, ouimpoii- 
having a number of sides greater than four, take 
names corresponding to the number of sides, viz. 
Pentagons, Hexagons, Heptagons, &c. 

§ 344. A portion of a plane bounded by a cirtiea: 
curved line, all the points of which aa-e equally 
distant from a certain point within called the 
centre, is called a circle, and the bounding line 
is called the circumference. This is the only the drcum- 
curve usually treated of in Elementary Geometry. 

§ 245. A curved surface, like a plane, em- cuiTed Bur- 
braces the two dimensions of length and breadth. 
It is not even, like the plane, throughout its whole 
extent, and therefore a straight line may have uieir praper- 
two points in common, and yet not coincide with 
it. The surface of the cone, of the sphere, and 
cylinder, are the curved surfaces treated of in 
Elementary Geometry. 

5 246. A solid is a portion of space, combi- soiida. 
ning the three dimensions of length, breadth, and 
thickness. Solids are divided into three classes ; TureeoiosBea. 
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ciiiss. 1st. Those bounded by planes ; 

class. 2d, Those bounded by plane and curved sur- 
faces ; and, 

class. 3d. Those bounded only by curved surfaces. 

tflgurea The first class embraces the pyramid and 

i^_ , prism with their several varieties ; the second 
class embraces the cylinder and cone; and the 
third class the sphere, together with others not 
generally treated of in Elementary Geometry. 

nitiides § 247. We have now named all the geomet- 
rical magnitudes treated of in elementary Ge- 

at ihej ometry. They are merely limited portions of 
space, and do not, necessarily, involve the idea 

phere. of matter. A sphere, for example, fulfils all the 
conditions imposed by its definitions, without any 
reference to what may be within the space en- 

noi be closed by its surface. That space may be oc- 
cupied by lead, iron, or air, or may be a vacuum, 
wdthout at ail changing the nature of the sphere, 
as a geometrical magnitude. 

It should be observed that the boundary or 

ndmoB limit ol a geometrical magnitude, is another geo- 
metrical magmtude, having one dimension less. 
Foi example the boundary or limit of a solid, 

mpiea which has three dimensions, is always a surface 
which has but two: the limits or boundaries of 
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all surfaces are lines, straight or curved ; and the 
estremities or limits of lines are points. 

§ 248. We have now named and shown the sn'ijecis 
nature of the things which are the subjects of 
Elementary Geometry. The science of Ge- ^™of 
ometry-is a collection of those connected pro- 
cesses by which we determine the measures, 
properties, and relations of these magnitudes. 

COMPAKISOS OF FIGURES WITH UNITS OF MEASDBE. 

§ 249. We have seen that the term measure Measure, 
implies a comparison of the thing measured with 
some known thing of the same kind, regarded 
as a standard ; and that such standai'd is called 
the unit of measure.* The unit of measure for uniiofmeBs- 
lines must, therefore, be a line of a known length : f™ uoea, 
a foot, a yard, a rod, a mile, or any other known 
unit. For surfaces, it is a square constructed Foramftees, 
on the linear unit as a side: that is, a square a square. 
foot, a square yard, a square rod, a square mile ; 
that is, a square described on any known unit 
of length. 

The unit of measure, for solidity, is a solid, Porsmids, 
and therefore has three dimensions. It is a cube a cube. 
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constructed on a linear unit as an edgo, or on 
the superficial unit as a base. It is, therefore, 
a cubic foot, a cubic yard, a cubic rod, &c. 

i Hence, there are three units of measui^e, each 
differing in kind from the other two, viz. a known 
length for the measurement of lines; a known 
square for the measurement of surfaces ; and. a 
known cube for the measurement of solids. The 

; measure or contents of any magnitude, belong- 
ing to either class, is ascertained by finding how 
many times that magnitude contains its unit of 
measure. 

§ 250. There is yet another class of magni- 
tudes with which Geometry is conversant, called 
Angles. They are not, however, elementary 
magnitudes, but arise from the relative positions 
, of those already described. The unit of this 
class is the right angle ; and with this as a stand- ■ 
ard, all other angles are compared 

§ 251. We have dwelt with much detail on 
the unit of measure, because it furnishes the 
" only basis of estimating quantity. The con- 
ception of number and space merely opens to 
the intellectual vision an unmeasured field of 
investigation and thought, as the ascent to the 
summit of a mountain presents to the eye a 
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wide and unsui'veyed horizon. To ascertain the spate imieE- 

height of the point of view, the diameter of the ji: 

surrounding circular area and the distance to 

any point which may be seen, some standard or 

unity must be known, and its value distinctly 

apprehended. So, also, number and space, which 

at first fill the mind with vaeue and indefinite aitmiways 

^ , measured 

conceptions, are to be finally measured by units uy ii. 
i value. 



§ 252. It is found, on careful analysis, that i 
every number may be referred to the unit one, , 
as a standard, and when the signification of the 
term one is clearly apprehended, that any num- 
ber, whether large or small, whether integer or 
fractional, may be deduced from the standard by 
an easy and known process. 

In space, also, which is indefinite in extent, 
and exactly similar in ail its parts, the faculties 
of the mind have established ideal boundaries. 
These boundaries give rise to the geometrical 
magnitudes, each of which has its own unit of 
measure; and by these simple contrivances, we 
measure space, even to the stai-s, as with a yard- 
stick. 

§ 253. We have, thus far, not alluded to the 
difficulty of deiermining the exact length of that 



>y Google 



232 MATHEMATICAL SCIENCE. [boOK II. 

Conception which we regard as a standard. We are pre- 

meusura: seiited with a given length, and told that it is 
called a foot or a yard, and this being usually 
done at a period of life when the mind is satis- 
fied with mere facts, we adopt the conception 

Ai(ira{,a of a distance corresponding to a name, and then 

"™im''™^ by multiplying and dividing that distance we 

are enabled to apprehend other distances. But 

this by no means answers the inquiry. What is 

the standard for measurement ? 

How dcicr- Under the supposition that the laws of phys- 
'"'"''*■ ical nature operate uniformly, the unit of meas- 
ure in England and the United States has been 
fixed by ascertaining the length of a pendulum 
which will vibrate seconds, and to this length 
the Imperial yard, which we have also adopted 
as a standard, is referred. Hence, the unit of 

(^Fjajmg_ measure is referred to a natural standard, viz. to 
the distance between the axis of suspension and 
the centre of oscillation of a pendulum which 
shall vibrate seconds in vacuo, in London, at the 
level of the sea. This distance is declared to 

risieiisih. be 39. 139S imperial inches; that is, 3 imperial 
feet and 3.1393 inches. Thus, the determina- 

Mfflouiuoa tion of the unit of length demands the applica^ 

" ■m'a™ " *^''" **^ ''^^ most abstruse science, combined with 
accurate observation and delicate experiment. 
Could this distance, or unit, have been exactly 
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ascertained before the measiiTes of the world 
were fixed, and in genera! use^ it would have wbnisii 
afforded a standard at once certain and conve- e^ed o 
nient, and all distances would then have been o*otn 
expressed in numbers arising from its multipli- smmi 
cation or exact division. But as the measures 
of the world (and consequently their units) were wnjiti 
fixed antecedently to the determination of this 
distance, it was expressed in measures already 
known ; and hence, instead of being i 
by 1, which had already been i 
the foot, it was expressed in terms of the foot, 
viz. 39.1393 inches, and this is now the standai'd 
to which all units of measure are referred. 



§ 254. The unit of measure is not only im- unitofmeaa. 
portant as affording a basis for all measurement, ortheuuitoi 
but is also the element from which we deduce 
the unit of weight. The weight of 37.7015 cubic 
inches of distilled water is taken as the standard, 
weighing exactly one pound avoirdupois, and this 
quantity of water is determined from the unit 
of length; that is, the determination of it reaches wbatiiii 
back to the length of a pendulum which will 
vibrate seconds in the latitude of London. 



§ 255. Two geometrical figures are s. 
equivalent, when they contain the sam 



id to b 
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measure an equal number of times. Two figures 
are said to be equal when they can be so applied 
to each other as to coincide throughout their 

' whole extent. Hence, equivalency refers to 
measure, and equality to coincidence. Indeed, 
coincidence is the only test of geometrical equal- 
ity. All equal figures are of course equivalent, 

- though equivalent figures are by no means equal. 
Equality is equivalency, with the further mark 
of coincidence. 



§ 236. A property of a figure is a mai-k com- 
mon to ail figures of the same class. For exam- 

- pie : if the class be " Quadrilateral," there axe two 
very obvious properties, common to all quadri- 
laterals, besides the one which characterizes 
the tigure, and by which its name is defined, 
viz. that it has four angles, and that it may 
be divided into two triangles. If the class be 
" Pai^allek^am," there are several properties 
common to all parallelograms, and which are 
subjects of proof ; such as, that the opposite 
sides and angles are equal ; the diagonals divide 
each other into equal parts, &c. If the class be 

: " Triangle," there are many properties common 
to all triangles, besides the characteristic that 
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they have three sides. If the class be a par- Eamiaierai, 
ticular kind of triangle, such as the equilateral, leoaceica, 
isosceles, or right-angled triangle, then each class mghi-angied. 
has particular properties, common to every indi- 
vidual of the class, but not common to the other 

classes. It is important, however, to remark, Even prop- 
erly which 
that eveiy property which belongs to triangle," iwiongsioa 

regarded as a genus will appertain to every ^^^XZ to 
species or class cf tiiangle and unneisally, ™^j?^ 
every propeity which belongs tu i genus will 
belong to eiezj species undez it and every 
property which bebngs ta i specita will be- 
long to e\ery cl\ss or subapecies under it and dgmo overs 
every pi operty which belongs to fne of i sub- ^^^g^^*' 
species or diss will be common to e^eij mdi- in^^W"^ 
vidual of the class For example the square Esampiea. 
on the hypothenuse of a light angled triangle is 
equivalent to the sum of the squares described 
on the other two sides' is a pioposition equally 
true of every light angled triangle and "every 
straight Une peipendiculai to a chord, at the owe, 
middle point will jiass through the centre," is 
equally true of all ciicles 



§ 257. The characteristic properties of every 
geometrical figure (that is, those properties with- 



tfo proper- 
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out which the figures could not exist), are given 
in the definitions. How are we to arrive at all 
the other properties of these figures ? The 
propositions implied in the definitions, viz. that 

: things corresponding to the words defined do or 
may exist with the properties named ; and the 

nay self-evident propositions or axioms, contain the 
only marks of what can be proved ; and by a 

'' skilful combination of these marks we are able 
to discover and prove all that is discovered and 
proved in Geometry. 

Definitions and axioms, and propositions de- 
duced from them, are major premises in each 

HOB! new demonstration; and the science is made up 

,_ of the processes employed for bringing unfore- 
seen cases under these known truths ; or, in syl- 
logistic language, for proving the minors neces- 
sary to complete the syllogisms. The marks 
being bo few, and the inductions which furnish 
them so obvious and familiar, there would seem 
to be very iittle difficulty in the deductive pro- 
cesses which follow. The connecting together 
of several of these marks constitutes Deductions, 

ry, or Trains of Reasoning ; and hence, Geometry 

^" is a Deductive Science. 
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5 958. As a first example, let us take the first 
proposition in Legendre'a Geometry : 

"If a straight line meet another straight line, PfopoaUoii 
the sum of the two adjacent angles will be equal "^"^ 
to two right angles." 

Let the straight line DC 
meet the straight Hne AB / S"'^""""- 

at the point C, then will the / 

angle ACD plus the angle / 

DCB be equal to two right AC B 



: need the defini 



To prove this proposition, 
tion of a right angle, viz. : 

When a straight Hne AB 
meets another straight line 
CD. so as to make the ad- 
jacent angles BAG and 
BAD equal to each other, " ^ " ' 

each of those angles is called a right angle, and 
the line AB is said to be PEaPEWDicuLAR to CD. 

We shall also need the 3d, 3d, and 4th axioms, 
for inferring equality,* viz. : 

2, Things which are equal to the same thing 
arc equal to each other. 
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3. A whole is equal to the sum of all its 
parts. 

4. If equals be added to equals, the sums 
will be equal. 

Now before these formulas or tests can be ap- 
plied, it is necessary to sup- 
pose a straight line CE to be 
drawn perpendicular to AB 
at the point C : then by the 
delinition of a right angle, A 
the angle ACE will be equal to the angle ECB. 

By asiom 3rd, we have, 

ACD equal to ACE plus ECD: to each of 
these equals add DCB ; and by the 4lh axiom 
we shall have, 

ACD plus DCB equal to ACE plus ECD plus 
DCB ; but by axiom 3rd, 

ECD plus DCB equals ECB: therefore by 
axiom 3d, 

ACD plus DCB equals ACE plus ECB. 

But by the definition of a right angle, 

ACE plus ECB equals two right angles : there- 
fore, by the 2d axiom, 

ACD plus DCB equals two right angles. 

It will be seen that the conclusiveness of the 
proof results, 

1st. From the definition, that ACE and ECB 
are equal to each other, and each is called a 
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right-angle : consequently, their sum is equal to 
two right angles ; and, 

2dlj-. In showing, by means of the axioms, that secomi. 
ACD plus DCB equals ACE plus ECB; and 
then inferring from axiom 3d, that, ACD plus 
DCB equals two right angles. 

§ 259, The difficulty in the geometrical rea- iiifflcnUies m 
soning consists mainly in showing that the prop- Kimtiona. 
osition to he proved contains the marks which 
prove it. To accomplish this, it is frequently 
necessaiy to draw many auxiliary lines, forming Aianiaries 
new figures and angles, which can be shown to 
possess marks of these marks, and which thus 
become connecting links between the known conueding 
and the unknown truths. Indeed, most of the 
skill and ingenuity exhibited in the geometrical 
processes are employed in the use of these auxil- 
iary means. The example aboye affords an illus- 
tration. We were unable to show that the sum How used, 
of the two angles possessed the mark of being 
equal to two right angles, until we had drawn a 
perpendicular, or supposed one drawn, at the 
point where the given lines intersect. That be- 
ing done, the two right angles ACE and ECB '^•^-'^'«•■ 
were formed, which enabled us to compare the 
sum of the angle ACD and DCB with two right 
angles, and thus we proved the proposition. 
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§ 360. As a second example, let us take the 
following proposition : 
L. If two straight lines meet each other, the op- 
posite or vertical angles will be equal. 

Let the straight line 
AB meet the straight line 
ED at the point C : then 
will the angle ACD be 
equaJ to the opposite an- 
gle ECB ; and the angle ACE equal to the an- 
gle DCB. 
1 To prove this proposition, we need the last 
proposition, and also the 2d and 5th axioms, viz. : 

" If a straight line meet another straight line, 
the sum of the two adjacent angles will be equal 
to two right angles." 

" Things which are equal to the same thing 
are equal to each other." 

"If equals be taken from equals, the remain- 
ders will be equal." 

Now, since the straight line AC meets the 
straight line ED at the point C, we have, 

ACD plus ACE equal to two right angles. 

And since the straight line DC meets the 
straight line AB, we have, 

ACD plus DCB equal to two right angles : 
hence; by the second axiom, 

ACD plus ACE equals ACD plus DCB ; ta- 
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king from each the common anglo ACD, we couciu 
know from the fifth axiom that the remain- 
ders will be equal ; that is, the angle ACE 
equal to the opposite or vertical angle DCB. 



5 261. The two demonstrations given above 
combine all the processes of proof employed in j 
every demonstration of the same class. When "' 
any new truth is to be proved, the known tests 
of truth are gradually extended to auxiliary ^ 
quantities having a more intimate connection ' 
with such new truth than existed between it and 
the known tests, until finally, the known tests, 
through a series of links, become applicable to 
the final truth to be established : the interme- 
diate processes, as it were, bridging over the 
space between the known tests and the final 
truth to be proved. 



§ 263 Theic aie two claaies ot demonati i i 
tions, quite diffi-ient liom each othei, m some 
respects, although the same pioce'^ses of aigu 
mentation aie empiojed m both, and although 
the conclusions m both aie subjected to the 
same logicil testi They are called Direct, or 
Positue Demonstiation and Negative Demon 
sfiation, oi the Reductio id Absurdum 

16 
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§ 263. The main differences in the two 
methods are these : The method of direct demon- 

- strafion rests its arguments on known and ad- 
mitted truths, and shows by logical processes 
that the proposition can be brought under some 
previous definition, axiom, or proposition : while 
the negative demonstration rests its arguments 
on an hypothesis, combines this with known pro- 
positions, and deduces a conclusion by processes 

! strictly logical. Now if the conclusion so de- 
duced agrees with any known truth, we infer 

■ that the hypothesis, (which was the only link in 
the chain not previously knovi-n), was true ; but 
if the conclusion be excluded from the truths 
previously established; that is, if it be opposed 
to any one of them, then it follows that the hy- 
pothesis, being contradictory to such truth, must 

' be false. In the negative demonstration, there- 

ia fore, the conclusion is compared with the truths 
known antecedently to the proposition in ques- 
tion : if it agrees with any one of them, the hy- 
pothesis is correct ; if it disagrees with any one 
of them, the hypothesis is false. 

§ 264, We will give for an illustration of this 

.- method. Proposition XVIL of the First Book of 

Legendre : " When two right-angled triangles 

have the hypothenuse and a side of the one equal 
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to the hypothenuae and a side of the other, each ei 
to each, the remaining parts will be equal, each to 
each, and the triangles themselves will be equal." 

In the two right-angled triangles BAG and 
BDF {see next figure), let the hypothenuse AC e 
he equal to DF, the side BA to the side ED : ^■ 
then wiD the side BC he equal to EF, the angle 
A to the angle D, and the angle C to the angle F. 
To prove this proposition, we need the follow- 
ing, which have been before proved ; viz. : 

Prop. X. (of Legendre). " When two triangles 
have the three sides of the one equal to the three " 
sides of the other, each to each, the .three an- 
gles will also be equal, each to each, and the 
triangles themselves will be equal." 

Prop. V. " When two triangles have two p 
sides and the included angle of the one, equal 
to two sides and the included angle of the other, 
each to each, the two triangles will be equal." 

Axiom I. " Things which are equal to the 
same thing, are equal to each other." 

Axiom X. (of Legendre). "All right angles 
are equal to each other." 

Prop. XV. " If from a point without a straight i 
line, a perpendicular be let fall on the line, and 
oblique hues be drawn to diiferent points, 

1st. "The perpendicular will be shorter than 
any oblique line ; 
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2d, " Of two oblique lines, drawn at pleasure, 
that which is farther from the perpendicular will 
be the longer." 
Now the two sides BC and ^ d 

>f EF are either equal or un- 
equal. If they are equal, 
then by Prop. X. the remain- 
ing parts of the two trian- 
gles are also equal, and the triangles themselves 
are equal. If the two sides are unequal, one of 
them must be greater than the other : suppose 
BC to be the greater. 

I On the greater side BC take a part BG, equal 

' to EF, and draw AG. Then, in the two trian- 
gles BAG and DEF the angle B is equal to the 
angle E, by axiom S (Legendre), both being 
right angles. The side AB is equal to the side 
DE, and by hypothesis the side BG is equal to the 
side BF ; then it follows from Prop. V. that the 
side AG is equaj to the side DF. But the side 
DF is equal to the side AC : hence, by axiom I, 
the side AG is equal to AC. But the hne AG 
cannot be equal to the line AC, having been 
shown to be less than it by Prop. XV, : hence, 

, the conclusion contradicts a known truth, and is 
therefore false ; consequently, the supposition (on 
which the conclusion rests), that BC and EF are 
unequal, is also false ; therefore, they are equal. 
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§ 265, It is often supposed, though erroneous Nc-oine 
ly, that the Negative Demonstration, or the dem .^ ^ 
onstration involving the "reductio ad absurdum," 
is less conclusive and satisfactory than direct oi coigiuaie 
positive demonstration. This impression is sini 
ply the result of -a want of proper analysis. For 
example ; in the demonstration just given, it was Keason!. 
proved that the two sides BC and EF cannot 
bo unequal; for, such a supposition, in a logi- 
cal argumentation, resulted in a conclusion di- condusioD 
rectly opposed to a known truth ; and as equality to, or is op- 
and inequality are the only general conditions p'"«"» 
of relation between two quantities, it follows 
that if they do not fulfil the one, they must the 
other. In both kinds of demonstration, the 
premises and conclusion agree ; that is, they are Agteemem. 
both true, or both false ; and the reasoning or 
argument in both is supposed to be strictly logi- 
cal. 

In the direct demonstration, the premises are 
known, being antecedent truths ; and hence, 
the conclusion is true. In the negative demon- nuferencesjD 
stration, one element is assumed, and the con- ^^^^ 
elusion is then compared with truths previously 
established. If the conclusion is found to agree 
with any one of these, we infer that the hy- whemhe 
pothesis or assumed element is true; if it con- ^^cw.^ " 
tradicfs any one of these truths, we infer that 
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. the assumed element is false, and hence that its 
opposite is true. 

§ 366- Having explained the meaning of the 
term measured, as applied to a geometrical mag- 
nitude, viz. that it implies the comparison of a 
magnitude with its unit of measure ; and having 
also explained the signification of the word Prop- 
erty, and the processes of reasoning by which, 
in all figures, properties not before noticed are 
inferred from those that are known ; we shall 
now add a few remarks on the relations of the 
geometrical figures, and the methods of compar- 
ing them with each other. 



Proportion: § 26'''. Proportion is the relation which one 

geometrical magnitude bears to another of the 

same kind, with respect to its being greater or 

less. The two magnitudes so compared are called 

iismcfiai™. terms, and the measure of the proportion is the 

quotient which arises from dividing the second 

Kniio. term by the first, and is called their Katio. Only 

Guaniiiiea of quantities of the same kind can be compared 

(lie same together, and it follows from the nature of the 

pBrad. relation that the quotient or ratio of any two 

terms will be an abstract number, ■ whether the 

terras themselves be abstract or concrete. 
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5 208. The term Proportion is defined by most preportii 
authors, "An equality of ratios between four 
numbers or quantities, compared together two 
and two." A proportion certainly arises from 
such a comparison : thus, if 

| = ~; then, """■pi 

A : B : : C : D 
is a proportion. 

But if we have two quantities A and B, which TniotM 
may change their values, and are, at the same 
time, so connected together that one of them 
shall increase or decrease just as many times as 
the other, their ratio will not be altered by such 
changes ; and the two quantities are then said yp^",""'^ 
to be in proportion, or proportional. ^'''^■ 

Thus, if A be increased three times and B 
three times, then, 

3B_A 
3A~B' 

that is, 3 A and 3 B bear to each other the same 
proportion as A and B. Science needed a gen- Teim nc 
eral term to express this relation between two 
quantities which change their values, without 
altering their quotient, and the term "propor- 
tional," or "in proportion," is employed for that "o™™ 
purpose. 
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FMfor As some apology for the modification of the 
' definition of proportion, which has been so long 
accepted, it may be proper to state that the term 
has been used by the best authors in the exact 

if iiie sense here attributed to it. In the definition of 
the second law of motion, we have, "Motion, 
or change of motion, is proportional to the force 
impressed ;"* and again, " The inertia of a body 
is proportioned to its weight. "f Similar exam- 
ples may be multiplied to any extent. Indeed, 

'' used there is a symbol or character to express the 

iriioD. relation between two quantities, when they un- 
dergo changes of value, without altering their 
ratio. That character is a, and is read " pro- 
portional to." Thus, if we have two quantities 
denoted by A and B, written, 

npte. A w B, 

the expression is read, " A proportional to B." 

erHnd § 269. There is yet another kind of relation 
,n. which may exist between two quantities A and 
B, which it is very important to consider and 
understand. Suppose the quantities to be so 
connected with each other, that when the first 
is increased according to any law of change, the 
second shall decrease according to the same law ; 
and the reverse. 



» Olmsted's Mechanics, p. 28. f Ibid. p. 23. 
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For example : the area of a rect- 
angle is equal to the product oi' its 
base and altitude. Then, in the 
rectangle ABCD, we have 

Area = AB X EC. 

Take a second rectangle EFGH, having a 
longer base EF, and a less altitude FG, but such 
that it shall have an equal h G 

area with the first : then we 
shall have 



Area = EF x FG. 

Now since the areas are equal, we shall have 

ABxBC = EFxFG; 

and by resolving the terms of this equation into 
a proportion, we shall have 

AB : EF : : FG : BC. i 

It is plain that the sides of the rectangle ABCD 
may be so changed in value as to become the 
sides of the rectangle EFGH, and that while 
they are undergoing this change, AB will in- 
crease and BC diminish. The change in the ^ 
values of these quantities will therefore take place 
according to a fixed law : that is, one will be di- 
minished as many times as the other is increased. 
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since their product is constantly equal to the 




area of the recfanglo EFGH. 




Denote the side AB by x a.nd EC by y, and 
the area of the rectangle EFG-H, which is known. 




by a ; then 




xy = a: 




and when the product of two varying quantities 




is constantly equal to a known quantity, the two 


BeoiproiMl 


quantities are said to be Reciprocally or Inverse- 


Inve^ Fr<y 


ly proportional ; thus x and y are said to be in- 


portion. 


versely proportional to each other. If we divide 




1 by each member of the above equation, we 




shall have 




1 _ 1 _ 


RM^n, 


and by multiplying both members by x, we shall 


Equaticitis. 


have 




y~a' 




and then by dividing both numbers by x, we have 


Filial tbrm 


1 




that is, the ratio of a: to - is constantly equal to - ; 




that is, equal to the same quantity, however x or 
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y may vary ; for, a and consequently - does not 
change. Hence, 

Two quantities, which may change then valves, 
are reciprocally or inversely propo) ttonal, when ' 
one is proportional to unity divided by the othei, 
and then their product remains constant 

We express this reciprocal or inverse relation 
thus: 

A is said to be inversely proportional to B ; the 
symbols also express that A is directly propor- 



we say, that A is directly proportional to B, and 
inversely proportional to C. 

The terms Direct, Inverse or Reciprocal, ap- 
ply to the nature of the proportion, and not to 
the Ratio, which is always a mere quotient and 
the measure of proportion. The term Direct ap- i 
plies to all proportions in which the terms in- 
crease or decrease together; and the term In- ^i 
verse or Reciprocal to those in which one term 
increases as the other decreases. They cannot, 
therefore, properly be applied to ratio without 
changing entirely its signification and definition. 
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G-^omtiriQiLi 5 370, In comparing geometrical magnitudes, 
compared, by mcans of fheir quotient, it is not tiie quotient 
alone which we consider. The comparison im- 
plies a genera] relation of the magnitudes, which 
is measured by the Ratio. For example: we 
Eiuunpie. say that " Similar triangles are to each other as 
the squares of their homologous sides." What 
do we mean by that ? Just this ; 
Pofranbof That the area of a triangle 

Is to the area of a similar triangle 

As the area of a squai'e described on a side of 

the first, 
To the area of a square described on an ho- 
mologous side of the second. 
Thus, we see that every term of such a pro- 
changes of portion is in fact a surface, and that the area 
30W affec'ied ^^ ^ triangle increases or decreases much faster 
than its sides ; that is, if we double each side of 
a triangle, the area will be four times as great: 
if we multiply each side by three, the area will 
Kesoiis. be nine times as great ; or if we divide each 
side by two, we diminish the area four times, and 
80 on. Again, 
cireiea com- The area of one circle 

Is to the area of another circle, 

As a square described on the diameter of the first 
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To a square described on the diameter of the 
second. 

Hence, if we double the diameter of a circle, ^™' ^'™ 
the area of the circle whose diameter is so in- 
creased wOl be four times as great : if we mul- 
tiply the diameter by three, the area will be nine ^^^^ 
times as great ; and similarly if we divide the 
diameter. 

§271, In comparing solids together, the same comporison 
general principles obtain. Similar solids are to 
each other as the cubes described on their ho- 
mologous or corresponding sides. That is, 

A prism 

^ .... FomiTiIa. 

Is to a simitar pnsm. 

As a cube described on a side of the first, 

Is to a cube described on an homologous side 

of the second. 
Hence, if the sides of a prism be doubled, the "™ ""' 

solid contents will be increased eight-fold. Again, change. 
A sphere 

Is to a sphere, spheic : 

As a cube described on the diameter of the first. 
Is to a cube described on a diameter of the 

second. 
Hence, if the diameter of a sphere be doubled, howHs 

its solid contents will be increased eight-fold ; if chBDgea. 

the diameter be multiplied by three, the solid 
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contents will be increased twenty-seven fold : 
if the diameter be multiplied by four, the solid 
contents will be increased sixty-four fold ; the 
solid contents increasing as the cubes of the 
numbers 1, 9, 3, 4, &c. 

Ratio : § 272. The relation or ratio of two magnitudes 

to each other, may be, and indeed is, expressed 

aTLab&lriLct 

numijer. by an abstract number. This number has a 
When hay- fl^g^ value SO long as we do not introduce a 
value, change in the volumes of the solids ; but if 
we wish to express their ratio under the sup- 
position that their volumes may change ac- 
cording to fixed laws (that is, so that the solids 
Haw vorjiug ghall continuB similar), we then compare them 
MDiparod. with similar figures described on their homol- 
ogous or corresponding sides; or, what is the 
same thing, take into account the corresponding 
changes which take place in the abstract num- 
bers that express their volumes. 



§ 273. We have now completed 
outline of the science of Geometry, and what 
has been said may be recapitulated under the 
following heads. It has been shown, 
■ 1st. That Geometry is conversant about space, 
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or those limited portions of space whieli are 
called Geometrical Magnitudes. 

2d. That the geometrical magnitudes embrace 
three species of figures : 

]st. Lines— -straight and curved ; 
2d. Surfaces — -plane and curved ; 
3d. Solids^bounded either by plane sur- 
faces or curved, or both ; and, 

4th. Angles, arising from the positions of 
lines and planes, and by which they are 
bounded. 
3d. That the science of Geometry is made up 
of those processes by means of which all the 
properties of these magnitudes are examined and 
developed, and that the results arrived at con- 
stitute the truths of Geometry. 

4th. That the truths of Geometry may be di- 
vided into three classes : il 
1st. Those implied in the definitions, viz. i 
that things exist corresponding to certain 
words defined ; 

2d. Intuitive or self-evident truths em- 
bodied in the axioms ; 

3d, Truths deduced (that is, inferred) from 
the definitions and axioms, called Demonstra- 
tive Truths. 
5th, That the examination of the properties of c 
the geometrical magnitudes has reference, " 
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1st. To their comparison with a standard 
or unit of measure ; 

2d. To the discovery of properties belong- 
ing to an individual figuroj and yet common to 
the entire class to which such iigure belongs ; 

3d. To the comparison, with respect to mag- 
nitude, of figures of the same species with each 
other ; viz. lines with lines, surfaces with sur- 
faces, and solids with solids. 



1. Be sure that your pupils have a clear ap- 
prehension of space, and of the notion that Ge- 
ometry is conversant about space only. 

2. Be sure that they understand the significa- 
tion of the terms, lines, surfaces, and solids, and 
that these names indicate certain portions oi 
space corresponding to them. 

3. See that they understand the distinction be- 
tween a straight line and a curve ; between a 
plane surface and a curved surface ; between a 
solid bounded by planes and a solid bounded by 
curved surfaces. 

4. Be cai'eful to have them note the charac- 
teristics of the different species of plane figures, 
such as triangles, quadrilaterals, pentagons, hexa- 
gons, &c. ; and then the characteristic of each 
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class or subspecies, so that the name shall recall, 
at once, the characteristic properties of each 
figure. 

5. Be careful, also, to have them note the 
characteristic differences of the solids. Let 
them often name and distinguish those which 
are bounded by planes, those bounded by plane 
and curved surfaces, and those bounded by 
curved surfaces only. Regarding Solids as a 
genus, let them give the species and subspecies 
into which the solid bodies may be divided. 

6. Having thus made them familiar with the 
things which are the subjects of the reasoning, 
explain carefully the nature of the definitions ; 
then of the axioms, the grounds of our belief in 
them, and the information from which those 
self-evident truths are inferred. 

7. Then explain to them, that the definitions 
and axioms are the basis of all geometrical rea- 
soning 1 that every proposition must be deduced 
from them, and that they afford the tests of ail 
the truths which the reasonings establish, 

8. Let every figure, used in a demonstration, 
be accurately drawn, by the pupil himself, on a 
blackboard. This will establish a connection 
between the eye and the hand, and give, at the 
same time, a clear perception of the figure and a 
distinct appi-ehension of the relations of its parts. 
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9. Let the pupil, in every demonstration, first 
enunciate, in general terms, that is, without the 
aid of a diagram, or any reference to one, the 
proposition to be proved ; and then state the 
principles previously established, which are to 
be employed in making out the proof. 

10. When in the course of a demonstration, 
any truth is inferred from its connection with 
one before known, let the truth so referred to be 
fully and accurately stated, even though the 
number of the proposition in which it is proved, 
be also required. This is deemed important. 

11. Let the pupil be made to understand that 
a demonstration is but a series of logical argu- 
ments arising from comparison, and that the 
result of every comparison, in respect to quan- 
tity, contains the mark either of equality or 
inequality. 

12. Let the distinction between a positive 
and negative demonstration be fully explained 
and clearly apprehended. 

13. In the comparison of quantities with each 
other, great care should be taken to impress tlie 
fact that proportion exists only between quan- 
tities of the same kind, and that ratio is the 
measure of proportion. 

14. Do not fail to give much importance to 
the ki-nd of quantity under consideration. Let 
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the question be often put, What kind of quantity Fontiee 
are you considering ? Is it a line, a surface, or 
a solid ? And what kind of a line, surface, or 
solid ? 

15. In all eases of measurement, the unit of 
measure should receive special attention. If 
lines are measured, or compared by means of a Fmeoi 
common unit, see that the pupil perceives that 

unit clearly, and apprehends distinctly its rela- 
tions to the lines which it measures. In sur- 
faces, take much pains to mark out on the 
blackboard the particular square which forms 
the unit of measure, and write unit, or miit of 
measure, over it. So in the measurement of 
solidity, let the unit or measuring cube be ex- 
hibited, and the conception of its size clearly 
formed in the mind ; and then impress the im- 
portant fact, that, all measurement consists in 
merely comparing a unit of measure with the 
quantity measured ; and that the number which 
expresses the ratio is the numerical expression 
for that measure. 

16. Be careful to explain the difference of the 
terms Equal and Equivalent, and never permit sixteen 
the pupil to use them as synonymous. An ac- 
curate use of words leads to nice discriminations' 

of thought. 
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CHAPTER IV. 



§ 274. Analysis is a general term, embra- ajuOj^ 
cing that entire portion of mathematical science 
in which the quantities considered are repre- 
sented by letters of the alphabet, and the opera- 
tions to be performed on them are indicated by 
signs. 

§ 275. We have seen that all numbers must Kumbere 
be numbers of something;* for, there is no such thmga; 
thing as a number without a basis ; that is, every 
number must be based on the abstract unit one, 
or on some unit denominated. But although 
numbers must be numbers of something', yet they buimay ve 

of tnatxy liind 

may be numbers of any thing, for the unit may ofthiuga. 
be whatever we choose to maJte it. 
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AUqiianiity § 276. All quantitj consists of parts, which 

jioria. can be numbered exactly or approximatively, 

and, in this respect, possesses all the properties 

of number. Propositions, therefore, concerning 

numbers, have the remarkable peculiarity, that 

PrupoaJiioiiB they are propositions concerning ail quantities 
number whatever. That half of six is three, is equally 
^\umii^. '^rue, whatever the word six may represent, 
whether six abstract units, six men, or six tri- 
angles. Analysis extends the generalization still 
further. A number represents, or stands for, that 
particular number of things of the same kind, 

Atgcbtaio without reference to the nature of the thing; 

moie gEinei- but an analytical symbol does more, for it may 
stand. for all numbers, or for all quantities which 
numbers represent, or even for quantities which 
cannot be exactly expressed numerically. 

Anj- ftiing As soon as we conceive of a thing we may 

moybedi- conceive it divided into equal paints, and may 

^*^^' represent either or aU of those parts by a or x, 

or may, if we please, denote the thing itself by a 

or X, without any reference to its being divided 

into parts. 

Bach i^ure § 277. In Geometry, each geometrical hgure 
^j^ stands for a class ; and when we have demon- 
strated a property of a figure, that property is 
i as proved for every figure of the class. 
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For example : when we prove that the square Exanipie. 
described on the hypothenuse of a right-angled 
triangle is equivalent to the sum of the squares 
described on the other two sides, we demonstrate 
the fact for all right-angled triangles. But in 
analysis, all numbers, all lines, all surfaces, all in analysis 
solids, may be denoted by a single symbol, a or x. stand (br 
Hence, all truths infeiTed by means of these ^J^. 
symbols are true of all things whatever, and not 
lite those of number and geometry, true only 
of particular classes of things. It is, therefore, 
not surprising, that the symbols of analysis do 
not excite in our minds the ideas of particular h^di^, iha 
things. The mere written characters, a, h, c, d, red are gen. 
X, y, %, serve as the representatives of things in '^ 
general, whether abstract or concrete, whether 
known or unknown, whether finite or infinite. 

% 378. In the uses which we make of these sjnmoia 
symbols, and the processes of reasoning carried regurded w 
on by means of thena, the mind insensibly comes 
to regard them as things, and not as mere signs ; 
and we constantly predicate of them the prop- 
erties of things in general, without pausing to 
inquire what kind of thing is implied. Thus, Esampie. 
we define an equation to be a proposition in ineequK- 
which equality is predicated of one thing as '""■ 
compared with another. For example : 
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Whatimioma is an equation, because x is declared to be 

neceasa^io g^^g] (q jjjg gy^ of a and c. In the solution of 
equations, we employ the axioms, " If equals be 
added to equals, the sums will be equal ;" and, 
" K equals be taken from equals, the remainders 

They ouprcss will be equal." Now, these axioms do not ex- 
tilings, press qualities of language, but properties of 
Hence, in- quantity. Hence, all inferences in mathemat- 

lawiotMnga. icaj sciencs, deduced through the instrumentality 

of symbols, whether Arithmetical, Geometrical, 

or Analytical, must be regarded as concerning 

quantity, and not symbols. 

auBQtity As analytical symbols are the representatives 

neodnoii^^ of quantity in general, there is no necessity of 
enttouie ](eeping the idea of quantity continually alive in 
the mind ; and the processes of thought may, 
without danger, be allowed to rest on the sym- 
bols themselves, and thereftie become ti that 
extent, merely mechanical But when ne ktk 

Thereaaon- back and SBC on what the leasoning is based md 

b^on iiie ^ow the processes have been ctnducted we shall 
BuiipcBiuea jjjjij jjjjjj every step was tiken on the supposition 
that we were actually dealing with things ind 
not symbols; and that, without this mideistind 
ing of the language, the whole s^oteni is without 
signification, and fails. 
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5 279. There are three principal branches ol 
Analysis : 
1st. Algebra. 
3d. Analytical Geometry. 
3d. Differential and Integral Calculus. 



5 280. Algebra is, in fact, a species of uni 
versal Arithmetic, in which letters and signs are 
employed to abridge and generalize ail procest>eb 
involving numbers. It is divided into two paits i 
corresponding to the science and art of Arith 
metic ; 

1st. That which has for its object the investi- : 
gation of the properties of numbers, embracing 
all the processes of reasoning by which new 
properties are inferred from known ones ; and, 

2d. The solution of all problems or questions s. 
involving the determination of certain numbers 
which are unknown, from their connection with 
certain others which are known or given. 



§ 281. Analytical Geometry examines the Auaijuroi 
properties, measures, and relations of the geo- 
metrical magnitudes by means of the analytical itsnawre. 
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'Symbols This biaiich of rndthemiticil s 
resoudea origmatei] w th the illustrious Descartes, a cele- 
oindergf biited French mathenntician of the 17th cen- 
tun He obaeived thit the po&itions of points, 
cbser ed the diiection of hnes and the forms of surfaces, 
could he expressed hj means of the algebraic 
AiipoBiUon ^mbols ind conaequtntlj that e\ery change, 
symbols, eithei m the po'^ition or extent ot i geometrical 
magnitude pioduced i coiresponding change in 
certiin symbols by which such magnitude could 
be lepresented ^s soou ii it Mas found that, 
to every variety of position in points, direction 
in lirkes, or form of curves or surfaces, there cor- 
responded certain analytical expressions (called 
their Equations), it followed, that if the processes 
were known by which these equations could be 
Thee^uuiion examined, the relation of their parts determined, 
propeniea and the laws according to which those parts 
"'iluLte"^ vary, relative to one another, ascertained, then 
the corresponding changes in the geometrical 
magnitudes, thus represented, could be imme- 
diately inferred. 

Hence, it follows that every geometrical ques- 

power ov« tion cau be solved, if we can resolve the corre- 

ludt ^^- spondiug algebraic equation ; and the power over 

cdbjihe j.[jg geometrical magnitudes was extended just in 

proportion as the properties of quantity were 

brought to light by means of the Calculus. The 
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applications of this Calculus were soon made to Towiiaisnb- 

^ 1 . jecl applied. 

the subjects of mechanics, astronomy, and in- 
deed, in a greater oi' less degree, to all branches 
of natural philosophy; so that, at the present iispteaeai 
time, all the varieties of physical phenomena, 
with which the higher branches of the science 
are conversant, are found to answer to varieties 
determinable by the algebraic analysis. 

§ 282. Two classes of quantities, and conse- aminiiiiea 
qnently two sets of symbols, quite distinct from into ino oii- 
each other, enter into this Calculus ; the one 
called Constants, which preserve a fixed or given conaisjiia. 
value throughout the same discussion or investi- 
gation ; and the other called Variables, which vaiiabiea. 
undergo certain changes of value, the laws of 
which are indicated by the algebraic expressions 
or equations into which they enter. Hence, 

Analytical Geometry may be defined as that Amiijtioai 
branch of mathematical science, which exam- dcHncd. 
ines, discusses, and develops the properties of 
geometrical magnitudes by noting the changes 
that take place in the algebraic symbols which 
represent them, the laws of change being deter- 
mined by an algebraic equation or formula. 
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§ 283. In this branch of mathematical science, 
as in Analytical Geometry, two kinds of quan- 
tity are considered, viz. Variables and Constants ; 
and consequently, two distinct sets of symbols 
: aie emilojed Tlie science cousiists of a senes 
of proce sea which n te the changes that tike 
place u the ^ilue ot the Voiiables Those 
change's ot \alue take place according to hxed 
laws established bj algebraic formula's and aie 
indicated by ceitam maihs drawTi from the va 
I riable symbols called Differential Coefficu.nts 
' By these marks we are enabled to trace out with 
the accuracy of exact science the most hidden 
properties of quantity, as well as the most gen- 
eral and minute laws which regulate its changes 
of value. 

§ 284, It will be observed, that Analytical 
Geometry and the Differential and Integral Cal- 
culus treat of quantity regarded under the same 
general aspect, viz. as subject to changes or va- 
riations in magnitude according to laws indica- 
ted by algebraical formulas ; and the quantities, 
whether variable or constant, are, in both cases, 
represented by the same algebraic symbols, viz. 
the constants by the first, and the variables by 
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the final letters of the alphabet. Tliere is, how- i 
ever, this important diiFerence : in Analytical 
Geometry all the results are inferred from the 
relations which exist between the quantities 
themselves, while in the Differential and Integral 
Calculus they are deduced by considering what 
may be indicated by marhs drawn from variable 
quantities, under certain suppositions, and by 
marks of such marks. 

5 285. Algebra, Analytical Geometry, the Dif- ■ 
ferential and Integral Calculus, extended into the 
Theory of Variations, make up the subject of 
analytical science, of which Algebra is the ele- 
mentary branch. As the limits of this work do 
not permit us to discuss the subject in full, we 
shall confine ourselves to Algebra, pointing out, 
occasionally, a few of the more obvious connec- 
tions between it and the two other branches. 



§ 286. On an analysis of the subject of Alge- A^cb 
bra, we think it will appear that the subject itself 
presents no serious difficulties, and that most of Difflcui 
the embarrassment which is experienced by the 
pupil in gaining a knowledge of its principles, as h™ o 
well as in their apphcations, arises from not at- 
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Lonsiase tt!i diiig suftiLier tly to the language ot stgns rt 

the thoughts which a\f combined m the reisoii 

iiig^ At the hazard theiefoie ot beintf a httle 

diffuse I shiU begin with the ^eiy eiementa oi 

the algebrjjc languige and explain uith much 

mmutenehf the exact signification of the ch-w 

chatMiers actei'i that stand ioi the quintitie? which aie the 

sLiquLiT subjects oi the analysis md also of those signa 

S51 which indicate the seveiil jperationt, to be per 

formed on the quintities 

iSiiBMiiiPs. § 287. The quantities which are the subjects 

uowdivicied. of the algebraic analysis may be divided into 

two classes: those which ite known or given 

and those which are untnown oi scught The 

Howrcpta- known are uniformly represented by the fiist 

""' ■ letters of the alphabet, a, b c d &c and the 

unknown by the final letters a. y z o u &.c 

Mnytein- ^ ^^^- Quantity is susceptible of being in- 
creoaedoi- (.j-ga^gf) qj- diminished ;* and there are five oper- 

diininished. 

FivH ucera- ^tions which Can be performed upon a quantity 
'^°** that will give results differing from the quantity 
itself, viz. : 

1st. To add it to itself or to some other quan- 
tity; 

* Section 75. 
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2d, To subtract some other quantity from it ; sccm.d. 

3d. To multiply it by a number ; TJUrd. 

4th. To divide it ; Ponnh, 

5th, To extract a root of it. '""'"'■ 
The cases in which the multiplier or divisor 

is 1, are of course excepted ; as also the case Exception. 

where a root is to be extracted of 1. 

5 289. The five signs which denote these oper- sigm 
ations are too well known to be repeated here. 
These, with the signs of equality and inequality, Etemenia 
the letters of the alphabet and the figures which Aigebn.ic 
are employed, make up the elements of the alge- 
braic language. The words and phrases of the itawoMa 
algebraic, like those of every other language, are 
to be taken in connection with each other, and 
are not to be interpreted as separate and isolated h™ inttr- 
symbols. 

^290. The symbols of quantity are designed sjmMaof 

to represent quantity in general, whether abstract ''"^" ''' 
or concrete, whether known or unknown; and 

the signs which indicate the operations to be Gauerui. 
performed on the quantities are to be interpreted 
in a sense equally general. When the sign plus 

is written, it indicates that the quantity before Examples, 

which it is placed is to be added to some other signs nUis 

quantity ; and the sign minus implies the exist- " ""^ 
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ence of a minuend, from which the subtrahend 
is to be taken. One thing should be observed in 
ave regard to the signs which indicate the operations 
ra of that are to be performed on quantities, viz. they 
do not at all affect or change the nature of the 
quantity/ before or after which they are written, 
but merely indicate what is to be done with the 
lea: quantity. In Algebra, for example, the minus 
"'*■ sign merely indicates that the quantity before 
which it is written is to be subtracted from 
meal some other quantity; and in Analytical Geom- 
etry, that the line before which it falls is esti- 
mated in a contrary direction from that in which 
it would have been reckoned, had it had the sign 
plus ; but in neither case is the nature of the 
quantity itself different from what it would have 
been had it had the sign plus. 
sw- The interpretation of the language of AlgeKra 
^. is the first thing to which the attention of a pupil 
should be directed ; and he should be drilled on 
the meaning and import of the symbols, until 
their significations and uses are as familiar as 
ssiiy. the sounds and combinations of the letters of the 
alphabet. 

aia § 291. Beginning with the elements of the 
language, let any number or quantity be desig- 
nated by the letter a, and let it 1 
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add this letter to itself, and find the result or sum. 
The addition will be expressed by 

a-\- a = the sum. 

But how is the sum to be expressed ? By simply ^ 
regarding a as one a, or la, and then observing 
that one a and one a make two a's or 2 a: hence, 



and thus we place a figure before a letter to in- 
dicate how many times it is taken. Such figure 
is called a Coefficient. 

§ 292. The product of several numbers is in- 
dicated by the sign of multiplication, or by sim- 
ply writing the letters which represent the num- 
bers by the side of each other. Thus, 

a xb x c X d xf, or abcdf, i 

indicates the continued product of a, b, c, d, and 
/, and each letter is called a factor of the prod- 
uct : hence, a factor of a product is one of the 
multipliers which produce it. Any figure, as 5, 
written before a product, as 



is the coefficient of the product, and shows that c 
the product is taken 5 times. 



ProdRct: 



, Google 



i MATHEMATICAL SCIENCE. ["boOK 11. 

lai &Q- § 293, If the numbers represented by a, h, c, 
d, and / were equal to each other, they would 
ntiha each he represented by a single letter a, and the 
Mijica. product would then become 

^™ that is, we indicate the product of several equal 
factoid by simply writing the letter once and 
placing a figure above and a little at the right 
.of it, to indicate how many times it is taken as 
lonaii; a factor. The figure so written is called an 
■■re »ni- exponent. Hence, an exponent is a simple form 
of expression, to point out how many equal fac- 
tors are employed. 

vision: § 294. The division of one quantity by aii- 
aow other is indicated by simply writing the divisor 
below the dividend, after the manner of a frac- 
tion ; by placing it on the right of the dividend 
with a horizontal line and two dots between them; 
or by placing it on the right with a vertical line 
between them : thus either form of expression : 

indicates the division of b by a. 

Boots: § 295. The extraction of a root is indicated 

Ft indicB- i,y jjjg gjgu y_ Tj,[g gjgj^^ when used by itself 

indicates the lowest root, viz. the square root. 
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If any other root is to be extracted, as the third, 
fourth, fifth, &.G., the figure marking the degree index; 
of the root is written above and at the left of wLerewnt- 
the sign ; as, 

■^ cube root, -^ fourth root, &c. 

The figure so written, is called the Index of the 
root. 

We have thus given the very simple and gen- Lnngusge 
eral language by which we indicate every one opemiiona. 
of the five operations that may be performed on 
an algebraic quantity, and every process in Al- 
gebra involves one or other of these operations. 



§ 296. The algebraic symbols are divided into 
two classes entirely distinct from each other, 
viz. the letters that are used to designate the ^ 
quantities which are the subjects of the science, 
and the signs which are employed to indicate 
certain operations to be performed on those 
quantities. We have seen that all the algebraic 
processes are comprised under addition, subtrac- 
tion, multiplication, division, and the extraction 
of roots ; and it is plain, that the nature of a 
quantity is not at all changed by prefixing to it „ 
the sign which indicates either of these opera- ' 
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tioiis. The quantity denoted by the letter a, for 
example, is the same, in every respect, whatever 
sign may be prefixed to it ; that is, whether it 
be added to another quantity, subtracted from 
it, whether multiplied or divided by any number, 
or whether we extract the square or cube or any 
Algebraic other TOOt of It, The algebraic signs, therefore, 
how regard- must be regarded merely as indicating opera- 
tions to be performed on quantity, and not as 
affecting the nature of the quantities to which 
they may be prefixed. We say, indeed, that 
Plus and quantities are plus and minus, but this is an ab- 
.Minaa. breviated language to express that they are to 
be added or subtracted. 

Principles of 5 297. In Algebra, as in Arithmetic and Ge- 
ometry, all the principles of the science are de- 
From what duced fi'om the definitions and axioms; and the 
deduced, j.|jgg jgj. performing the operations are but di- 
rections framed in conformity to such principles. 
Having, for example, fixed by definition, the power 
of the minus sign, viz. that any quantity before 
which it is written, shall be regaided as to be 
ivhatwe Subtracted from another quantity, we wish to 
wisbtodLs- dJgcoYer the process of performing that subtrac- 
tion, so as to deduce therefrom a general prin- 
ciple, from which we can frame a rule applicable 
to ajl similar cases. 
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5 398. Let it be required, for example, to suiiracii 
subtract from b flie difference be- I ■, 

O FtoME 

tween a and c. Now, having writ- ^_(. 

ten the letters, with their proper 

signs, the language of Algebra expresses that it 

is the difference only between a and c, which is 

to be taken from b ; and if this dilierence were Diffi™ 

known, we could make the subtraction at once. 

But the nature and generality of the algebraic 

symbols, enable us to indicate operations, merely, OperoU 

111- -1 lndical 

and we cannot in general make reductions until 
we come to the final result. In what general 
way, therefore, can we indicate the true differ- 
ence? 

Kwe indicate the subtraction of \ b — a j,^ 

fl from b, we have b — a: but then , , form"! 

we have taken away too much from 
6 by the number of units in c, for it was not a, 
but the difference between a and c that was to 
be subtracted from b. Having taken away too 
much, the remainder is too small by c : hence, 
if c be added, the true remainder will be express- 
ed by 6 — a + c. 

Now, by analyzing this result, we see that the Anaiyai 
sign of every term of the subtrahend has heen 
changed ; and what has heen shown with re- 
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■ speet to these quantities is equally true ol' all 
others standing in the same relation : hence, we 
have the foOowing general rale for the subtrac- 
tion of algebraic quantities ; 

Change the sign of every term, of the subtra- 
hend, or conceive it to be changed, and then unite 
the quantities as in addition. 



§ 299. Let us now consider the case of mul- 
tiplication, and let it be required to multiply 
a — b by c. The algebraic language expresses 

I that the difference between a and b 
is to be taken as many times as 
there are units in c. If we knew 
this difference, we could at once 
perform the multiplication. But by what gen- 
eral process is it to be performed without finding 
that difference ? If we take a, c times, the prod- 
uct will be ac but as n was only the difference 
bet-ween a and b that was to be multiplied by c, 
this pioduct ac will be too great by b taken c 
times, that i=(, the due product will be expressed 
by ac — he hence, we see, that, 

f If a quantity having a plus sign be multi- 
plied by another quantity having also a plus 



sign, the iign of the product will be plus ; and 
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-be 

-~ad-\-hd 
-bc^ad + bd 



'■: 



if a quantity having a minus sign be multi- 
plied by a quantity having a plus sign, the sign 
of the product will be minus. 

5 300. Let us now take the most general General 
case, viz. that in wliich it is required to muhi- 
ply a — b hy c — d. 

Let us again obsei-ve that the algebraic lan- 
guage denotes that a — b is 
to he taken as many times 
as there are units in c—d; 
and if these two diiferences 
were known, their product 
would at once form the product required. 

First : let us take a~b a,s many times as there i 
are units in c ; this product, from what has al- 
ready been shown, is equal to ac — be. But 
since the multiplier is not c, but c — d, it follows 
that this product is too large hj a — b taken d 
times ; that is, by ad — bd: hence, the fii^t prod- ^ 
uct diminished by this last, will give the true 
product. But, by the rule for subtraction, this 
difference is found by changing the signs of the ' 
subtrahend, and then uniting all the terms as in 
addition : hence, the true product is expressed 
byac- hc-'ad-\-hd. 

By analyzing this result, and employing an , 
abbreviated language, we have the following gen- 
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eral principle to which the iigns conform in mul 

tiplication \i7 
lieroj Plus mulhpbed hi/ plus ^iies plus in the p)od 
'"^^ uct ; plus multiplied by minus gives minus mi 

nus multiphed by plus gives minus and minus 

multiplied by mmwi gives plus in the pi odvct 

mart, § 301, The lemark ib olten made by puj.ik 
that the abo^e leawiing ipjeais very satisfac 
tory so kn^ as the quantities iie presented un 
der the above foim but why will —b multiplied 

-ticuiar j,y _^ g[^g plug j^ ? How cin the pioduct oi 
two negative quantities standing alone be flu ■' 

jgeign; In the fiiat pi ice the minus sign being pre 
fixed to b and d shows that m in algebtatc sense 
they do not st-^nd b^ themsph es but are con 

nietpre- ncctcd With othei quantities ind it fhej ire 
not so connected the minui sidi makes no dif 
ference; foi it m no cise affects the quantity 
but merely points out i connection with other 
quantities Besides the pioduct determined 
above, being independent of iu> particular \ tlue 
attributed to the letteis a b c and d must b 

ii of ihe of such a term as to be true t r all values a 1 

"be true lieice foi^ til® case in which a and c an, bjt 

luaoiiiiefl gqygf to 2ero Making this suppos t on tl 
product leduces to the foim of + ( / The lu 
for the signs m division are readily deduced tiom 
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the definition of division, and the principles al- 
ready laid down. 



5 302. The terms zero and inliaity have given '. 
rise to much discussion, and been regarded as 
presenting difficulties not easily removed. It may 
not be easy to frame a form of language that shall 
convey to a mind, but little versed in mathe- 
matical science, the precise ideas which these ' 
terms are designed to express ; hut we are un- 
willing to suppose that the ideas themselves are 
beyond the grasp of ao ordinary intellect. The 
terms are used to designate the two limits of 
Space and Number. 

§ 303. Assuming any two points in space, and 
joining them by a straight line, the distance be- 
tween the points wilJ be truly indicated by the 
length of this line, and this length may be ex- 
pressed numerically by the number of times 
which the line contains a known unit. If now, 
the points are made to approach each other, the ' 
length of the line will diminish as the points n 
come nearer and nearer together, until at length, 
when the two points become one, the length of 
the line wdl disappear, having attained its limit. 
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which is called zero. If, on the contrary, tlie 

points recede from each other, the length of the 

iiiuairaiicm, ]ijje joining them will continually increase ; but 

meiming of so long as the length of the line can be expressed 

iDiiniiy. *^ terms of a known unit of measure, it is not 

infinite. But, if we suppose the points removed, 

so that any known unit of measure would occupy 

no appreciable portion of the line, then the length 

of the line is said to be Infinite. 

§ 304. Assuming one as the unit of number, 
and admitting the seli-evident truth that it may 
be increased or diminished, we shall have no 

^firo'imd^- difficulty in understanding the import of tiie 

inii? applied terms zero and infinity, as applied to number. 
For, if we suppose the unit one to be continually 
diminished, by division or otherwise, the frac- 

luusiraiiou. tional units thus ai^ising will be less and less, 
and in proportion as we continue the divisions, 
they will continue to diminish. Now, the limit 
or boundary to which these very small fractions 
Zora : approach, is called Zero, or nothing. So long 
as the fractional number forms an appreciable 
part of one, it is not zero, but a finite fraction ; 
and the term zero is only applicable to that 
which forms no appreciable part of the standard. 

niiKirotion. If, on the other hand, we suppose a number 
to be continually increased, the relation of this 
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number to the unit will be constantly changing. 
So long as the number can be expressed in 
terms of the unit one, it is finite, and not infi- innnitj ; 
nite ; but when the unit one forms no appre- 
ciable part of the number, the term infinite is 
used to express that state of value, or rather, 
that limit of value. 

§ 305. The terms zero and infinity ai-e there- The lerms, 
fore employed to designate the limits to which employed, 
decreasing and increasing quantities may be 
made to approach nearer than any assignable 
quantity ; but these limits cannot be compared, Are umiia, 
in respect to magnitude, with any known stand- 
ard, so as to give a finite ratio. 

§ 306. It may, perhaps, appear somewhat par- ivny iimitB! 
adoxical, that zero and infinity should be defined 
is the limits of numbei and space when thej 
aie in themselves not measurable But a hmit 
IS thit which sets bounds to or encumsciibes nean oner 
and IS all finite spice ind finite number (ind 
such only are implied b) the term-- Space ^ud ofspaiaaud 
Numbei) are contained between zero ind m 
finify we employ these teim=! tD dcMgnate the 
limits of Number and Space. 
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§ 309, Making the statement, or finding the 
equation, is merely analyzing the problem, and 
expressing its elements and their relations in 
the language of analysis. It is, in truth, col- 
lating the facts, noting their bearing and con- 
nection, and inferring some general law or prin- 
ciple which leads to the formation of an equation. 

The condition of equality between two quan 
titles is expressed by the sign of equality, which 
is placed between them. The quantity on the 
left of the sign of equality is called the first mem- 
ber, and that on the right, the second member 
of the equation. The first member corresponds 
to the subject of a proposition ; the sign of equal- 
ity is copula and part of the predicate, signify- 
ing, IS EauAL TO. Hence, an equation is merely 
a proposition expressed algebraically, in which 
equality is predicated of one quantity as com- 
pared with another. It is the great formula of 



5 310. We have seen that every quantity is 
either abstract or concrete :* hence, an equa- 
tion, which is a general formula for expressing 
equality, must be either abstract or concrete. 

An abstract equation expresses merely the 

* Section 76. 
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relation of equality between two abstract quan- 
tities : thus, 

a-\-b = x, 

is an abstract equation, if no unit of value be 
assigned to eitber member ; for, until that be 
done the abstract unit one is understood, and the 
formula mereiy expresses that the sum of « and h 
is equal to x, and is true, equally, of ail quantities. 
But if we assign a concrete unit of value, that 
is, say that a and b shall each denote so many 
pounds weight, or so many feet or yards of 
length, X will be of the same denomination, and 
the equation wiU become concrete or denominate. 

§ 311. We have seen that theie aie fa^c opei 
ations which may be peifoimed on an algebnic 
quantity.* We assume, as an axiom, that if 
the same operation, under eithei of the^e pio 
cesses, be performed on both membeia ot an 
equation, the equality ol the membeis will not be 
changed. Hence, we have the live following 



1, If equal quantities be added to both mem- 
bers of an equation, the equality of the members 
will not be destroyed. 
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2. If equal quantities be subtracted from both 
members of an equation, the equality will not be 



3. If both members of an equation be multi- Tiiird. 
plied by the same number, the equality will not 

be destroyed. 

4. If both members of an equation be divided Foarih. 
by the same number, the equality will not be 
destroyed. 

5. If the same root of both members of an ^™^ 
equation be extracted, the equality of the mem- 
bers will not be destroyed. 

Every operation performed on an equation ueanf 
will fall under one or other of these axioms, and 
they afford the means of solving all equations 
which admit of solution. 

§ 312. The term Equality, in Geometry, ex- ^v-'i'<!' 

presses that relation between two magnitudes inGeomtuy. 

which will cause them to coincide, throughout 

their whole extent, when applied to each other. 

The same term, in Alsebra, merely implies that iia meaning 
° . : inAJgibra. 

the quantity, of which equality is predicated, 

and that to which it is affirmed to be equal, 
contain the same unit of measure an equal num- 
ber of times : hence, the algebraic signification 
of the term equality corresponds to the signi- corfeeponda 
fication of the geometrical term equivalency. lency. 
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5 318. We have thus pointed out some of the 
niaiked characteristics of analysis. In Algebra, 
the eieraentary branch, the quantities, about 
which the science is conversant, are divided, 
as ha'! been already remarked, into known and 
unknown, and the connections between them, 
expressed by the equation, afford the means of 
tracing out further relations, and of finding the 
values of the unknown quantities in terms of the 
known. 

In the other branches of analysis, the quanti- 
^ ties considered are divided into two general 
if classes. Constant and Variable ; the former pre- 
serving fixed values throughout the same pro- 
cess of investigation, while the latter undergo 
changes of value according to fixed laws ; and 
from such changes we deduce, by means of the 
equation, common principles, and general prop- 
erties applicable to u.11 quantities. 

I- 5 314. The correspondence between the pro- 
f cesses of reasoning, as exhibited in the subject of 
general logic, and those which are employed in 
njathematical science, is readily accounted foi-, 
when we reflect, that the reasoning process is 
essentially the same in all eases ; and that any 
change in the language employed, or in the sub- 
ject to which the reasoning is applied, does not 
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i the nature of the process, or mate- 
rially vary its form, 

§ 315. We shall not pursue the subject of 
analysis any further; for, it would be foreign 
to the purposes of the present work to attempt objects of 
more than to point out the general features and „^j^. 
characteristics of the diiferent branches of math- 
ematical science, to present the subjects about 
which the science is conversant, to explain the 
peculiarities of the language, the nature of the 
reasoning processes employed, and of the con- 
necting links of that golden chain which binds exu,niied. 
together all the parts, forming an harmonious 
whole. 



SUGSESTIONS FOE THOSE WHO TE. 

1. Be carefiil to explain that the letters em- i 
ployed, are the mere symbols of quantity. That 
of, and in themselves, they have no meaning or 
signification whatever, but are used merely as 
the signs or representatives of such quantities 
as they may be employed to denote. 

2. Be careful to explain that the signs which ( 
are used are employed merely for the purpose 
of indicating the five operations which may be 
performed on quantity; and that they indicate 
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operations merely, without at all afiecting the 




nature of the quantities before which they are 




placed. 


Lsll^^l 


3. Explain that the letters and signs are the 


signs 
cIcinEnU of 


elements of the algebraic language, and that the 


liinguage. 


language itself arises from the combination of 




these elements. 


Algehmlo 


4. Explain that the iinding of an algebraic 


formula; 


formula is but the translation of certain ideas. 




first expressed in our common language, into 




the language of Algebra ; and that the interpre- 


IIS inK^rprel 


tation of an algebraic formula is merely trans- 


at,cn. 


lating its various significations into common 




language. 


Lanennge. 


5. Let the language of Algebra be carefully 




studied, so that its construction and significa- 




tions may be clearly apprehended. 


Coeffldent, 


6. Let the difference between a coefficient 


Exponenl. 


and an exponent be carefully noted, and the 




office of each often explained ; and illustrate fre- 




quently the signification of the language by at- 




tributing numerical values to letters in various 




algebraic expressions. 


aimilar 


7. Point out often the characteristics of sim- 


qnanliUes. 


ilai- and dissimilar quantities, and explain which 




may be incorporated and which cannot. 


Minus ^ 


8. Explain the power of the minus sign, as 




shown in the four ground rules, but very par- 
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ticularly as it is illustrated in subtraction and 
multiplication. 

9. Point out and illustrate the correspondence 
between the four ground rules of Aiithmetic ' 
and Algebra; and impress the fact, (hat then 
differences, wherever they appear, aiise meiely 
from differences in notation and language ; the 
principles which govern the operations being 
the same in both 

10. Explain with great minuteness and par- 
tieulanty all the characteristic properties of the i 
equation , the manner of forming it ; the differ- 
ent kinds uf quantity which enter into its com- 
position , its examination or discussion ; and 
the diifeient methods of elimination. 

11 In the equation of the second degree, be i 
careful to dwell on the four forms which em- 
brace all the cases, and illustrate by many ex- 
amples that every equation of the second de- 
gree may be reduced to one or other of them. 
Explain very particularly the meaning of the 
term root ; and then show, why every equation 
of the first degree has one, and every equation 
of the second degree two. Dwell on the prop- 
erties of these roots in the equation of the sec- 
ond degree. Show why their sum, in all the ■ 
forms, is equal to the coefficient of the second 
term, taken with a contrary sign ; and why their 
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Their prod- product is equal to the absolute term with a 
"" ■ contrary sign. Explain when and why the roots 
are imaginary. 
'^^eisi 13. Ill fine, remember that every operation 

FrincLiiies; 

and rule is based on a principle of science, and 
that an intelligible reason may be given for it. 
Find that reason, and impress it on the mind 
SbouiLi be of your pupil in plain and simple language, and 
by familiar and appropriate illustrations. You 
will thus impress right habits of investigation 
and study, and he will grow in knowledge. The 
broad field of analytical investigation will be 
opened to his intellectual vision, and he will 
have made the first steps in that sublime science 
niayieurtio which discovers the laws of nature in their most 

ganeral laws. 

secret hiding-places, and follovfs them, as they 
reach out, in omnipotent power, to control the 
motions of matter through the entire regions of 
occupied space. 
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UTILITY OF MATHEMATICS. 



CHAPTER I. 



§ 316. The first efforts in mathematical sci- ^ 
ence are made by the child in the process of 
counting. He counts his fingers, and repeats 
the words one, two, three, four, five, sis, seven, * 
eight, nine, ten, until he associates with these 
words the ideas of one or more, and thus ac- 
quires his first notions of number. Hence, the 
1 idea of number is firet presented to the mind by 
means of sensible objects ; but when once clear- 
ly apprehended, the perception of the sensible 
objects fades away, and the mind retains only 
the abstract idea. Thus, the child, after count- ' 
ing for a time with the aid of his fingers or his 
marbles, dispenses with these cumbrous helps, and 
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. employs only the abstract ideas, which his mind 
embraces with clearness and uses with facility. 

5 317. In the first stages of the analytical 
methods, where the quantities considered are 
a represented by the letters of the alphabet, sen- 
sible objects again lend their aid to enable the 
mind to gain exact and distinct ideas of the 
things considered ; but no sooner are these ideas 
obtained than the mind loses sight of the things 
themselves, and operates entirely through the 
instrumentality of symbols. 

J 318. So, also, in Geometry. The right line 
may first be presented to the mind, as a black 
i- mark on paper, or a chalk mark on a black- 
i board, to impress the geometrical definition, that 
" A straight line does not change its direction 
between any two of its points." When this 
definition is clearly apprehended, the mind needs 
no further aid from the eye, for the image is 
forever imprinted. 

§ 319. The idea of a plane surface may be 
impressed by exhibiting the surface of a polished 
mirror; and thus the mind may be aided in 
a- apprehending the definition, that " a plane sur- 
face is one in which, if any two points be taken. 
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the straight line which joins them will lie wholly 
ID the surface," But when the definition is 
understood, the mind requires no sensible object 
to aid Its conception. The ideal alone fills the 
mind, and the image lives there without any 
connection with sensible objects. 

§ 320. Space is indefinite extension, in which 
all bodies are situated. A solid or body is any 
portion of space embracing the three dimensions 
of length, breadth, and thickness. To give to 
the mind the true conception of a solid, the aid 
of the eye may at first be necessary; but the 
idea being once impressed, that a solid, in a 
strictly mathematical sense, means only a por- 
tion of space, and has no reference to the mat- 
ter with which the space may be filled, the mind 
turns away from the material object, and dwells 
alone on the ideal. 

5 321. Although quantity, in its general sense, 
is the subject of mathematical inquiry, yet the 
language of mathematics is so constructed, that : 
the investigations are pursued without the slight- 
est reference to quantity as a material substance. 
We have seen that a system of symbols, by 
which quantities may be represented, has been 
adopted, forming a language for the expression 
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of ideas entirely disconnected from material ob- 
jects, and yet capable of expressing and repre- 
^"f senting such objects. This symbolical language, 
[a: at once copious and exact, not only enables us 
to express our known thoughts, in every depart- 
itac- ment of mathematical science, but is a potent 
means of pushing our inquiries into unexplored 
regions, and conducting the mind with certainty 
to new and valuable truths. 

tages § 322. The nature of that culture, which the 
"""' mind undergoes by being trained in the use of 
an exact language, in which the connection be- 
tween the sign and the thing signified is unmis- 
takable, has been well set forth by a living 
author, greatly distinguished for his scientific 
attainments.* Of the pure sciences, he says : 
iiei-a " Their objects are so definite, and our no- 
'^ tions of them so distinct, that we can reason 
about them with an assurance that the words and 
signs of our reasonings are full and true repre- 
sentatives of the things signified; and, conse- 
,ian- quently, that when we use language or signs in 
^. argument, we neither by their use introduce 
extraneous notions, nor exclude any part of the 
case before us fi'om consideration. For exam- 

* Sir John Herschel, Diaoourae on the study of Natural 
PhiloEophy. 
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pie : the words space, square, circle, a hundred, Mnmeii 
&c., convey to the mind notions so complete 
in themselves, and so distinct from every thing 
else, that we are sure when we use them we 
know and have in view the whole of our own 
meaning. It is widely different with words ex- rifien 
pressing natural objects and mixed relations, (,ii,gf, 
Take, for instance, Iron. Different persons at- 
tach very different ideas to this word. One who 
has never heard of magnetism has a widely dif- 
ferent notion of iron from one in the contrary 
predicament. The vulgar who regard this metal Howi 
as incombustible, and the chemist, who sees it the ch 
bum with the utmost fury, and who has other 
reasons for regarding it as one of the most com- 
bustible bodies in nature; the poet, who uses Tuof 
it as an emblem of rigidity ; and the smith and 
engineer, in whose hands it is plastic, and mould- 
ed like wax into every form; the jailer, who prizes Tueji 
it as an obstruction, and the electrician, who tub e 
sees in it only a channel of open communication 
by which that most impassable of obstacles, the 
air, may be traversed by his imprisoned fluid, — 
have all different, and all imperfect notions of 
the same word. The meaning of such a term rrnai 
is like the rainbow— everybody sees a different 
one, and all maintain it to he the same," 

"It is, in fact, in this double or incomplete 
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incoinpiBia seiise of words, that we must look for the origin 
si'putceof "^f ^ very large portion of the errors into which 
"™- we fall. Now, the study of the abstract sciences, 
Miuhemntits such as Arithmetic, Geometry, Algebra, &c., 
Bjcii eriora. while they afford scope for the exercise of rea- 
soning about objects that are, or, at least, may 
be conceived to be, estemaj to us; yet, being 
free from these sources of error and mistake, 
RaqiiiMs s accustom us to the strict use of language as 
imgmige. »!> instrument of reason, and by familiarizing us 
in our progress towards truth, to walk uprightly 
and straightforward, on firm ground, give us 
that proper and dignified carriage of mind which 
Rcauifa. could never be acquired by having always to 
pick our steps among obstructions and loose 
fragments, or to steady them in the reeling tem- 
pests of conflicting meanings." 

Two ways of § 323. Mr. Locke lays down two ways of in- 
kaowk^ge. creasing our knowledge : 

1st. "Clear and distinct ideas with settled 
names ; and, 

2d, " The finding of those which show their 
agreement or disagreement ;" that is, the search- 
ing out of new ideas which result from the com- 
bination of those that are known. 
piKi. In regard to the first of these ways, Mr. Locke 

says : " The first is to get and settle in our minds 
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determined ideas of those things, whereof we idaos 
have general or specific names; at least, of so ,,6diaij 
many of them as we would consider and im- 
prove our knowledge in, or reason about." * * * 
" For, it being evident, that our Itnowiedge can- 
not exceed our ideas, as far as they are either im- i^*™ 
perfect, confused, or obscure, we cannot expect 
to have certain, perfect, or clear knowledge." 

§ 324. Now, the ideas which make up our whj li 
knowledge of mathematical science, fulfil ex- j^^^c 
actly these requirements. They are all im- 
pressed on the mind by a fixed, definite, and 
certain language, and the mind embraces them 
as so many images or pictures, clear and dis- 
tinct in their outlines, with names which sug- 
gest at once their characteristics and properties. 

§ 325. In the second method of increasing seam 
our knowledge, pointed out by Mr. Locke, math- 
ematical science oifers the most ample and the whj m 
surest means. The reasonings are ad based on ^^^'^^ 
self-evident truths, and are conducted by means '""" 
of the most striking relations between the known 
and the unknown. The things reasoned about, 
and the methods of reasoning, are so clearly 
apprehended, that the mind never hesitates oi 
doubts. It comprehends, or it does not compre- 
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hend, and the line which separates the known 
- from the unknown, is always well defined. These 
characteristics give to this system of reasoning 
a superiority over every other, arising, not from 
any difference in the logic, but from a difference 
in the things to which the logic is applied. Ob- 
servation may deceive, experiment may fail, and 
■ experience prove treacherous, but demonstration 

never, 

a "If it be true, then, that ni tthfmitics intlude 

. a perfect system of reisonmt; whose piemi'.es 

are self-evident, and whose conclusions ire me 

sistible, can there be any branch of science or 

knowledge better adapted to the impiovement 

of the understanding? It is m this c-ipicity 

1 as a strong and natural idjunct and mstiument 

1. of reason, that this science becomes the fit sub 

ject of education with all conditions of societj 

whatever may be their ultimate pui suits Most 

sciences, as, indeed, most blanches oi knowled^u 

address themselves to some p'^iticular taste oi 

subsequent avocation; but this while it is be 

fore all, as a useful attainment especially adapts 

itself to the cultivation and improvement of the 

a. thinking faculty, and is alike necessary to all 

who would be governed by reason, or live for 



* Mansfield's Discourse on the Mathematics. 
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5 326. The following, among other consider- coosideta- 
ations, may serve to point out and illustrate the ,a\ueoS 
value of mathematical studies, as a means of ™''"'™=''™' 
mental improvement and development. 

1. We readily conceive and clearly appre- fimi. 
hend the things of which the science treats ; oiear concup- 
they being things simple in themselves and read- ,™ ° 
Uy presented to the mind by plain and familiar 
language. For example : the idea of number, of 

one or more, is among the first ideas implanted Exampio. 
in the mind ; and the chOd who counts his fin- 
gers or his marbles, understands the art of num- 
bering them as perfectly as he can know any 
thing. So, likewise, when he learns the definition Thej esiai- 
of a straight line, of a triangle, of a square, of reiaiiona te- 
a circle, or of a parallelogram, he conceives the '"y^^" 
idea of each perfectly, and the name and the '*^^- 
image are inseparably connected. These ideas, 
so distinct and satisfactory, are expressed in the 
simplest and fewest terms, and may, if necessary, 
be illustrated by the aid of sensible objects. 

2. The words employed in the definitions second. 

Words ai'e 

are always used m the same sense — each ex- always used 
pressing at all times the same idea; so that BeuM™° 
when a definition is apprehended, the concep- 
tion of the thing, whose name is defined, is per- 
fect in the mind. 

There is, therefore, no doubt or ambiguity 
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icftitiB either in the language, or in regard to what is 
aifirmed or denied of the things spoken of; but 
all is certainty, hoth in the 1 
and in the ideas which it e 
'hii-d. 3. The science of mathematics employs no 

lefiDitinn definition which may not be clearly compre- 
iraTimd' hended — lays down no axioms not universally 
°'°°'- true, and to which the mind, by the very laws 
of its nature, readily assents ; and because, also, 
in the process of the reasoning, no principle or 
truth is taken for granted, but every link in 
iconaec- the chain of the argument is immediately con- 
' nected with a definition or axiom, or with some 
principle previously established, 
omih. 4. The order established in presenting the 
iiiguioiB subject to the mind, aids the memory at the 
iiiti«i.'°^ same time that it strengthens and improves the 
reasoning powers. For example: first, there 
wwaoB are the definitions of the names of the things 
^^ which are the subjects of the reasoning ; then 
the axioms, or self-evident truths, which, to- 
gether with the definitions, form the basis of the 
science. From these the simplest propositions 
r the da- we deduced, and then follow others of greater 
low' ' 'i^ffi'^^'lty ; the whole connected together by rig- 
orous logic— each part receiving strength and 
light from all the others. Whence, it follows, 
that any proposition may be traced to first prin- 
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ciples ; its dependence upon and connection I'roposii 
with those principles made obvious ; and its truth OLehsa- 
established by certain and infallible argument. 

5. The demonstrative argument of mathe- ^"^ 
matics produces the most certain knowledge thu n. 
of which the mind is susceptible. It estab- 
lishes truth so clearly, that none can doubt or 
deny. For, if the premises are certain — that is, ueaao 
such that all minds admit their truth without 
hesitation or doubt, and if the method of draw- 
ing the conclusions be lawful— that is, in accord- 
ance with the infallible rules of logic, the infer- 
ences must also be true. Truths thus established 
may be relied on for their verity ; and the knowl- such k 
edge thus gained may well be denominated 



§ 327. There are, as we have seen, in mathe- twosj's- 
matics, two systems of investigation quite differ- 
ent from each other i the Synthetical and the sjntheaia, 
Analytical ; the synthetical beginning with the '*''*'^''"' 
definitions and axioms, and terminating in the 
highest truth reached by Geometry. 

" This science presents the very method by g „iheticai 
which the human mind, in its progress from 
childhood to age, develops its faculties. What 
first meets the observation of a child ? Upon ^.^^ m,tioiie. 
what are his earliest investigations employed ? 
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wuM is lirat Next to coIoF, whicli exists only to the sight, 
figure, extension, dimension, are the first objects 
which he meets, and the first which he examines. 
He ascertains and acknowledges their existence ; 
then he perceives plurality, and begins to enu- 
Pfogteesof merate; finally he begins to draw conclusions 
from the parts to the whoie, and makes a law 
from the individual to the species. Thus, he 
has obtained figure, extension, dimension, enu- 
meration, and generalization. This is the teach- 
ing of nature ; and hence, when this process 
Pi-offisadfr becomes embodied in a perfect system, as it is 
ihesjBiemof in Geometry, that system becomes the easiest 
Geometry. ^^^ most natural means of strengthening the 
mind in its early progress through the fields of 
knowledge." 
Firatneces- " LoBg after the child has thus begun to gen- 
AnkLiB- cralize and deduce laws, he notices objects and 
events, whose exterior relations afford no con- 
clusion upon the subject of his contemplation. 
Machinery is in motion — effects are produced, 
itoioethoLi. He is surprised; examines and inquires. He 
reasons backward from effect to cause. This is 
Analysis, the metaphysics of mathematics ; and 
WhaiibB through all its varieties— in Arithmetic — in Alge- 
EtieiiceiHi jij,^ — jijjj ^jj jjjg Differential and Integral Calcu- 
lus, it furnishes a grand armory of weapons for 
acute philosophical investigation. But analysis 
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advances one step further by its peculiar nota- wbauu 
tion; it exercises, in the highest degree, the fac- 
ulty of abstraction, which, whether morally or 
intellectually considered, is always connected 
with the e ef e nd T u h 

scienc co ne n a e n h 

progre s o he na e s ag s of 
and th oe eeaay alp oce se a e u '^"^ 
tivated heoeendls pr f m 

estima es s y and d e h y e 

powei are up n a e n y 

of future being."* 

§ 338. To the quotations, which have already 
been so ample, we will add but two more. 

"In the mathematics, I can report no defi- Ba™ 
cience, except it be that men do not suffi- motheia 
ciently understand the excellent use of the pure 
mathematics, in that they do remedy and cure 
many defects in the wit and faculties intellectual. 
For, if the wit be too dull, they sharpen it ; if 
too wandering, they fix it ; if too inherent in the 
sense, they abstract it."t Again : 

" Mathematics serve to inure and corroborate hob- 
the mind to a constant diligence in study, to 

* Manafleld's Discourses on Mathematics. 
I Lord Bacon. 
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i undergo the trouble of an attentive meditation, 
and cheerfully contend with such difficulties as 
lie in the way. They wholly deliver us from 
credulous simpiicity, most strongly fortify us 
against the vanity of skepticism, effectually re- 

s. strain us from a rash presumption, most easily 
incUne us to due assent, perfectly subjugate us 
to the government and weight of re^on, and 
inspire us with resolution to wrestle against the 
injurious tyranny of false prejudices. 

B " If the fancy be unstable and fluctuating, it 
is, as it were, poised by this ballast, and steadied 
by this anchor ; if the wit be blunt, it is sharp- 
ened by this whetstone ; if it be luxuriant, it is 
pruned by this knife ; if it be headstrong, it is 
restrained by this bridle ; and if it be dull, it is 
roused by this spur."* 

5 329. Mathematics, in all its branches, is, in 
fact, a science of ideas aloncj unmixed with mat- 
s ter or material things ; and hence, is properly 
termed a Pure Science. It is, indeed, a fairy 
land of the pure ideal, through which the mind 
is conducted by conventional symbols, as thought 
is conveyed along wires constructed by the 
hand of man. 
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§ 330. In conclusion, therefore, we may claim Wb! 
for the study of Mathematics, that it ireipreases dam 
the mind with clear and distinct ideas ; culti- "" ' 
vates habits of close and accurate discrimina- 
tion ; gives, in an eminent degree, the power 
of abstraction ; sharpens and strengthens all the 
faculties, and develops, to their highest range, 
the reasoning powers. The tendency of this itBtei 
study is to raise the mind from the servile habit 
of imitation to the dignity of self-reliance and 
self-action. It arms it with the inherent ener- 
gies of its own elastic nature, and urges it out The r 
on the great ocean of thought, to make new 
discoveries, and enlarge the boundaries of men- 
tal effort 
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CHAPTER II. 



ihematiB: 5 331. In the preceding chapter, we consid- 
ered the effects of mathematical studies on the 
niind, merely as a means of discipline and train- 
it bonsid- ing. We regarded the study in a single point 
tote: of view, viz. as the driO-master of the intel- 
lectual faculties — the power hest adapted to 
bring them all into order — to impart strength, 
and to give to them organization. In the 
ow doii- present chapter we shall consider the study un- 
der a more enlarged aspect — as furnishing to 
man the keys of hidden and precious knowl- 
edge, and as opening to his mind the whole 
volume of nature. 



§ 332. The material universe, which is spread 
out before us, is the first object of our rational 
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regards. Material things are the first with which 
we have to do. The child plays with his toys Eiemonia of 
in the nursery, paddles in the Hmpid water, "* ^■ 
twirls his top, and strikes with the hammer. 
At a maturer age a higher class of ideas are 
embraced. The eai'th is surveyed, teeming with 
its products, and filled with life. Man looks 
around him with wondering and delighted eyes. obHuned uy 
The earth he stands upon appears to be made 
of firm soO and liquid waters. The land is 
broken into an irregular surface by abrupt hills 
and frowning mountains. The rivers pursue 
their courses through the valleys, without any course of 
apparent cause, and finally seem to lose them- 
selves in their own expansion. He notes the 
return of day and night, at regular intervals, 
turns his eyes to the starry heavens, and in- 
quires how far those sentinels of the night may 
be from the world they look down upon. He 
is yet to learn that all is governed by general Governea 
laws imparted by the fiat of Him who created ^j^T" 
ail thin^ ; that matter, in all its forms, is sub- 
ject to those laws; and that man possesses the Msnpos- 
capacity to investigate, develop, and understand ^^^^'1^^. 
them. It is of the essence of law that it in- ^^'^e^i^ """i 
eludes all possible contingencies, and insures '■^'"<•• 
implicit obedience ; and such are the laws of 
nature. 
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^ 333. To the man of chance, nothing is more 
mysterious than the developments of science. 
: He does not see how so great a uniformity can 
jonsist with the infinite variety which pervades 
every department of nature. While no two 
individuals of a species are exactly alike, the 
resemblance and conformity are so close, that 
the naturalist, from the examination of a sin- 
gle bone, finds no difficulty in determining the 
species, size, and structure of the animal. So, 

■ also, in the vegetable and mineral kingdoms : 
all the structures of growth or formation, al- 
though infinitely varied, are yet conformable to 
like general laws. 

This wonderful mechanism, displayed in the 
structure of animals, was but imperfectly under- 
stood, until touched by the magic wand of sci- 
ence. Then, a general law was found to per- 
vade the whole. Every bone is of that length 
B and diameter best adapted to its use ; every 
muscle is inserted at the right point, and works 
about the right centre ; the feathers of every 
bird are shaped in the right form, and the curves 
in which they cleave the air are best adapted 

■ to velocity. It is demonstrabJe, that in every 
case, and in all the variety of forms in which 
forces are applied, either to increase power or 
gain velocity, the very best means have been 
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i to produce the desired result. Aod why why it a > 
should it not be so, since they are employed 
by the all-wise Architect ? 

5 334. It is in the investigations of the laws Appiiomioi 
of nature that mathematics finds its widest MoibcmMi 
range and its most striking applications. 

Experience, aided by observation and enlight- 
ened by experiment, is the recosnised fountain Bncon'a 
of aU knowledge of nature. On this foundation 
Bacon rested his Philosophy. He saw that the 
Deductive process of Aristotle, in which the 
conclusions do not reach beyond the premises, Anatoue'i 
■was not progressive. It might, indeed, improve 
the reasoning powers, cultivate habits of nice 
discrimination, and give great proficiency in 
verbal dialectics ; but the basis was too narrow 
for that expansive philosophy, which was to usiiofeci 
unfold and harmonize all the laws of nature. 
Hence, he suggested a careful examination of whai Bai 
nature in every department, and laid the foun- '"^^* 
dations of a new philosophy. Nature was to 
be interrogated by experiment, observation was 
to note the results, and gather the facts into the 
storehouse of knowledge. Facts, so obtained, ThcmennE 
■were subjected to analysis and collation, and 
general laws inferred from snch classification by 
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1 a reasoning process called Induction. Hence, 
g_ the system of Bacon is said to be Inductive. 

,Bo- § 335. This new philosophy gave a startling 
impulse to the human mind. Its suhject was 
Nature — material and immaterial ; its object, the 
discovery and analysis of those general laws 

id. which pervade, regulate, and impart uniformity 
to all things ; its processes, experience, experi- 
ment, and observation for the ascertainment of 

B. facts ; analysis and comparison for their classifi- 
cation ; and reasoning, for the establishment of 

led general laws. But the work would have been 
incomplete without the aid of deductive science. 
General laws deduced from many separate cases, 

t by Induction, needed additional proof ; for, they 
might have been inferred from resemblances too 
slight, or coincidences too few. Mathematical 
science affords such proofs. 

J of 5 336. Regarding general laws, established by 
"' Induction, as fundamental truths, expressing these 
by means of the analytical formulas, and then 
operating on these formulas by the known pro- 
ineti cesses of mathematical science, we are enabled, 
not only to verify the truths of induction, but 
often to establish new truths, which were hidden 
from experiment and observation. As the in- 
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ductive process may involve error, while the 
deductive cannot, there are weighty scientific 
reasons, for giving to every science as much 
of the character of a Deductive Science as pos- 
sible. Every science, therefore, should be con- Aaturas 
structed with the fewest and simplest possible sciences 
inductions. These should be made the basis of ^7^dl. 
deductive processes, by which every truth, how- '*™- 
ever complex, should be proved, even if we 
chose to verify the same by induction, based on 
specific experiments. 



§ 337. Every branch of Natural Philosophy ni 
was originally experimental; each generaliza- 
tion rested on a special induction, and was de- 
rived from its own distinct set of observations 
and experiments. From being sciences of pure 
experiment, as the phrase is, or, to speak more 
correctly, sciences in which the reasonings con- 
sist of no more than one step, and that a step 
of induction ; all these sciences have become, 
to some extent, and some of them in nearly their 
whole extent, sciences of pure reasoning : thus, 
multitudes of truths, already known by induc- 
tion, from as many different sets of experiments, 
have come to be exhibited as deductions, or co- 
rollai-ies from inductive propositions of a simpler 
and more universal character. Thus, mechan- 
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ics, hydrostatics, optics, and acoustics, have 
successively heen. rendered mathematical ; and 
astronomy was brought by Newton within the 
laws of general mechanics. 

1- The substitution of this circuitous mode of 
proceeding for a process apparently much easier 
and more natural, is held, and justly too, to be 
the greatest triumph in the investigation of nature. 

n But, it is necessary to remark, that although, by 
this progressive transformation, aU sciences tend 
to become more and more deductive, they are 
not, therefore, the less inductive ; for, every step 
in the deduction rests upon an antecedent iu- 

- duction. The opposition is, perhaps, not so 
. much between the terms Deductive and Induc- 
tive as between Deductive and Experimental. 

§ 338. A science is experimental, in propor- 

- tion as every new case, which presents any pe- 
culiai- features, stands in need of a new set of 
observations and experiments, and a fresh in- 
duction. It is deductive, in proportion as it can 
draw conclusions, respecting cases of a new 
kind, by processes which bring these cases un- 
der old inductions, or show them to possess 
known marks of certain attributes. 

§ 339. We can now, therefore, perceive, what 
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is the generic distinction between sciences that Difference 
can be made deductive and those which must, daciive sua 
as yet, remain experimental. The difference *^^,"^'^'^ 
consists in onr having been able, or not yet 
able, to draw from first inductions as from a 
general law, a series of connected and depend- 
ent truths. When this can be done, the de- 
ductive process can be applied, and the sci- 
ence becomes deductive. For example : when oeduoiiTe, 
Newton, by observing and comparing the mo- 
tions of several of the heavenly bodies, discov- 
ered that all the motions, whether regulai- or Rx^miJie. 
appai-ently anomalous, of all the observed bodies 
of the Solar System, conformed to the law of 
moving around a common centre, urged by a 
centripetal force, varying directly as the mass, 
and inversely as the square of the distance from 
the centre, he inferred the existence of suck a whaiNew- 
taw for all the bodies of the system, and then de- 
monstrated, by the aid of mathematics, that no 
other law could produce the motions. This is wbatus 
the greatest example which has yet occurred of ^""' ' 
the transformation, at one stroke, of a science 
which was in a great degree purely experimen- 
tal, info a deductive science. 

5 340. How far the study of mathematics pre- smdy or 
pares the mind for such contemplations and ™" ^"^ '^' 
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res iiie sucSi knowledge i* ■well set foith h\ m old wii 
ter, liimselt i distinguished inathemiticiHn He 
says : 

Einow's u The Hteps aie guided bj no lamp moie clear 
ly through the daik mazes of niture by no thiead 
more suieh through the infinite turnings ot the 
labyrinth dI philoa3phy noi li'^tlj is the bottom 
of truth sounded more happih bj anj other line 

low I will not mention with ho^ plentiM a stock 

ish ihe of knowledge the inuid la turnished trom these 
with whit wholesome fiod it i=! nourished ard 
what sinceie [leasuie it en]ova But if I -ipeik 
further, I shill neithei he the only peison ni>i 
the first who aiEims it that while the inind is 

ttract abstracted ind elevated Irom sensible mattei 

it: distinctly Mews puie forms canceiveb the beau 
ty of ideas and investigates the haimony of pio 
portions, the inmneis themselves ire sensibly 
corrected and improved, the affections composed 
and rectified, the fancy calmed and settled, and 
the understanding raised and excited to more 

rmeimy divine contemplations : all of which I might de- 
fend by the authority and confirm by the suf- 
frages of the greatest jihilosophers."* 

schei-e 5 341. Sir John Herschel, in his Inti^oduction 
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to his admirable Treatise on AstroEomy, very opiDioia. 
justly remarks, that, 

" Admission to its sanctuary [the science of waiheiuui- 
Astronomy], and to the privileges and feelings indispensa- 
of a votary, is only to be gained by one means — unowiedgeof 
sound and sufficient knowledge of mathematics, """^y- 
the great instrument of all exact inquiry, with- 
out which no man can ever make suck advances 
in this or any other of the higher departments 
of science as can entitle him to form an inde- 
pendent opinion on any subject of discussion 
within their range. 

"It is not without an effort that those ^-ho lufoi'mo- 
possess this knowledge can communicate on ba given 
such subjects with those who do not, and adapt '"ii^f'no** 
their language and their illustrations to the ne- '™*™!'"|«' 
cessities of such an intercourse. Propositions 
which to the one are almost identical, are the- 
orems of import and difficulty to the other ; nor 
is their evidence presented in the same way to 
the mind of each. In treating such proposi- Bwept 
tions, under such circumstances, tlie appeal has brous meiii- 
to be made, not to the pure and abstract reason, °^' 
but to the sense of analogy — to practice and 
experience : principles and modes of action have 
to be established, not by direct argument from 
acknowledged axioms, but by continually refer- 
ring to the sources fi-om which the axioms them- Bcmoia: 
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jegin selves have been diawn, viz. examples ; that is to 
g^ say, by bringing forward and dwelling on simple 
'"■ and familiar iustances in, which the same prin- 
ciples and the same or similar modes of action 
take place; thus erecting, as it were, in each 
particular case, a separate induction, and con- 
structing at each step a little body of science to 
(lUon meet its exigencies. The difference is that of 
be- pioneering a road through an untraversed coun- 
oQby *'T' *'*'^ advancing at ease along a broad and 
'° "^ beaten highway ; that is to say, if we are deter- 
oiiB. mined to make ourselves distinctly understood, 

and will appeal to reason at aJl." Again: 
naiiea " ^ certain moderate degree of acquaintance 
"" " with abstract science is highly desirable to every 
one who would make any considerable progress 
in physics. As the universe exists in time and 
place ; and as motion, velocity, quantity, num- 
ber and order ire main elements of oui know I 
edge of external things and their change^ an 
atquamtance wjth these abstractedly eonsid 
t is BO eied {that is to aa> independent of any consid 
''°^' eration of paiticulai things moved measured 
counted, oi arranged) must evidently be a use 
ful preparation foi the moie complex study of 
nature."* 



* Sir John Herschel on tlie study of Natural Philwophy, 
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^ 343. If we consider the department of chem- NeeesBui 

, , I . ■ T 1 cbomls 

jstry, — which analyzes matter, examines the ele- 
ments of which it is composed, develops the laws 
which unite these elements, and also the agencies 
which will separate and reunite them, — we shall 
find that no intelligent ajid philosophical analysis 
can be made without the aid of mathematics. 

§ 343. The mechanism of the physical uni- i^*si 
verse, and the laws which govern and regulate 
its motions, were long unknown. As late as the 
17th century, Galileo was imprisoned for pro- Gaia 
mulgating the theory that the earth revolves on 
its axis ; and to escape the fury of persecution, Hia lui: 
renounced the deductions of science. Now, ev- 
ery student of a college, and every ambitious boy no™ k, 
of the academy, may, by the aid of his Algebra 
and Geometry, demonstrate the existence and 
operation of those general laws which enable Bjwi 
him to trace with certainty the path and mo- sonata 
tions of every body which circles the heavens. 

§ 344. What knowledge is more precious, or vaii 
more elevating to the mind, than that which j^^^™^ 
assures us that the solar system, of which the 
sun is the centre, and our earth one of the 
smaller bodies, is governed by the general law 
of gravitation ; that is, that each body is re- 
tained in its orbit by attracting, and being at- 
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wist traded by, all the others ? This power of attrac- 
tioiij by which matter operates on matter, is the 
great governing principle of the material world. 
The motion of each body in the heavens de- 

The ibinp pends OR the forces of attraction of all the 
'^''' others ; hence, to estimate such forces — varying 
as they do with the quantity of matter in each 
body, and inversely as the squares of their dis- 
tances apart — is no easy problem ; yet analy- 

Aoaijsis: sis has Bolved it, and with such certainty, that 
the exact spot in the heavens may be mai-ked 
at which each body will appear at the expiration 
wiai ii has of any definite period of time. Indeed, a tele- 
scope may be so arranged, that at the end of 
How a that time either one of the heavenly bodies 

be votinod would present itself to the field of view ; and 

"^meuT' ^^ ^^^ instrument could remain fixed, though the 
time were a thousand years, the precise mo- 
ment would discover the planet to the eye of the 
observer, and thus attest the certainty of science, 

§ 345. But analysis has done yet more. It 
has not only measured the attractive power of 
AnaiyEis gach of the heavenly bodies ; determined their 
baiandus distances from a common point and from each 
other; ascertained their specific gravities and 
traced their orbits through the heavens ; but 
has also discovered the existence of balancing 
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and conservative forces, evincing the highest Eridencooc 
evidence of contrivance and design. * '^"' 

5 346. A superficial view of the architecture Arohiiecture 
of the heavens might inspire a doubt of the sta- ena shows 
bility of the entire system. The mutual action p*™™™"!- 
of the bodies on each other produces what is 
called an irregularity in their motions. The 
earth, for example, in her annual course around Example of 
the sun, is affected by the attraction of the 
moon and of all the planets which compose the 
solar system ; and these attracting forces appear 
to give an irregularity to her motions. The 
moon in her revolutions around the earth is also orthemoon. 
influenced by the attraction of the sun, the earth, 
and of all the other planets, and yields to each a 
motion exactly proportionate to the force exert- 
ed ; and the same is equally true of all the bodies or iho nmcr 
which belong to the system. It was reserved 
for analysis to demonstrate that every supposed 
irregularity of motion is but the consequence of 
a general law ; that every change is constancy, 
and every diversity uniformity. Thus, mathe- Maii.mia(i(3 
matical science assures us that our system has petmanei^j- 
not been abandoned to blind chance, but that '^^^^^ 
a superintending Providence is ever exerted 
through those general laws, which are so minute 
as to govern the motions of the feather as it is 
21 
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GtuPTiiiiy of wafted along on the passing breeze, and yet so 
omnipotent as to preserve the stability of worlds, 

5 347. But analysis goes yet another step. 
That class of wandering bodies, known to us by 
1 iimeis: the name of comets, although apparently escaped 
from their own spheres, and straying heedlessly 
What through Ulimitable space, have yet been pursued 
jii-ovifl Id re- by the telescope of the observer until sufficient 
data have been obtained to apply the process 
of analysis. This done, a few lines written upon 
paper indicate the precise times of their reap- 
EiiBuiia airi- pearance. These results, when first obtained, 
""^' were so striking, and apparently so far beyond 
the reach of science itself, as almost to need 
veriflcauop. the Verification of experience. At the appointed 
times, however, the comets reappear, and sci- 
ence is thus verified by observation. 

Nature ^ 348. The great temple of nature is only to 

vratigued be Opened by the keys of mathematical science. 

matiiero^ia. ^^ ""^^ perhaps reach the vestibule, and gaze 

with wonder on its gorgeous exterior and its 

exact proportions, but we cannot open the por- 

niuMratton. tal and explore the apartments unless we use 

the appointed means. Those means are the 

exact sciences, which can only be acquired by 

discipline and severe mental labor. 
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The precious metals are not scattered pro- 
fu'ielj' over the surface of the eai-th ; they are, 
for wise puiposes buried in its bosom, andean 
be disinteired only by toil and labor. So with 
science it comes not by inspiration ; it is not 
boine to us on the wings of the wind; it can 
neifhei be extoited by power, nor purchased by 
tteilth but IS the sure reward of diligent and 
asuduous libor Is it worth that labor ? What ' 
IS it not worth' It has perforated the earth, 
and she his yielded up her treasures; it has 
guided in satet^ the bark of commerce over dis- k 
tant ocein'! and brought to civilized man the 
treisures ■iud choicest products oi' the I'emotest 
climes It has sc'iled the heavens, and searched 
out the hidden hws which regulate and govern 
the material universe ; it has travelled fi-om 
planet to planet, measuring their magnitudes, sur- 
veying then suifaces deteimimnt; then dv,^ iid 
nisfhtb and the lengths of then sea'.ons It li ? 
■ilso pushed its mqunies into regioiif of spite 
where it was supposed fhit the mmd ot the 
Omnipotent nevei yet hid eneigized ind theie 
located unknown worlds — calculating then di 
tmeteis and then times ot revolution 



5 349. Mathematical science is a magnetic 
telegraph, which conducts the mind from orb " 
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to orb through the entire regions of measured 
space. It enables us to weigh, in the balance 
of universal gravitation, the most distant planet 
of the heavens, to measure its diameter, to de- 
termine its times of revolution about a common 
centre and about its own axis, and to claim it 
as a part of our own system. 

In these far Teachings of the mind, the im- 
agination has full scope for its highest exercise. 
It is not led astray by the false ideal and fed by 
illusive visions, which sometimes tempt reason 
from her throne, but is ever guided by the de- 
ductions of science; and its ideal and the real 
are united by the fixed laws of eternal truth. 

§ 350. There is that within us which delights 
in certainty. The mists of doubt obscure the 
mental, as the mists of the morning do the phys- 
ical vision. We love to look at nature through 
a medium perfectly transparent, and to see every 
object in its exact proportions. The science of 
mathematics is that medium through which the 
mind may view, and thence understand all the 
pai'ts of the physical universe. It makes man- 
ifest all its laws, discovers its wonderful harmo- 
nies, and displays the wisdom and omnipotence 
of the Creator. 
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5 351. Theee is perhaps no word in the Eng- Fra^acsi: 
lish language less understood than Pkactical. Littia 

T- , . , , 11' ■nnderalocM 

By many it is regarded as opposed to theoreti- 
cal. It has beconne a pert question of our day, its pnpni^r 
" Whether such a branch of knowledge is prac- 
tical ?" " If any practical good arises from pur- auesUnm 
suing such a study?" "If it he not full time atudics™ 
that old tomes be permitted to remain untouched '"'''^' 
in the alcoves of the library, and the minds of 
the young fed with the more stimulating food of 
modem progress ?" 

5 352. Such inquiries are not to be answered inquMes 
by a taunt. They must be met as grave ques- now ton 
tions, and considered and discussed with calm- 
ness. They have possession of the public mind ; ™'^''' 
they affect the foundations of education ; they 
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iticir influence and direct the first steps ; they control 
mpo auce. ^j^^ ^^^^ elements from which must spring the 
systems of public instruction, 

n-auicai. § 353. The term "practical," in its common 
Cutnmon acceptation, that is, in the sense in which it is 
often used, refers to the acquisition of useful 
knowledge by a short process. It implies a sub- 
VihMn stitution of natural sagacity and "mother wit" 
iinpHfs- fQ^. ^Yie results of hard study and laborious efibrt. 
It implies the use of knowledge before its acqui- 
sition ; the substitution of the results of mere 
experiment for the deductions of science, and 
the placing of empiricism above philosophy. 



^ 5 354. In this view, the practical is i 
, to sound learning, and directly opposed to real 
progress. If adopted, as a basis of national edu- 
cation, it would shackle the mind with the iron 
fetters of mere routine, and chain it down to 
the drudgery of unimproving labor. Under 
such a system, the people would become imita- 
tors and rule-men. Great and original principles 
would be lost sight of, and the spirit of inves- 
tigation and inquiry would find no field for its 
legitimate exercise. 

But give to "practical" its true and right 
■ -signification, and it becomes a word of the 
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choicest import. In its right sense, it is the best i 
means of making the true ideal the actual ; that ^ 
is, the best means of canying into the business 
and practical affairs of life the conceptions and 
deductions of science. All that is truly great 
in the practical, is but the actual of an antece- 
dent ideal. 

§ 355. It is under this view that we now pro- i 
pose to consider the practical advantages of 
mathematical science. In the two preceding 
chapters we have pointed out its value as a 
means of mental development, and as affording 
facihties for the acquisition of knowledge. We 
shall now show how intimately it is blended n 
with the every-day affairs of life, and point out 
some of the agencies which it exerts in giving 
practical development to the conceptions oi' the 
mind. 

§ 356. We begin with Arithmetic, as this j 
branch of mathematics enters more or less into , 
all the others. And what shall we say of its 
practical utility ? It is at once an evidence and 
element of civilization. By its aid the child in 
the nursery numbers his toys, the housewife 
keeps her daily accounts, and the merchant sums 
up his daily business. The ten little ehai-acters, 
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which we call figures, thus perform a very im- 

wiiat figuraa portant part in human affairs. They are sleepless 
sentinels watching over ail the transactions of 
trade and commerce, and making known their 
final results. They superintend the entire husi- 

Their value, uess affairs of the world. Their daily records 
exhibit the results on the stock exchange, and 
of enterprises reaching over distant seas. The 

uaedbyiha mechanic and artisan express the final results of 
all their calculations in figures. The dimensions 

In nuiidiiiE. of buildings, their length, breadth, and height, as 
well as the proportions of their several parts, are 
all expressed by figures before the foundation 

AMsoLeacs. stoncs are laid; and indeed, all the results of 
science are reduced to figures before they can 
be made available in practice. 

§ 357. The rules and practice of all the me- 
chanic arts are but applications of mathematical 
MaHieniaties science. The mason computes the quantity of 
mechanic his materials by the principles of Geometrj- and 
the rules of Arithmetic. The carpenter frames 
his building, and adjusts all its parts, each to 
the others, by the rules of practical Geometry. 
ExampiBs. The millwright computes the pressure of the 
water, and adjusts the driving to the driven 
wheel, by rules evolved from the formulas of 
analysis. 
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5 338. Workstiops and factories afford marked workshop! 
illustrations of the utility and value of practical eiiiibit pp- 
science. Here the most difficult problems are piic^'i^nao 
resolved, and the power of mind over matter 
exhibited in the most striking light. To the 
uninstructed eye of a casual observer, confusion 
appears to reign triumphant. But all the parts Parts ad- 
of that complicated machinery are adjusted to genefai piaj 
each othej:, and were indeed so arranged, and 
according to a general plan, before a single 
wheel was formed by the hand of the forger. 
The power necessary to do the entire work was Pon^r 
first carefully calculated, and then distributed ^^.x 
throughout the ramifications of the machinery 
Each part was so arranged as to fulfil its oiHce. 
Every circumference, and band, and cog, has 
its specific duty assigned it. The parts are Paris ni Id 
made at different places, after patterns formed piut^. 
by the rules of science, and when brought to- 
gether, fit exactly. They are but formed parts 
of an entire whole, over which, at the source 
of power, an ingenious contrivance, called the 
Governor presides Hi-, function is to leguKte Governor: 
the force which shall dnve the whole accoidn o, 
to a unfoim speed He is so intelligent and 
ot such dehcate sensibility thit on tht, hghtfat i ftiiKUoii 
mcrease of ^ elocity he diminishes the foice ind 
adls additional power the moment the speed 
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slackens. All this is the result of mathemittical 
calculation. When the curious shall visit these 
exhibitions of ingenuity and skill, iet them not 
suppose that they are the results of chance and 
experiment. They are the emhodiments, hy in- 
telligent labor, of the most difficult investigations 
of mathematical science. 

§ 359. Another striking example of -the appli- 
cation of the principles of science is found in 

; the steamship. 

In the first place, the formation of her hull, 

Qi so as to divide the waters with the least resist- 
ance, and at the same time receive from them 
the greatest pressure as they close behind hei', 

: is not an easy problem. Her masts are all 
to be set at the proper angle, and her sails so 
adjusted as to gain a maximum force. But the 
complication of her machinery, unless seen 
through the medium of science, baiHes investi- 
gation, and exhibits a startling miracle. The 
burning furnace, the immense boilers, the mass- 

. ivo cylinders, the huge levers, the pipes, the 
lifting and closing valves, and all the nicely- 
adjusted apparatus, appear too intricate to be 
comprehended by the mind at a single glance. 

s Yet in all this complication — in all this variety 
of principle and workmanship, science has ex- 
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erted its power. There is not a cylinder, whose occon 
dimensions were not measured — not a lever, orec 
whose power was not calculated — nor a valve, 
which does not open and shut at the appointed 
moment. There is not, in all this structure, a Fr. 
bolt, or screw, or rod, which was not provided 
for before the gi-eat shaft was forged, and which 
does not bear to that shaft its proper proportion. 
And when the workmanship is put to the test, 
and the power of steam is urging the vessel on „„,! 
her distant voyage, science alone can direct her 
way. 

In the captain's cabin are carefully laid away, 
for djuly use, maps and charts of the port which iior 
he leaves, of the ocean he traverses, and of the 
coasts and hai-bors to which he directs his way. 
On these are marked the results of much scien- q 
tific labor. The shoals, the channels, the points ^ 
of danger and the places of security, are all in- 
dicated. Near, by, hangs the barometer, eon- b™ 
structed from the most abstruse mathematical 
formulas, to indicate changes in the weight of 
the atmosphere, and admonish him of the ap- 
proaching tempest. On his table lie the sextant, se 
and the tables of Bowditch, These enable him, 
by observations on the heavenly bodies, to mark 
his exact place on the chart, and learn his posi- Tiie 
tion on the surface of the earth. Thus, practical 
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science; which shaped the kee! of the ship to 
its proper form, and guided the hand of the me- 
chanic in every workshop, is, under Providence, 
the means of conducting her in safety over the 
ocean. It is, indeed, the cloud by day and the 
pillar of fire by night. Guiding the bark of 
commerce over trackless waters, it brings dis- 
tant lands into proximity, and into political and 
social relations. 

" We have before us an anecdote communi- 
cated to us by a naval officer,* distinguished 
for the extent and variety of his attainments, 
which shows how impressive such results may 

^ become in practice. He sailed from Sao Etas, 
on the west coast of Mexico, and after a voyage 

; of eight thousand miles, occupying eighty-nine 
days, arrived off Rio de Janeiro ; having in this 
interval passed through the Pacific Ocean, round- 
ed Cape Horn, and crossed the South Atlantic, 
without making any land, or even seeing a single 
sail, with the exception of an American whaler 
off Cape Horn. Arrived within a week's sail 
of Rio, he set seriously about determining, by 

's lunar observations, the precise line of the ship's 
course, and its situation in it, at a determinate 
moment ; and having ascertained this within 

* Captain Basil Hall. 
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from five to ten miles, ran the rest of the way RemarkaDie 
by those more ready and compendious methods, 
known to navigators, which can be safely em- 
ployed for short trips between one known point 
and another, but which cannot be trusted in long ahmi 
voyages, where the moon is the only suie guide. 

" The rest of the taJe, we are enabled, by his 
kindness, to state in his own words : ; We steered Partieidm 
towards Rio de Janeiro for some days after ta- 
king the lunars above described, and having 
arrived within fifteen or twenty miles of the Arrive] st 
coast, I hove-to at four in the morning, till the 
day should break, and then bore up : for although 
it was very hazy, we could see before us a couple 
of miles or so. About eight o'clock it became so 
foggy, that I did not like to stand in further, and 
was just bringing the ship to the wind again, be- 
fore sending the people to breakfast, when it sud- 
denly cleared off, and I had the satisfaction of Discorery o< 

Hiu-bot. 
seeing the great Sugar-Loaf Rock, which stands 

on one side of the harbor's mouth, so nearly right 

ahead that we had not to alter our course above 

a point in order to hit the entrance of Rio. This 

was the first land we had seen for three months, nratiandin 

after crossing so many seas, and being set back- Qioniha. 

wai-ds and forwards by innumerable currents 

and foul winds.' The effect on all on board Et&ci 

might well be conceived to have been electric : 
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onihocrew. and it is needless to remark how essentially the 
authority of a commanding officer over his crew 
may be strengthened by the occurrence of such 
incidents, indicative of a degree of knowltd^e 
and consequent power bej ond their leach ' * 

sorveyius. § 360. A useful application of nnthematical 

science is found in the laying out and measuie- 

Mensra-e- ment of land. The neces'?ity of such me I'iure- 

ment, and of dividing the surtice of the eirth 

into portions, gave rise to the science of GeLin- 

ownerahLpi- etry. The ownership of land could not be de- 

Hun termined without some means ot rmining boun 

dary lines, and ascertainmjf limits Le\elling 

is also connected with this bianch of pi ictieal 

mathematics. 

By the aid of these two branches of practical 
science, we measure and deteimme the aiea or 
omtcnteof contents of ground; make maps of its smfice ; 
measure the heights of hills and mount iins ; 
Rivera, find the directions of nveis measure then vol- 
umes, and ascertain the lapidity of then cur- 
rents. So certain and exact are the lesults thit 
entire countries are divided into ti icts ot con- 
venient size, and the rights of ownership fully 
ceriainty. sBcured, The rules for mippm^ ind the con- 

* Sir John Herschel, on the study of Natural Pliilosophy. 
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ventional methods of representing the surface Mappuia. 
of ground, the courses of rivers, and the heights 
of mountains, are so well defined, that the nat- 
ural features of a country may be all indicated PeaiuiT!i< 
on paper. Thus, the topographical features of 
ail the known parts of the earth may be cor- Thoiriopr 
rectly and vividly impressed on the mind, by a "" 

map, drawn according to the rules of art, by the 
human hand. 

§ 361. Our own age has been marked by a Eaiiwnji 
striking application of science, in the construc- 
tion of railways. Let us contemplate for a mo- the pi-ohii 
ment the elements of the problem which is pi-e- ^ 
sented in the enterprise of constructing a railroad 
between two given points. 

In the first place, the route must be cai'efully ExominoH 
examined to ascertain its general practicability. n,ma8_ 
The surveyor, with his instraments, then ascer- enrveya 
tains all the levels and grades. The engineer 
examines these results to determine whether the oisccori 
power of steam, in connection with the best 
combination of machinery, will enable him to 
overcome the elevations and de ce d the decliv- 
ities in safety. He then c 1 ulates the curves caiciiiiitic 
of the road, the excavations a d fill g , the 
cost of the bridges and the tu els f the e are 
any; and then adjusts the stea fo er to meet 
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I the conditions. In a few months after the enter- 
prise is undertaken, the locomotiye, with its long 
train of passenger and freight cars, rushes over 
the tract with a superhuman power, and fulfils 
the oifice of, uniting distajit places in commer- 
cial and social relations. 

» But that which is most striking in all this, is 
the fact, that before a stump is grubbed, or a 
spade put into the ground, the entire plan of the 
work, having been subjected to careful analysis, 
is fully developed in all its parts. The construe- 

. tion is but the actual of that perfect ideal which 
the mind forms within itself, and which can 
spring only from the far-reaching and immuta- 
ble principles of abstract science, 

§ 362. Among the most useful applications of 
practical science, in the present century, is the 
introduction of the Croton water into the city 
of New York. 

In the Highlands of the Hudson, about fifty 
miles from the city, the gushing springs of the 
' mountains indicate the sources of the Croton 
river, which enters the ..Hudson a few miles 
below Peekskill. At a short distance from the 
mouth, a dam fifty-five feet in height is thrown 
across the river, creating an artificial lake for 
the permanent supply of water. The area of this 
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lake is equal to about four hundred acres. The ifa aroa 
aqueduct commences at the Croton dam, on a Aqueduci 
line forty feet above the level of the Hudson 
river, and runs, as near as the nature of the 
ground will permit, along the east bank, till it 
reaches its final destination in the reservoirs 
of the city. There are on the line sixteen tun- iia tunnel 
nels, varying in length from 160 to 1,263 feet, 
making an aggregate length of 6,841 feet. The 
heiffhts of the ridges above the grade level of the Their 

^ ® * heishla. 

tunnels range from 25 to 75 feet. Twenty-five 
streams are crossed by the aqueduct in West- Btreami 
Chester county, varying from 12 to 70 feet below 
the grade line, and from 25 to S3 feet below the 
top covering of the aqueduct. The Harlem eariemrii 
river is passed at an elevation of 120 feet above 
the surface of the water. The average dimen- 
sions of the interior of the aqueduct, are about 
seven feet in width and eight feet in height. 

The width of the Harlem river, at the point iia wwu 
where the aqueduct crosses it, is sis hundred 
and twenty feet, and the general plan of the 
bridge is as follows : There are eight arches, ^^'^so 
each of 80 feet span, and seven smaller arches, 
each of 50 feet span, the whole resting on piers 
and abutments. The length of the bridge is iiaieugii 
1,450 feet. The height of the river piers from 
the lowest foundation is 96 feet. The arches 
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; aic semi- circular, and the height from the low- 
est foundation of the piers to the top of the 
parapet is ]49 feet. The width across, on tiie 
top, is 21 feet. 

To afford a constant supply of water for dis- 
tribution in the city two large reservoirs have 
been constructed, called the receiving reservoir 
and the distributing reservoir. The surface of 
the receiving reservoir, at the water-line, is equal 
to thirty-one acres. It is divided into two parts 
by a wall running east and west. The depth of 
water in the northern part is twenty feet, and 
in the southern part thirty feet. 
( The distributing reservoir is located on the 
' highest ground which adjoins the city, known 
'. as Murray Hill. The capacity of this reservoir 
is equal to 90,000,000 of gallons, which is about 
one-seventh that of the receiving reservoir, and 
the depth of water is thirty " x feet 

The ful! powei ot acience his n t jet been 
illustrated. A perlect pi in ot this majestic 
structure was iiianged or shculd have been, 
before a stone was shiped oi a pickaxe put i ito 
the ground. The complete conception h\ a 
single mind, of its general plan and in nufest 
details, was necessiry to it'^ succe'^sful piosecu- 
*" tion. It was withm the lange and piwer of 
science to have given the foim and dimensions 
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of every stone, so that each could have been 
shaped at the quariy. The parts are so con- connec- 
oected by the laws of the geometiucal forms, ^^^ 
that the dimensions and shape of each stone was 
exactly determined by the nature of that portion 
of the structure to which it belonged. 

§ 363. We have presented this outline of the viewofiii 
Croton aqueduct mainly for the purpose of aauuduci; 
illustrating the power and celebrating the tri- Whygivoi 
umphs of mathematical science. High intel- 
lect, it is true, can alone use the means in a 
work so complicated, and embracing so great 
a variety of intricate details. But genius, even umeac- 
of the highest order, could not accomplish, with- ™^^ 
out continued trial and laborious experiment, »^en"8' 
such an undertaking, unless strengthened and 
guided by the immutable truths of mathematical 



§ 364. The examination of this work cannot what 
but fill the mind with a proud consciousness of ' ^™ ' 
the power and skill of man. The struggling 
brooks of the mountains are collected together — 
accumulated — conducted for forty miles through 
a subterranean channel, to form small lakes in 
the vicinity of a populous city. 

From these sources, by an unseen process, the 
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pure water is eiiiied to e^ety dwelling m the 
large metiopolis The tmnin^f of a faucet de 
livers it fiom d sprmg it the distance of fifty 
) miles, as puie as when it gu&hes fiom its granite 
hills. That unseen powei ot piessnre which 
resides in the fluid as an oiginic Iiw exerts its 
force with unceasing and untiring energy. To 
minds enhghtened by science, and skill directed 
by its rules, we are indebted for one of the no- 
blest works of the present century. May we 
not, therefore, conclude that science is the only 
sure means of giving practical development to 
those great conceptions which confer lasting 
benefits on mankind ? " All that is truly great 
in the practica], is but the result of an antece- 
dent ideal." 
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I COUBSE OF 



§ 365. A COURSE of mathematics should pre- acmk 
sent the outlines of the science, so arranged, ex- Haiheuai 
plained, and illustrated as to indicate all those 
general methods of application, which render it 
effective and useful. This can best be done by 
a series of works embracing all the topics, and 
in which each topic is separately treated, 

§ 366. Such a series should be formed in ac- hoki 

cordance with a fised plan ; should adopt and f„,^^ 
use the same terms in all the branches ; should 
be written throughout in the same style ; and 

present that entire unity which belongs to the uniiyoi- 

subject itself. ''"'''^ 

§ 367, The reasonings of mathematics and itsnroiiii 
the processes of investigation, are the same in 
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every branch, and have to be learned but once, 
if the same system be studied throughout. The 
different kinds of notation, though somewhat nn- 
hke in the different subjects of the science, are, 
in fact, but dialects of a common language. 

5 368. If, then, the language is, or may he 
'. made essentially the same in all the branches of 
mathematical science ; and if there is, as has 
been fully shown, no difference in the processes 
of reasoning, wherein lies that difficulty in the 
' acquisition of mathematical knowledge which is 
often experienced by students, and whence the 
origin of that opinion that the subject itself is 
dry and difficult ? 

§ 369. Just in proportion as a branch of know- 
ledge is compactly united by a common law, is 
the facility of acquiring that knowledge, if we 
observe the law, and the difficulty of acquiring 
it, if we pay no attention to the law. The study 
^ of mathematics demands, at every step, close 
attention, nice discrimination, and certain judg- 
ment. These faculties can only be developed 
by culture. They must, like other faculties, pass 
through the states of infancy, growth, and ma- 
turity. They must be first exercised on sensible 
and simple objects ; then on elementary ab- 
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stract ideas ; and finally, on generalizations and 
the higher combinations of thought in the pure 
ideal, 

§ 370. Have educators fully realized that the J 
first lessons in numbers impress the first elements 
of mathematical science ? that the first con- 
nections of thought which are there formed be- 
come the first threads of that intellectual warp 
which gives tone and strength to the mind ? 
Have they yet realized that every process is, or 
should be, like the stone of an arch, formed to 
fill, in the entire structure, the exact place for 
which it is designed ? and that the unity, beauty, 
and strength of the whole depend on the adapta^ 
tion of the parts to each other? Have they 
sutEciently reflected on the confusion which must 
arise from attempting to put together and hax- 
moiiize different parts of discordant systems ? 
to blend portions that are fragmentary, and to 
unite into a placid and tranquil stream trains of 
thought which have not a common source ? 

§ 371. Some have supposed that Arithmetic 
may be well taught and learned without the aid 
of a text-book ; or, if studied from a book, that '' 
the teacher may advantageously substitute his 
own methods for those of the author, inasmuch 
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as such substitution is calculated to widen the 
field of investigation, and excite the mind of the 
pupil to new mquines 

Admitting that e\eiv teacher of reasonable 
intelligence, will discover methods of communi- 
cating instruction bettei adapted to the peculiar- 
ities of his own mind, than all the methods em- 
ployed by the author he may use ; will it be safe, 
i- as a general rule, to substitute extemporaneous 
. methods for those which have been subjected 
^ to the analysis of science and the tests of expe- 
'■■ rience ? Is it safe to substitute the results of 
known laws for conjectural judgments ? But if 
they are as good, or better even, as isolated pro- 
cesses, will they answer as well, in their new 
places and connections, as the parts rejected? 
. Will the balance-wheel of a chronometer give 
as steady a motion to a common watch as the 
more simple and less perfect contrivance to 
which all the other parts are a 



§ 372. If these questions ha.ve significance, we 
have found at least one of the causes that have 
, impeded the advancement of mathematical sci- 
ence, viz. the attempt to unite in the same course 
of instruction fragments of dififerent systems ; 
thus presenting to the mind of the learner the 
same terras differently defined, and the same 
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principles differently explained^ illustrated, and 
applied. It is mutual relation and connection ' 
which bring sets of facts under general laws ; it 
is mutual relation and connection of ideas which 
form a process of science ; it is the mutual con- 
nection and relation of such processes which 
constitute science itself. 



§ 373. I would by no means be understood as 
expressing the opinion that a student or teacher '■ 
of mathematics should limit his researches to a ^' 
single author ; for, he must necessarily read and 
study many, I speak of the pupil alone, who 
must be taught one method at a time, and taught 
that well, before he is able to compare different 
methods with each other. 

OKDES OF THE SnBJECTS — ABITHMETIC. 

§ 374. Arithmetic is the most useful and ^ 
simple branch of mathematical science, and is 
the first to be taught. If, however, the pupil 
has time for a full course, I would by no means 
recommend him to finish his Arithmetic before 
studying a portion of Algebra. 
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APPENDIX. 




ALGEBRA. 


Algebra! 


§ 375. Algebra is but a universal Arithmetic, 




with a more comprehensive notation. Its ele- 




ments are acquired more readily than the higher 




and hidden properties of numbers ; and indeed, 




the elements of any branch of mathematics are 




more simple than the higher principles of the 


HOW 


preceding subject; so that all the subjects can 


studied: 


best be studied in connection with those which 




precede and follow. 


Should 


§ 376. Algebra, in a regular course of instruc- 


O^mt; 


tion, should precede Geometry, because the ele- 




mentary processes do not require, in so high a 


Whj. 


degree, the exercise of the faculties of abstrac- 




tion and generalization. But when we have 


When 


completed the equation of the second degree. 


BhOuWlM 


the processes become more difficult, the abstrac- 




tions more perfect, and the generalizations more 




extended. Here then I would pause and com- 




mence Geometry. 




GEOMETKY. 


G^omm 


5 377. Geometry, as one of the subjects of 




mathematical science, has been fully considered 




in Book 11. It is referred to here merely to mark 




its place in a regular course of instruction. 
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TRIGOnOMETEY — PLANE AND SPHEEICAL. 

§ 378. The next subject in order, after Geom- Trigo 
etry, is Trigonometry : a mere application of the 
principles of Arithmetic, Algebra, and Geometry wiu 
to the determination of the sides and angles of 
triangles. As triangles are of two kinds, viz. 
those formed by straight lines and those formed 
by the arcs of great circles on the surface of a 
sphere ; so Trigonometi-y is divided into two two 
parts : Plane and Spherical. Plane Trigonom- 
etry explains the methods, and lays down the rn 
necessary rules for finding the remaining sides 
and angles of a plane triangle, when a sufficient 
number are known or given. Spherical Trigo- Spu 
nometry explains like processes, and lays down 
similar rules for spherical triangles. 



§ 379. The application of the principles of 
Trigonometiy to the measurement of portions 
of the earth's surface, is called Surveying ; and Burvoyiog. 
similar applications of the same principles to the 
determination of the difference between the dis- 
tances of any two points from the centre of the 
earth, is called Levelling. These subjects, which LoydKne. 
follow Trigonometry, not only embrace the va- 
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.hey rious methods of calculation, but also a descrip- 
tion of the necessary Instruments and Tables. 
They should be studied immediately after Trigo- 
nometry ; of which, indeed, they are but appli- 
cations. 



Dusortptive § 380. Descriptive Geometry is that branch 
of mathernatics which considers the positions of 
tiie geometrical magnitudes, as they may exist in 
space, and determines these positions by refer- 
ring the magnitudes to two planes called the 
Planes of Projection. 

nanaUire. It is, indeed, but a development of those gen- 
eral methods, by which lines, surfaces, and solids 
may be presented to the mind by means of 
drawings made upon paper. The processes of 
What iia this development require the constant exercise of 
*''piiX^>^" ^^^ conceptive faculty. All geometrical mag- 
nitudes may be referred to two planes of pro- 
jection, and their representations on these planes 
will express to the mind, their forms, extent, and 
also their positions or places in space. From 
How. these representations, the mind perceives, as it 
were, at a single view, the magnitudes them- 
selves, as they exist in space ; traces their boun- 
daries, measures their extent, and sees all their 
parts separately and in their connection. 
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In France, Descriptive Geometry is an impor- 
tant element of education. It is taught in most 
of the public schools, and is regarded as indis- 
pensable to the architect and engineer. It is, 
indeed, the only means of so reducing to paper, 
and presenting at a single view, all the compli- 
cated parts of a structure, that the drawing or 
representation of it can be read at a glance, and 
ail the pai-ts be at once referred to their appropri- 
ate places. It is to the engineer or architect not 
only a general language by which he can record 
and express to others all his conceptions, but is 
also the most powerful means of extending those 
conceptions, and subjecting them to the laws of 
exact science. 



§ sal. The application of Desciiptive Geom- 
etry to the determin ition of shades and =ihddoHs, 
as they are found to exist on the suifaces iii 
bodies, is one of the most sinking and U'-eiu! ap 
plications of science , and when zt is fuithei 
extended to the subject of Perspective, we have 
all that is necessary to the exact representation 
of objects as they appear in nature. An accu- 
rate perspective and the right distribution of 
light and shade are the basis of every work of 
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the fine arts. Without them, the sculptor and 
the painter would labor in vain : the chisel of 
Canova would give no life to the marble, nor the 
touches of Raphael to the canvas. 



5 383, Analytical Geometry is the next sub- 
ject in a regular course of mathematical study, 
though it may be studied before Descriptive Ge- 
ometry. The importance of this subject cannot 
be exaggerated. In Algebra, the symbols of 
quantity have generally so close a connection 
with numbers, that the mind scarcely realizes 
9 the extent of the generalization ; and the power 
of analysis, arising from the changes that may 
take place among the quantities which the sym- 
bols represent, cannot be fully explained and de- 
veloped. 

But in Analytical Geometry, where all the 
magnitudes are brought under the power of anal- 
ysis, and all their properties developed by the 
combined processes of Algebra and Geometry, we 
are brought to feel the extent and potency of 
those methods which combine in a single equa^ 
tion every discovered and undiscovered property 
of every line, straight or curved, which can be 
formed by the intersection of a cone and plane. 
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To develop every property of the Conic See- its exteu 
tions from a single equation, and that an equa- 
tion only of the second degree, by the Imown 
processes of Algebra, and thus interpret the re- 
sults, is a far different exercise of the mind from 
that which arises from searching them out by 
the tedious and disconnected methods of separate 
propositions. The first traces all from an inex- itameiho 
haustible fountain by the known laws of analyti- 
cal investigation, applicable to all- similar cases, 
while the latter adopts particular processes ap- 
plicable to special cases only, without any gen- 
eral law of connection. 

DIFFERENTIAL AND INTEGRAL CALCULUS. 

§ 383. The Differentia! and Integi-al Calculus Biflh.ent 
presents a new view of the power, extent, and in^gn, 
applications of mathematical science. It should '^^"''^ 
be carefully studied by al! who seek to make what p. 
high attainments in mathematical knowledge, or jtudyi 
who desire to read the best works on Natural 
and Experimental Philosophy. It is that field of 
mathematical investigation, where genius may 
exert its highest powers and find its most certain 
rewards. 
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Abstiaotiox 

Abstraot 
AddiUoQ, 


INDEX. 


. .That faculty of the mind wbioh enables U9, in iwofem- 
plating any object to attand exclusively to soma par- 
tiOHlar circumstance, and quita withhold our Bttentiun 
from the rest, Section !2. 

Is used in three senses, 18. 

Quantily, IB, 96. 
..Readings in, 116. 

Ssamplesin, 151. 

of Fractions, Rule for, 191. 

Combinations in, 192, 198. 

One prindple governs ail operatione in, 383. 


A Gaomatoed 

Alphabet 

Analytical 
AdiLvsta 


Proportion, 168. 
..A, species of Univeraal Arithmetic, in which letters and 
signs are employed to abridge and generalize all pro- 
cesses involving numbers, 280. 

Divided into two parts, 280. 

DifficulUes of, from what arising, 286. 

Should precede Geomelry in instruction, 31S, 
of Uie langui^e of numbers, 80, 113, 114, 
Liuiguago of Arithmetic, formed from, 193. 
Form, for what best Buited, 11, 89. 
. .A term emhiadng all the operations tbat can be performed 

into its parts, 89. 
of problems in Aritiimelic, 178, 176. 
23 
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INDEX. 


Aniltsis 


...Three braiicliea of, Sections 279, 285, 286. 




First notions of, how acqiured, 811. 


>' 


Problems it Ima solved, 344-341. 


Angles 


...RigMavigle.thennit 0^250. 






Apothecaries' 


Weight— Its units and scale, 138. 


Atpeebbmsiom. 






objeot in the roiiid, 1. 








without any relation being perceived between them, 1. 




Complos is of several with Huclia relation, 1. 




. .CoNTEiiiB, Number of Omes a surface contains its unit of 


Argviment 


measure, 141. 
with one premiss suppressed is caOed an Enthjmeme, 41. 




TxTO kinds of objectioas to an, 41. 




Every valid, may bo reduced to a syllogiBni, 52. 




at full lengtji. a syllogism, 56. 


" 


concerned with connection between premises and conclu- 
sion. 51. 
Where the fault (if mij) lies, 89. 


„ 


Acgiimenta, 


In reasoning we malie use of, 43. 




Exiimples of unsound, 60. 


'■ 


Eules for examining, 10. 


Aristotle 


ijid'not mean that arguments should always be stated 




syllogistically, 53. 








symbols, 61 


! 




ARIBTOTLs'g 






nied) taiiwreallt/, of any class of things, may 




be predicated, in lilte miumer (viz, afBrmed 








that class, 54. 




" Keystone of Ma l<^cal s^tem, 54. 




" Objections to, 54, 55. 






" 




'■ 


" not complied with, 69, 60, 


« 


" All Bound arguments can be reduced to the form 




to which it applies, 66, 66. 
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...Is both a science and an art, Section 112. 
It is ft science in all that relates (o the properties, iavin, 

and proportiuns of omnbers, 112. 
It is an art in all iJiat concerns their appliea^on, W3. 
Processes of, not i^cted bj the nature of file objecta, 43. 
nUistration from, 46. 

How its principles should be explained, 1*14. 
Its requisiljoiis as on art, Ift. 
Faculties euldvatBd by it, 180. 
AppUeation of principles, 188. 
Geneiully preceded by a smaller treatise, 190, 
Methods of pLicing subjects examined, 191. 






, 192-1 



What its study should Mccompliah, 208. 

Art of, ils importance, 206. 

Elementary ideas of, learned by senablo objects, 201. 

Prindplea of how they should be taught, 208. 

Fitt8T,what it should accomplish, 214. 

" arrangeoient of lessons, 214—223- 

" what should be taught in if, 226. 
Second, should be complete and practical, 22*7. 
328. 



" intioduotion of subjects, 229. 
" reading of figures should be conslautlj p 
tiaed, 280. 
Third, the subject now taught as a science, 231. 
" requirements from the pupil for, 2S1. 
" Induction and the ground rules brought under 

principle, 232. 
" design of, — methods must differ from siiiii 

" examples in the groimd rules, 234. 
" what subjects should be transferred from elan 
tary works, 236. 
PracHcal utility of, Sft6, 357, 
should not be finished before Algebra i 
Pi-oportiou, 183. 
Ratio, 163. 
. ..Tlie application of knowledge to practice 
Its relations to science, 22. 
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A single one ofleo formed Svoia eeyeral Bciences, Section 32. 

of Arithmetic, 113, 117, 182. 
Astronomy brought by Newton within the laws of mechunics, 831. 

" Hoir it became deductive, S39. 

" Mathematics necBaaary in, 341. 

Aiithotd, metliods of finding ratio, 16S, 170. 

of placing Rule uf Three, 187. 
" quotations from, on Arithmetic, 301-204 

" definition of proportion, 268. 

Auxiliary Quantities, 259, 231. 

Avoirdupma Wei^t, its units and scale, 136 

Asiow A self-evident truth, 27, 97. 

Axioms of Gleomeliy, process of learning them, 27. 

" or canons, for testing the validity of syllogisms, 67. 

" of Geomedy esiabllshed by Induction, 73. 

" for forming numbers, 79. 

" for comparison relate to equality and inequality, 102. 

" for infening equality, 102, 258, 260, 264. 

" " " inequahty, 103. 

" employed in solving equations, 378, 311. 

Bacon, Lord, Quotation from, 328. 

" Poundation of bis Phiiosopliy, g34; its subject Nature, 
33a, pnge 12. 

" His aystem inductive, 334. 

" Object and means of his philosophy, 335 

Barometer, Construction and use o^ 86B 

Barrow, Dr., Quotation from, 32S, 840. 

Behef essential to knowledge, 23. 

^* and disbelief are e] 

Blakewell, steps of his discoveiy, 3 

Bowditch, Tables o^ased in Navigatioi 

Bkeadth .A dimension of space, 82. 

Bridge, Harlem, descriptimi o^ 362, 



■e eupcessftd in uroposition 



. .In its general sense, means any operation performed ou 
algebraic quantities, 381, 382. 
Differential and Integral, 283-386, 883. 
for tes^ the validity of syllogisms, fi7. 
and etEict, their relation the scieniiflo basis of induction, -'53. 
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INDKX. 357 


Chemist, 




Chemistry 


aided by Mathematics, 843. 


ClBOLE 


...A portion of a plane included within a, curve, all flie 




points of which are equally distant from a certaiu point 




-within called the centre. 211-. 




The only curve of Elementary Geomeljy, 2*4. 




Property of, 256, 


Cii-cular Measu 


e, its units and scale, 149. 


Classeb 


...Divisions of species or subapeciee, in which the charac- 




teriBtio is lees extensive, but moi-e full and coiaplale, 16. 


Cl.AaBIFI0AlMOS, 


„ .The arrangement of objects into classes, with reference to 








Ba^ 0^ may be diosen arbitrarily, 20. 


Coefficient 


of a letter, BBl ; of a product, 292. 






Ooina 


should he exhibited to give ideas of numbers, 133. 


Oonibiimtiims 


in Arithmetic, 192-199. 




taught in First Arithmetic, 316-218. 


Cometa, 


Problem with reference to, 3*1. 


Comparigon, 


Knowledge gained hy, 95. 




Keasoning carried on by, 2B, SOt. 


COHCLDSIOK,.... 






in Induction, broader tiian the pcemisea, 31. 




deduced from the premises, 40, 41, 46, 47, 49. 




contradicts a known truUi, ui negative demonstrations, 




264, 265. 


Concrete 


Quantity, 75. 96. 


Conjunctions 


causal, illative, 48. 




denote cause and effect, premiss and conclQEioE, 43. 


Constants .,.- 


....Quantities which preseiTe a fised value throughout 'be 








represented by the first letters of the fllphcbef, 384 


ConiL* 


...That part of a proposition which indicntiis the Mt of 






" 


must be "is" or "is not," 88. 39. 


Cousin, 


quotation from, 180. 


Curves, 


circumference of circle tiie simplest o£ 239. 


Crotoii 


liver, its sources, 362. 


" 


dam, its construction, 362 ; lake, area of, 362 


1 


aqueduct, deeeription of, 362. 



, Google 



358 


INBEX. 


.Decim^ds, 


language and scale for, Sactiona 166, 167. 


Ueuuction ... 


A, proceaa of reasoning by which a particular truth ie in- 




ferred from other truths which are known or admHted. 84. 




Its formula the eyUo^sm, 34. 




Sdences, why iliBy exist, 98. 




(ud they give io Induction, 335, 


Definition ... 


A. metaphorical word, which KtBrally significa laying 




down B bouudaij, 1. 




Is of two kinds, 1. 




Its various attributes, 2-6. 


DofinitioiiB, 


General method of framing, S. 




Rules for framing, 6 (Note). 




and axioms, testa of truth, 01, 99. 




eigne of elementary ideas, 200. 




Necessity of exact, 200. 


Dkhons-cbaiio 


s A BC ies of logical arguments brought to a conclusion, in 




which the mijor piemises are definitiona, axioms, or 








ofidemcn=traiion 55 


" 






of Pioposjtioii I of Legendra, 258. 


" 


■jX" tive and neg'vtivB "62-285. 




producer the moat certain knowledge. S26. 


D'^scartes, 


onginator of Amlytical Geometry, 281 


Dictum, 


An»totleB 54 55 fi6 


ncFFERESTlAI. 


A\D Integbal 04L0ULDS. The scicncE wliich notes the 




ch g th tt k pi ee cc d gtot dl w t b 




hsh d by Ig bra f las, wh thos h ge. ar 




ind t d ty t marks d w fi m th hi 




=j h 1 83 




C fl t — M k dr w ± th n H 11 




and Inte^ 1 C 1 ul — D fi betw f and A 




lyf ^1 (4 i y 284 




Wl fp b Id t 1 t 


DkeHBsioti 


ofai Sq i SOft 


DlSTHlBOTIOtl 


At IS distnb ted h t tand f all I fe i 




A te m IB t d i b t d wb t ta d f nl) part 




of its aigniaealea, 61. 
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Division, 


Eeadinga in, 133 ; examples in, 16*. 






" 


All operatiMM in, gorenied by one principle, 232. 






Dry Meaaure, 


Its units and scale, 147. 




unite, K2-144. 


Englbb Money, 


Its units and sonle, 135. 


ESTHTMEMK 


. .An argument with one premiss suppressed, i7. 


Equal. 


..Two geometrical figures are said to be equal wlitn they 




c b 80 ppli d t 1 tb as to coin U th 1 gh- 




h IT h te 255 3 


Equality 


..In G m p tw figui u In 




Agb n hachmn an 




eq te h munnqnun^eof 


Eqitation 


.,An al ca p ig q 




A p poa p ^ b ai 11 wh h ty 




is p d d q y mp d h m- 




either abstract or conoiele, 310. 


Equations, 


subject ot divided into two parts, 308. 




rive axioms for solving, 811. 


ISaravAj-Etra 


...Two geometrical figures are said to be equivalent when 




they contain tlie same unit of measure an equal num- 




ber of times, 3B5, 


Examples 


in ground rules of Third Arithmetic, 334. 




Of little use to vary forms of, without changing tJie prin- 




ciples of construction, 236. 


EKperbient, 


in what sense used, 25 (Note). 


Exponent. 






ployed, 2H3. 


i<:xtreraes. 




Fact, 


...Any thing which has been or is, 24. 




Knowledge of, how derived, 25. 




In what sense used, 25. 




regarded as a genus, 25. 


Faotoiiea, 


value of science in, 368. 
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^^^^^ 


.Any unsound modo of arguing which appears to demand 




our raiiviotioD, and to be decisive of the qutatiou in 




iiaiid, when in fairness it is noi, Section 68. 


" 


Blustratioo o^ 63. 




Bsample and aualyras of, 59, 60. 




Material and Logical, 69. 




Rules for detecting, 10. 


Federal Money, 


units intaease by Bcnla of tens, 1E9, 1S4. 




Methods of reading, 129, 134 


FlOUKl! 








Figures 


in Arithmetic show how many times a unit is taken, 125. 




do not iodieats the kbd of unit, 125. 


" 


Laws of the places of, 128, 121. 


" 


have no value, 128, 201. 


" 


Meihods of reading, 130 ; of writing, 199. 




Definitions of, 201, 202. 




should be early used in Arithmetic, 219. 


First Aritlimetic, 


what should be taught in it, 326. 




Faculties to be cultivated by it, 214. 




Construction of the lessons, 214-218. 




T^son in Fniotjons, 220-224. 






Fractions 


come from the unit one, 133. 




should be constantly compared with one, 162. 


" 


Reasons for placing Common Fractions immediately utter 




Division esamined, 189. 






" 


Elementary idea of, 1S9. 


« 


Expression for, the same as for Division, 189. 


" 






Lessons m, m First Arithmetic. 230-224, 


Fraotiosal 


units, 166 ; orders of, 156 ; language o^ 166-159, 197. 




" three things nacossary to their apprehension, 160. 




" advantages of, 161. 




" two things necessary to their being equal, IHl. 


Galileo, 


imprisoned in the 17th century, 843. 


GENEBALIZATiOK 






objects in certain points, and giving to all and each of 
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theae objocis a name applicable to them in respect to 




this ^reernent, Sectiou 14. 


Generaliziition 


implies absriiaction, 14. 






GENira., 






quentlj the one ijiTolving the fewest parlioulara, IB, 17. 




HwHEST. That wliicii cannot be referred to a more et 




tended claaafiotttoQ, 19. 


" 


SviBiiTEEN. A species of a moro extended classifica- 




tion. 18. 


Geometrical 


Magnitudes, three elaaaes of. 238, in. 




do not involve matter, 241. 




tlicit boundariee or limits, 247. 




each ha* its unit of meaaure, 262, 




" analysis of comparison, 310, 27 1. 




to what the examination of properties has 




reference, 213. 


" 


Proportion, 163 ; Ratio, 163 ; Progreaaion, 170. 


GKOMEXnY. -,- 


, , . , Treats of apace, and compai-ee portions of space with each 




oilier, for the purpose of pointiiig out theii' propertjea 




and mutual ralatioua, SSI . 


1 " 


Why a deductive science, 267. 




First notions of, how acquired. 318-3S0. 


" 


Pracdcal utility of, 867, 


" 


Origin of the science, 380. 


" 


Its place in a course of instruetion, 377. 


" 


Analytical, Examines the pi-oparKes, measures, and re- 




lations of the Geometrical Magnitudes by- 




means of the analytical symbols, 28i, 282. 


■' 


" originated with Desearles, 381. 


« 






its importance, extent, and methods, 882. 








Eiders the positions of the Geometrical 




Magnitudes as they may exfet in space, 








ferring the magnitudes to two planes 




called the Planes of Projection, SSO, 1 




" how regarded in France, 880, 


GoYeroor, 


functions of, in machinery, 358. 
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Graijimu.r 


defiued, Section 113. 


GraviWtkai, 


Law of, 32, Ui. 


mil, Captain's, 


voyage from San Bias to liio Janeiro, 359. 


Harlem river, 


Bridge over, and width, 362. 


Herechel, Sir John, Quotation from, 37, S32, 341, 359. |] 


Hull 




Ilhtive 




Illrit PaOCEBS. 


.When a terra is dietributed in the conduaion ■which was 




not distiibuled in one of the premises, 67. 


Indefinite 


Propositions, 63. 


Indei. 


ofaroot,39B. 


Ihductioh 


Ib that part of Logic whicli infeis truths from facts, 30-33. 




Logic of, 30. 




supposes neooBaai-y observations accurately made, 32. 




Example o^ Blakewell, 32 ; of Newton, S2. 


" 


baaed upon the relation of cause and effect, 83. 


- 




" 


its place in Logic, 72. 


" 


iiow thrown into tire form of a, ajlli^ism, ^^4, 99. 




Truths ot verified by Deduction, 335, 336. 


Inertia 


proportioned to weight, 263. 


Infinity, 


..llie limit of an inci-aasing quantity, 302-308. 


Integer Homber 


, why easier than fractions, 162. 




constructed on a. single principle, 231. 








in which we look at lacts, or classes of facts, and iin- 






Iron, 


different idens attached to the word, B22. 


JUUOMBST 


Is the eoniparii:^ tt^ether in the mind two of the notions 




(or ideas) which ai'e the objects of apprehension, and 




pronouncing that they agree or disagree, 8. 




IS either Affirmative or Negative, 8, 


Kant, 


quotation from, 31. 


KNOn-LEDGK 


Ib a cleai' and certain conception of that which is true, 2S. 




feeta and truths elements of, 26. 




of facta, how derived, 26. 
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EiiowlGdge 


some possessed antecedently to teaaouing, Section 29. 




tlie greater part matter of ipference, 29. 




muat pi'ecede generalization, 184. 




two ways of increasieg, S33. 




cannot exceed our ideas, 823. 




the increase of, renders claasiflcation necessary, page SO. 


liANOUAGIi 


Aiibrda Uie signs by wMdi Uie operations of tie mind are 








Every branch of Imuwledge has ita own, 11. 








of mathematioa must be thoraugMy learned, 92. 




its generality, 93. 




for fractional units, 166, 168,191. 




Aiithmetical, 192-199. 




exact, necessary to accurate tbought, 206. 




of Arithmetic its usee, 219. 




of Al^bra, the first thing to which the pupil's mind 




sliould be directed, 200. 




Culture of the mind by the use of exact, 822. 


laws of Nature 


Science mates them known, 21, 315. 


« 


" refers individual cjisea to thorn, 5S. 








include all contingencies, 332. 


" 


every diversity the effect ot; 846. 


Length 




Lesaoiis 


in Fust Arithmetic, bow arranged, 214. 


" 




Leltei- 


may stand for all numbers, 216. 


" 


reprosents things in general, 217. 


Levelling 






determination of the difference between the distances 




of any two points from the centre of tJie eartli, S79. 




Its praciiosd uaea, 360. 


limit, 


detinilion of, 306. 


Link 






A atnught line does not change its direction, 83, 2S9, 318. 


" 


Curved line, one wHcb changes its direction at every 




point, 83, 239. 


; 


Axiom of Hie straight, 239. 
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Lines, 


Iimil3 of. Section 241 




Auxiliary, 259. 


Liquid Measure, 


Its units and scale, 146. 


" Local value of 


i figiu-e," has no 8igiiifica,nce, 128, 201. 


Locke. 


Quotation from, 323. 


LOQIO 


.Tates note of and decides upon tbe eufBciency of the eyi- 








Nearlj the whole oEBCienoe and conduct amenable to, 99. 




of Induction, its nature, SO. 




Archbishop Whateley'B views o^ 12. 




Mr. MiU's views of, 13. 


Logical Fsllaey, 


69. 


Machinerj- 


of factoriea arranged ou a general plan, 358. 




ofthe steamship, S59. 


Major Premiaa, 






ultimnte, of Induction, H, 99. 


Major Premises 


ofGeometry, 287, 25T 


Mansfield, Ml', 


Quotation from, 325, 337. 


Mark 


..The Bvidenoe eontamed in the attributes implied m a 
general niune, bj which we mfer that any thing culled 






by that name possesses another attribute or set of at- 




tributes. For eiample : " All equilateral triangles are 








we consider any object possessing the attributes implied 












gulax , thus using the Srst attributes as a itiirlk or 




evidence of the second Hence whatever posscaies 




any mark po^^esses those ittributea it -ihich it ij, i 




mark "S 'Bf 3d9 


Masts 


of the Eteamship how pliced 359 


Material Fallacy 


09. 


Matlieiiiatical 


Reasoning conforms io logical rules, "73. 


" 


every truth established by, is developed by a 




process of Arithmetic, Geometry, or Analy 




sis, or a combination of them, 90. 


MArnEHATIOS .. 


..The science of quantity, 16. 








" on what based, 9l. 
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M.xHm*.rcs . 


...Mised, embraces the appliraitions, Si^otion TG. 


" 


Primary signification, 11. 








" Exact BOienOB," 95. 


« 


Logical te;t of truth in, 97. 




a dedactiTe sdence, W, 98, 


" 


conceraed with number and space, 13, 16. 18, 101. 




What givea lise to its esiatence, 100. 




"Wliy peculiarly adapted to give cleat ideas, 324^326, 339. 




a pure science, 329. 


" 




" 


Widest applications are in nature, 834. 


" 


Effects ou the mind and eliaraoter. 3S8, 340. 


" 


Guidance (Ju'eugli Nature, 340. 


" 


Its neOBBsitj in Astronrany, 341, 


" 


Eesulta readied by it, 349, 3B0. 




Practical advantages of, 355. 


" 


What a coarse of, should present, and how, B65, SS6. 


" 




" 


Faculties required by, 369. 


" 




MEAsnaE 






Unit of. should be exhibited to give ideas of nombera, 133. 




" for lines, surfaces, Bolida, 249. 




of a magnitude, IiOff ascertained, 249. 


Middle Term 


distributed when tlie predicate of a negative proposi- 
tion, 04. 
Wlien eqiuTOcal, 67. 


„ 


Mill, Mr. 


hia views of Logic, n, 74. 


iffind. 


Operations of, in reasoning, 6. 


" 


Abalraotion a feculty, process, and state of, 18. 




Processes of, which leave no trace, 68. 


" 


Faculties of, cultivated by Arithmetic, ISO. 




Thinliing faculty of, peculiarly cultivated by mathemat- 




ics, 325, 326. 


Miitua BigD, 


Power of, fixed by definition, 297. 


Motion 




Multiplication, 


Reaifciga in, 122 ; examples in, 163. 


" 


■WMt tlie definition o^ requires, 177. 




Combinations in, 195. 
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All opei-iitiouB in, governed by one principle, Section 333. 






NiLm.a, 


Definitions are of, 1. 




given to portions of apace, aod defiTied in Gcometrj, 238. 


Naturalist 






bone, 833. 


Negative 


premises, nolliing can be inferred from, 67. 


" 




Newton, 


liis metliod of discovery, 32. 






Non-disiribuUon 


of terma, 61. 




Word " some" which marlis, not always expressed, 62 


MouEaBS 


.Are expressions for one or more tilings of the same kind, 




19, lOfl. 




How learned, 19. 




Axioms for forming, 19, 304. 




Tliree ways of expressing, 101. 




Ideasof, complex. 108. 124. 




Two things necessary for ftpprohcndiug clearly. 110. 






" 


Examplea of reading Simple, 130, 




Two ways of forming from ohb, 181. 


" 


first learned thtoi^h the senses, 133, 316. 


" 


Tito ways of comparing, 163. 


" 


compared, must be of the same kind, 111, :15. 




Definitions of. 201. 202. 


« 


muit be of something, 2t5. 




may sfnnd for bU things, 276. 




First leasona in, impress the first elements of mathemati- 




cal science. 370. 


Olmsted's 


Mechanics, quotation from, 269. 


Optidan, 




Oral Arithmetic 


its inefficiency without figures, 219. 


Order of subjects m Arithmetic, 182, 188. 


Pakallelogkam 


. , A qnadrilnteral having its opposite sides talien two and ; 




two parallel, 243. 
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ParaUelo^am 


regBrded U9 a species, Section 11 ; aa a genus, 18. 




Properties of, 266. 


Particular 






premises, nothing can te proved from, 6l. 


PendiUum, 






Natural, originallj esperimental, 3Sl. 




" has beeu rendered mathematical, 3ST. 


Place 


idea attached to tiie.word, 81. 




designates the unit of a number, 202. 


pLiHB ,. 


...Taut with which a atraight line, having two points iu 




common, and any how placed, will coincide, 240. 


" 




Plase FiouaK 


. . Any portion of a plane bounded by line .. ■■iO. 


Plane FignieB 


in general, 243. 


Point 


...That which has position in space without occupying any 




part of it, 81. 


Points, 


extremities or limits of a line, 239. 


Practical 


Eules in Arithmetic, 177, HB. 




The ti-ue, 307, must be the consequent of Eiaenee, 228. 




Popular meaning of, 3BI, 3B3. 




Questions with regard to, 3B1, 352. 








True signification of, 354. 


Practice 


precedes tiieory, but is improved by it, 43, 




without science is empiridsm, page 13. 


PbediOate 


....That whidi ia affirmed or denied of the suljjeot, 38 




Dtstribulion, 83. 


" 


Hon-distribution, 63, 












true, 40. 
MAJOtt PsEMiss — The propos t on ol a syllogrsm wb oh 




contains the predicate of the c nUue on 40 




Misott pREHiaa- The propo on of a y lo„ m w h 




contains the subject of tiie conclusion 4 


Pressure, 


a law of fluids, 384. 


Principle 


of ficiente applied, 22 


'■ 




" 


Value of a, greater as it ia ii o e am pie 54 




AristotWa Dictum, a general, 55. 
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PrliicipLe 






aunibers, Sections 151-154, 232. 




of Bcienee and rule of art, 119, 


Prfiiciples 






of acience are genaral Initlia, 208. 




of Arithmedo, how taught, 208. 




Eliould precede practice, 229. 






Pi'ocess 




PiiDduct 


of aareral numbers, 292. 


Progreasion, 


Geometrical, 110. 


Property 


of a figure, 256. 


Propoetios... 


. . . .The relation whicli one quantity bears to anotiiar with re- 




spect to its being greater or loss, 163, 287-269 








Reciprot^al or Inv^ersa, 269. 


" 


of geometj-ical figures, 270-273. 


Pkopositios . 


....A judgment expreased in words, 35. 


■* 


All truth and all error lie in propositions, also answers to 




aU quesUons, 86. 


" 


formed by putting together two names, 37. 


1 


consists of tliree parte, 33. 




subject, and predicate, called extremea, 38. 


I 


AffirmatJve, 39 ; Negatiro, 39. 








Univereal. 62. 




Pai-tlcular, 52. 


QuinEILATEBA 


— A portion of a plane bounfledby four straight lines, 2i% 




regm-ded as a genus, 17. 


■' 


Different varieties of, 242. 


Quality 


of a proposition refers ta its being affirmative or nega- 


Qu^iiiUtics 


only of the same kind can be compared, 367. 




Two classes o^ in Algebra, 287, 313. 




" " " in tJie other branches of Analysis, 282, 




283, SIS. 




compared, must be equal or unequal, 102, 807. 


QUACTilY. ... 


la a general term applicable to every tliiug which can 


1 


be increaaed or diminished, and measured, 7S, 331. 
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Quantity, 


Abstract, does not involve matter, Secfiona 15, 96. 
Concrete does, 16, 96, 

presoQted bj symbole, 93. 

consists of parts which can be numbered, 278 

Consiunl^ 382. 

Variable, 283. 

Nature of, not affected by the sign, 290, 396. 






tnown, when all propositiouB are tnown, 86. 

with regard to number and space, 18. 

Aualysia o^ IIS, 116. 

Difficult, in Fractions avoided, 191 

with cegard to methods of instruction, 871. 




QuofatioBs 


from Kant, 21 ; Sir Joho Herschel, 3l, 322, 841 


36B; 






838; 






Loi-d 




Bi>««., EQ9 ; Dr. BaMnr, 328, 340. 




EailwayB, 


Problem presented in, 381. 




Eainbow, 


Dluatrailm, 829. 




Baiio 


The quotient ajising from dividjiig one nmnber or 

titj by another, 163, 261. 
Disousaion concerning it, 186-111. 
Arithmetical and Geometrical, IS 3. 
How determined, 166. 
An abstract number, 361, 3l3. 
Terms direct, inverse, or reciprocal, not applicable 


0,369. 


Keadiiig 


in Addition, 116, 111 ; advantages of, 118. 

iuMultiphcation, 122. 

in Division, 123. 

of figures, its aid in practiofil opcrationa, 330. 




lleason. 


To make use of argumenta, 43. 




Ressonw- 


The act of proceeding from certain judgments to another, j 




founded on them, 9. 






Three operations of the mind concerned m, 6. 




" 


Process, BameQcss of the, 43, 4S, 46, 314. 






24 
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■ »..x. 








in Analysis is based on the supposition that we arc Utal- 




ing with tilings, 378. 


Reciprocal or 


InTerae Proportion, 269. 


Eectangle 


..A parallelogram whose angles are riglit angles, 242. 








Bight angle 


Definition of, 258. 


Roman Table, 


wben taught, al5. 


Root, 


Symbol tbr the extraction of, 268. 


Ede of Three, 


Solution of quesljons m, 169. 




Comparison of numbers, 189. 


" 




Rules, 


Every liiii^ done according to, 21. 




of reasoning analogous to those of Arithmetic, 46 


" 


AdTantages of logical, BO. 




for teaching, 1S6, 




How framed, 291. 


Scale of Teas, 


Units increasing by, 121-ISO, 187, 183, 


SOLEKOE 


, . .In its popular sense means knowledge reduced to order. 


" 


In its techoioal sense means an analysis of the laws of 
coniJ-aated with art, 22, 






of Arithmetic, 172. 




Piinciples of, 300, 208. 




Methods o^ must be followed in Aiithmetic, 228. 




of Geometry, 237, 248, 257. 


" 


Otgoots and means of pure, 322. 




should be made as mudi deductive as possible, 8S6. 




DeduolJTe and experimental, 837. 


" 


■when experimental, 338, 339 ; when deductive, 33S, S39. 


" 




" 


Practieal value o^ m factories, 358. 


" 


" " " in constructing steamahipa, 359. 


" 


" " " in laying out and measuring land, 360. 


" 


" " " in constrncfing railways, 861. 


" 


Its power illustrated in Croton aqueduct, 362. 




What constitutes it, 372. 
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Second AritJunei 


C,i{a place and construotiou, Section 321-230. 


Sextant, 


its uses in Navigation, 3B9. 


Shades, Shadows, and PEHSFKCriTK— An application of Descj-iptjye Geom- 




etry, 381. 


SiaMFIOATB 


..An individual for which a common teem stands, 16. 


Signs, 




" 


How to be interpreted, 290. 


" 


do not affect the nature of the quanlily, S90, 296. 






Solid 










lengfli, tireadtli, and thiokaess, 248, 820 




limit o^ Ul. 




First idea of, how impressed, 320. 


Solida 


bounded by plane and curved surfaces, 86. 




Tlu'ea elasaea of, 246.^ 


" 


Analysis of oompaiison, 211, 273. 








Tolunies, 21 2. 


Solution 


of all questions in the Rule of Throe, 189. 


" 


of an equation in Algebra, 308. |. 


Space 


.,1b mdefinite extension, 81, 83. 










Sfecues 


. .One of the divisions of a genus in whieli tlie characteris- 




tic is less extensive, but more full tmd complete, 10, 11. 




Subspecies— One of Hie divisions of a species, in which 




the characteristic ia leas extensive, but more fuU and 




complete, 16, 19. 




Lowest SpEOtES— A species which cannot be regarded 




as a genus, 11. 


Spelling, 


113 ; in Addition, Ac, 315-123. 




,.A quadrilateral whose sides are equal, and angles light 




angles, 342. 


Statemeot 






m what it consiBts, 300. 


Steamship, 




Subject 


. .The name denotiog the person or tiling of which somc- 




Ijung is afBrmed or demed, 38. 
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" Combinatjoas ic, 1 94 

" All oparatJODS in, governed by one principle, 233, 

in Algebra, illustration of, 298. 
Siiggealiona for teaching Geometry, 378. 

" for teaching Algebra, S15. 

Slim, Its defiDltJiiti, 303. 

SuRi-AOB A portion of space having two dimensioDs, 84, 240, 819. 

Plane and Curbed, 84, 240. 
Sur&cea, Curved, 246. 

" " of Elementary Geometry, 245. 

" Limits of, 241. 

SuavEYiNQ The application of the principles of Trigonometry to the 

measm'emant of portions of the eartt'e sarfaoe, S'19. 
" A branch of praiftieal aclencB, 380. 

Syltxmjism A fonn of stating tlie connection which may exist 

for the purpose of reasoning, between three proposi- 
tions, 40. 

" A formula for aacerfaining what may be predicated 

How it accomplishes tliis, 41. 
" not meant by Aristotle to he Hie form in which arguments 

should always be stated, 63. 
" not a distinct land of argument, 64. 

" an argument stated at full length, 5fi. 

" Sjmhols used fbr the terras of, B6. 

" Rules for examming syllogisms, 67. 

" has three and only three terms, 67. 

" " " " " " propositions, 67. 

" test of deductive reasoning, 73, 99, 807. 

SvMDOLS The lottera which denote qaantities, and tiie aigns which 

indicate operations, 87, 93, E98. 
" uaed for the terms of a syllogism, 66. 

" Advantages of, 67. 

" Validity of the argument still evident, 58. 

" Truths iofeiTed by means o^ true of all things, 377, 

" regarded as things 278. 

" Two cksaes of, in analysis, 296. 

" Abstract and concrete quantity represented by, 3'21, 
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INDEX. 373 


s^^,^ 


.The process of first coaaidecing the elements separatelj. 








combination, Sections 89, 327. 


Synthetical focm, 


for what bast adapted, 11, 89. ; 


Tables 


of Denommate Numbers, fractions occur five tunoa in, 190. 


TEOHmOAt 


.Particular and limited Bfinee, 91. 


Teem 










A common denotes any individual of a whole class, IB, 




flfibrds the means of dassification, 16. 


" 


Nature of, 20. 




No real thii^ corresponding to, 20. 








Majoe Teem— The predicate of the eondosion, 40. 








M T H— Th mmoQiermoffhetwopremiseB.iO. 




D tt TT D— A t -m is distributed when it stands for all 




ts gnn t 61 




»o MS EiBDTED— W! en ii. stands for a part of its sig- 




nifical nly 61 


Tekus 


.Tw fth thr p ts of a proposition, 38. 








should always be used jn the same sense, 170, 205. 


Teii-Book 


..Should be an aid to the teaclier in imparting instruction, 




and to the learner in aequuing knowledge, 209. 


Thioknbes 




Tliii'd Arithmetic, 






381-236. 


Time, Messura o 


its units and scale, 148. 


Topography, 


Its uses, 360. 


THaPKZOID 




TjiusexK 


..A portion of a plane bounded by three straight lioes, 24L 




The simplest plane figure, 241, 




DJfierent kinds of, 241. 


■• 


regarded as a genus, 256. 












angles of triangles, 378. 




Plana and Spherical, S78. 
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374 


.,»..!<. 


1 Troy Weight, 


Its unite and scale, Section 187. 


Trith 


. .An exact aceordaDCe with what has been, is, or shall 




be, 24. 








ia inference froca facta or other truths, 24, 25. 


1 


regarded as a species, 26. 


1 


How inferred from facts, £6. 


1 




' Truths 


. JiiTomvE OB Sblf-evidbnt— Are auoh as beeome known 








apprehending the relations of those facts at the same 




time, and by the same act by which we apprehend the 




fecfs themselTea, 21. 


" 


LoaioAL— Those inferred from numerous and complicated 




tacts ; iuid also, truths inferred from trutbs, '28. 


" 


of Geometry, aST. 


" 


■Hiree classes o^ 2 SI. 






Unit 


fixed by the place of the figure, 127, 




ofthefraction. 160, 161. 




of the expression, 160. 


Unities 


Advantages of the system of, 160-164. 


UmtoeMeasurs 


. .The standard for measurement, 64. 




tor lines, surfaces, solids, 249. 




only basis for estimating quantity, 251. 


USITONB 


.A single tiling, 104. 




All numbers come from, 108, 109, 133, 160. 






" 


Three iiuds of operations performed upon, 182-186. 


Unita, 


Abstract or simple, 111, 132. 








of currency, 183. 




of weight, 1S2. 


" 


ofmeasure, 132,139, 249. 


" 


of length, 140. 


" 


of surface, 141. 


- 


Duodecimal, 143. 


" 


of solidity, 145. 


" 


Fractional, 165, 1S5. 
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Unity — Ukit Any tiling regarded as a whole, Seciioua 109, 110 

Uoivoraal Proposition, 62. 

Utility and Progress, leading ideas, page 11. 

Vahiables Qoantiiies wliich undergo certain changes of value, the 

lawa of which are indicated by the algebraic espres- 
sions into whicb they enter, 282, 283, S18. 
" represented by the final letters of the alphabets 284. 

Theory o^ 236. 



V^ing Scales, 
Velodty 

Weight 

Whateley, 
Words, 


Units inci-easing by, 331, 183. 
known by measurement, 96. 

A, fliould be exliibited to give ideas of numbers, 133. 

Standard for, 264, 

Archbishop, his Tiews of logic, 72. 

Dofinitiono^llS. 



Double or inoompieto B( 
...The limit of a decrcasin 



■ quantity, 302-306, 
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A. S. BAB\ES & 



CHAMBERS' EDUCATIONAL COUKSE. 

THE SCIENTIFIC SECTION. 



Schooli tn lie cily cud aamt^ of Jiim York. 

I. CHAMBERS' TREASURY OF KNOWLEDGE. 

II. CLARK'S ELEMENTS OF DRAWING AND PERSPECTIVE. 

III. CHAMBERS' ELEMENTS OF NATURAL PHILOSOPHY. 

IV. REID & BAIN'S CHEMFSTRY AND ELECTRICITY. 

V. HAMILTON'S VEGETABLE AND ANIMAL PHYSIOLOGY 
VI. CHAMBERS' ELEMENTS OF ZOOLOGY. 
VII. PAGE'S ELEMENTS OF GEOLOGY. 

■^ II Is well kuowD IhoL tb« or^nal publifibers of 

ol Edinburirh) are able to comEnand iha beat lalen'. _ . 

Qie mblle. 

sd by annum In eraj way capable of diSng juaHoa to thrtr nepBuUte imdraWiiigB, 

-'-- have svidenllx besumed npoo diem tbs aeoeaert Ume and labor to --''-' 

belr parpose. We recomtoerid tb«m to leacbecs and pnrKita with conAi 

-odnisd as clDst-booba in the school, Ibe} ma; be mad to en»lliuit adu 

ilniself with nn ample store of materials. Tbe volmnea may be had sej 
lie one fli-st Darned, In (he hands of a teaebei' of the younger duses, 

I a rich trenscre to a hmil; of intelligent cblldren, and IraiM^ a Ihii 



" Of all (lie numBTous wmta of this class that have been published, there are none 
that have acquited a more tJioroisbly deserved and high ropiilslion than this series. 

of thiB iterlea of books, and the American etiilur has eitereised an unusual degree of 
judgment m Uitir preparatlcai tbr the use of schools as well as priTote femilio in this 
country.^^PMdd. BiUetia. 






" Wb notice those worlw, not merely becauee Ihej are adool hmika. hut for tie pnr- 
poae of expresslUB: our thanba, aa the 'advocate' of the educaUonnl interests of Uie 
people and llieir diildren, to the enterpriHing publiehera of Ih^e and ninny other val- 

(h™ rewarfmsy be oommmsuiaie HiiTlheir dewtte.''— Jfaiw S='*ooi ^dvomit. 
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A 8 BARNEa & COMPANV'S POBLICATIONb 


Bavie,' System of MathematU^. \\ 




MATHEMATICAL WORKS, 


ARITHMETICAL, ACADEMICAL, AND COLLEGIATE. 




BI CHARLES DA¥IES, LL.L 




1. THE ARITHMETICAL COURSE FOR SCHOOLS. 




3. SCHOOL AiiiiHMEiic. (Key separate.) 




II. THE ACADEMIC COURSE. 

1, ins uNiTRRsiry AEnHMETic. (Key separate.) 
3. BLBMRBTABY AJ.QEBRA. (Key Separate.) 




, 


DAVIBS 


III. THE COLLEGIATE COURSE. 


2 
3 

i 
5 

e 


^AV™' 


LEOBNDEa 8 &EOMETRT KKD TKIGONOMETRr. j 


dIv™ 


mEFB^RBNTlir^^^DIN^EGHArC^rjuLUS. 




DAYIES' LOGIC AND UTILITY OF MATHEtOATrCS. 


This 

■mdlh 

many 
adonli 


zir^ OB the vrorkB or one mind, cariy the Undent onweMhy Die aame auoli^ei 

llie arience, comblDiDg cleamiisa Id the several broncbes, end unity end propiH^ 
be wbole. Being tbo system v> long in use at Wesl Point, thtougb nblch bo 

1, 03 Text BookB, by mnst cjf the coUegea in Ibe UnlLed Slalra, it may bs Jmlly 
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S * COMPAKY f 



Parker's Natural Fhilosophy. 



\. PARKER'S JUVENILE PHILOSOPHY. 

|[. PARKER'S FIR3T LESSONS IN NATURAL PHILOSOPHY. 
111. PARKER'S SCHOOL COMPENDIUM OF PHILOSOPHY. 



[«rlmanlal Phlloaophj, hns, w 


Uiin tbe last few jeora, become so g 


neraliia 








jrj, witi a ML deBcilpti™ 






wi. ThewOTkorPmftBsoi' 






menL Jt ia also very AUl Ir 


the genanil facts whiob 11 preBanls-. 


ear™. 


In lU elyle— and eiilireLy scian 






York is beilar sdanled to [be preeent sliite of iiaWral sdeiiM Ihaii 


nyoUier 


IS a EchDUl-book of do mean 


pretensiona and no ordinary yalne." 


-mans 


redict Ibr Ibis «Juabta and 




cess"- 


DoiVs Aivsrtiser. 






Tiseut volunia strikes na ns b 












-B. M. Stralk, Prmc^al of . 












Langd^ flKWe, Pro/. Jfnt. Phil. JV. 


r. Ciiy. 



[ oD happy to 3a; Ibat Farker'a PijUosopby wUl be Inlj'oduced aixl ikdopled in 
WirLB Collae,' at Ihe comnienoemBnl of the neil coUt^ate year tn autumn ; and I 
{ that will be but the coiomemiement of llio uae of ao lalnable an elementary work 
iir sohoole In this country. Tbe smoU wort of Parker^ (Parker's first I-esBons) was 
id uaad (be last term in a primary class of tlw instillation referr^ to, and thalnith 

ubiolal Nmniol School."—*;. Rycmm', 

' I hnie (aarainod ParkK^ nral Lessons and Compendlnm of Satural and Experf- 
ntal Philosophy, and am mucb pleased wltti tbeoi. 1 have Ions fblt disantlaraclion 
h tbe Texl-Bookfl on this sabjact most in vte in Ibia secUon, iind am happy now to 

mm Orcait, Princ^ of Thetfard ^csietay, Veruiant. 

'KbayenohefiilationinrnDnonDclnsit theAu' v&rk on tlu aspect nom puliliaked. 
s BbaU use it ha*, nnd I haiB already secured 11a adoplion In soma of lbs hiob- 
looli and acadsmieg In onr rldnl^."— JK, D. LiggtO, S^ nf ff'nrr 



>n natuFB) pbHoHopby, becBusn Hie 
Taiuanie mtortnation aoner au inew neadsr to be gained troin It by — ' '' 
fir]. Is Inesllmable. It pots (hem, too, upoo the right track atter knoi 
viiuts tlieu- mioda from beUig weakened and wasted by the sick'-' ' 
tales, novels, and noetty, which wiU always occupv tbe alteation 
t»t^in4I moce useful has taken posssaalon of iU^ — Aligsisti^att. 



be gained Ihnn It by any liUJe boy « 
jpoD the right track atler knowledge, and pre. 
id and wasted by the sickly aeniimenialiiy oi 
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a. BARNES A: 



Willard's School Mist 



MRS. SMMA WILLABD'S 

SERIES OF SCHOOL HISTORIES AND CHARTS. 

1. WILLARD'S HISTORY OF THE UNITED STATES, OR RE- 
II. WILLARD'S SCHOOL HISTORY OF THE UNITED E 
III. WILLARD'S AMERICAN CHRONOGRAPHER. $LSO 



1. WILLARD'S UNIVERSAL HISTORY IN PERSPECTIVE. SLSa 

II. WILLARD'S TEMPLE OF TIME. Womted, 81.25. Boiind,75ett 

III. WILLARD'S HISTORIC GUIDE. 50oo. 

IV. WILLARD'S ENGLISH CHaONOGRAPHER, 

WILLARD'S UNITED STATES. 



Ihia LnUresdng subject IhU Ihe; haie seen. Aa a achuol-lHiDk, lis pt 
nmoDg tint flnL Th« Ibditlib^ la nimaricable flut slmplicIWi penpiouilf , 
youth cuuld not be tj^oed to a hiMar laala fbr Imi g nj iga uiaa thia Jb cal< 
psrt. It plsoeB At oncei In Uw hands of Amerlcmi youdk the hlrtory 
ihini the ai^ oT Us dlaoover; to Iha ptnent time, snd eihlblla » deer 
all the great and goad deeds oT Ihsir aneeatois, or which they now «ri 
sud Inherit the renuWD. The stru^les, suoeridgs, Hmmeesi and piety oi 



ol-bouk! inSnilely bettor Ihsn any of the United SUuesHlsUiclaa 
I we have at preeedU" — CatdKaaH Qaiette. 

MTsnted in sayii^, Ihat II is better adapted lo meet the nanli 
demies In which hiatotyis pursued, Uiso snyulhcrwork of the 



poinls or our hlatory ar 



Abvfrvryj'crt IVauAman. 
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k (!OMPANr 3 PUBI. 



PARKER'S RHETORICAL READER, l^mo. 
Exercises in Rhetorical Reading, designed lo familiarize ifiaders with the 
pauses anil otiier marliB in general uee, and lead tiiem to the practice of 
modulation and inflection of the voice. By R. G. Psbker, aaihor of " Ei- 
ereJBoe in Engiish Composition," "Compendium of Natural Philosophy," 



Beadijig, which duinot U^ to I'ender it a valuable auxiliEu? in the handa 
tencher. Many of the eiLerdsra are of eufflcient lenglh lo aflbid aii opporlu 
each member of raiyciiBS,boweveriiumetouB, (opmUdpale inlbe eaniBexei 

exercinea m readuw Bre from Ihe moat approved soutcce, poegcaahm a mlulai^ 
sad reli^oua toi 

Mtlcal KeMef, however.l am pr«)a™i to apiiS lu ihe highcBl ierma. I think it so 
nell adnpled lo Ihe wmM of puplb, that I aliall inlmduce H iniinediatsly hi the AcBd- 
emy of which I am about lo lake obflige at Madison, in Ihia stale. It ia the beat ibii^ 
of Ihe kind I have yet fbimd. Icunnat ""■" '"" '-■"■'- =- "- ■'-"—" »-»- '-• .-.»—.. 



Uie obbgatiob- There are reading boola ajmost without aamiier, but very l^w of 
Iheni pretend lo gtn matmctiODB botr to read, and, UDlnoklly, 1^ of our teachers are 
compet^it to anpply the defect If young pereona aie lo be taught to resd weii, it 
must gensslly be doos in the prhnary tclioala, aa the colieglate term aabrde too Itltle 
Ume lo ttwln and Bccamplieh that woric We have asea do other ■ Beodra' with 
wldcb ffo baTe been oo weU pieosad; sod as an evideacoof our ap^-edation of its 
worth, we shall hiy it caidB ftff Uie use of a certiiln Juvenile speebnen of huratodtj in 
whose a^lra vre are speciaiiy iulereated." — C/cnsiiim .SdvtKiue. 

^We caouot too often mge upon leachera Ihe importance of reading, as a part of 

more attention is given, by the beat of teachers, to the cultiv^on of a power wbich Is 
at once a most delighlful aMotnplishtoent, and of the first hnporlance as a mesns of 
diacipihie and pn^«ss. In this work, Mr. PailEer^a volame, we wo euro, will he found 
a valuable aid." — ysnn&U Chronick. 

"The title of lids work eipWns Its chDraWer and dea^whieb are wen carried out 
bv the mnrmer In which It la eitecuted. As a daas-lHulE Cor aludents in elocutiou, or as 
ig book, we do not aink we baye teen any thing aimerior. The dis- 
-■--■-"- -*"- -'-- '- ■- 'nvplB Hoj randUar example, 



its i^an is 
itoodbylbi 



wbich will be readliv underatood by the pupil, and 

deliverpro|»rty<tuidrelbrmDredlfflD>iK pseBSgesIothta,as'a modeL There le, how- 
ever, another e:rcdlenee In the work, which we lake jdeaaitre in comm«idlng; it ia 
the progresaiTeoess with which the tnltoductoij kssooa are arrsiged. In tcBtbing 

tton. The plecca liir eieroiee m readii« ate SBledled wLlb much taate aiid judgmeut. 
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